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PEEFACE. 



The present treatise contains all the propositions which 
are usually included in elementary treatises on the Theory 
of Equations, together with a collection of examples for 
exercise. 

As the Theory of Equations involves a large number of 
interesting and» important results, which can be demonstrated 
with simplicity and clearness, the subject may advantage- 
ously engage the attention of a student at an early period 
of his mathematical course. The present treatise may be 
read by those who are familiar with Algebra, since no 
higher knowledge is assumed, except in Arts. 175, 267, 
308 — 314, which may be postponed by those who are not 
acquainted with De Moivre's Theorem in Trigonometry. 
This work may in fact be regarded as a sequel to that on 
Algebra by the present writer, and accordingly the student 
has occasionally been referred to the treatise on Algebra for 
preliminary information on some topics here discussed. 

In composing the present work, the author has obtained 
assistance from the treatises on Algebra by Bourdon, Lefe- 
bure de Fourcy, and Mayer and Choquet; on special points 
he has consulted other writers, who are named in their appro- 
priate places in the course of the work. 

The examples have been selected from the College and 
University examination papers, and the results have been 
given where it appeared necessary; in most cases however, 
from the nature of the question, the student will be able 
immediately to test the correctness of his answer. 
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THEORY OF EQUATIONS. 



♦2 INTRODUCTION. 

Any Algebraical expression which contains x may be called 
a function of a?, and may be denoted by /(x). Any quantity 
which substituted for x in /(x) makes /(x) vanish, is called a 
root of the equation /(x) = 0. 

An expression of the form 

aaj" + 6a;""* + caf"'+ ... -^kx + l, 

where w is a positive integer, and the coefficients a, 6, c...^, Z, 
do not involve x, is called a rational integral function of x of 
the n^ degree; and if we wish to find what value of x makes 
this function vanish we have to find a root of a rational integral 
equation of the w*** degree; this is the kind of equation which 
we shall consider in the present treatise. In such an equation 
we may if we please divide by the coefficient of the highest 
power of aj, so as to leave that power with only unity for its 
coefficient; the equation then takes the form 

a;" + p^x""' +;>,«"-' + . . . +p,.,af +p,,,x +p^ = 0. 

We shall say that the equation is now in its simplest form; 
as will be seen hereafter, some of the properties of equations can 
be enunciated more concisely when the equation is in this form 
than when of has a coefficient which is not unity. If we do 
not wish to suppose the coefficient of a?" to be unity, we may 
conveniently denote it by p^ ; then the equation takes the form 

3. It must then be remembered that by equation we mean 
rational integral eqoMixm; an equation which is not of this form 
may often be reduced to it by algebraical transformations; for 
example, the equation ax^ ■¥hx + cjx=f may be reduced to a 
rational integral form by transposing cjx and f and then 
squaring; it will thus become a rational integral equation of 
the fourth degree. Equations which involve logarithmic func- 
tions, or exponential functions, or trigonometrical functions, or 
irrational algebraical functions, will not be directly included in 
our investigations; for example, such equations as tana; — e' = 0, 
or asloga; — a = 0, will not be included. However^ the theory 
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which will be given of rational integral equations will indirectly 
throw some light on these excluded equations. 

And when we speak of any function f{pc) we shall always 
mean a rational integral function of x, unless the contrary is 
specified. 

4. A remark of some importance must be made with respect 
to the coeffiderUs Pqj p^, p^..,p^, in the equation 

In the quadratic equation aaf •hbx + c = we are able to solve 
the equation without knowing what particular numbera are de- 
noted by a, 5, c ; all we require to know is that a, 5, c are some 
numbers independent of x. If we have to solve the equation 
a;*— 12a; + 15 = we may either transpose the 15 and complete 
the square in the ordinary way, or we may take the general 
formulae given in Art. 1, and put in them a=l, 6 = — 12, c=15. 
If we wish to solve an equation without having the numerical 
values of the coefficients previously assigned, we are seeking 
what may be called the cdgebraiccU solution of the equation; 
and if we can effect the algebraical solution of the general 
equation of any degree, we may obtain a numerical solution of 
an equation of that degree, by substituting the numerical values 
of the coefficients in the general formula which gives the alge- 
braical solution. As we proceed we shall find that the algebraical 
solution of equations up to the fourth degree inclusive has been 
effected ; but both in equations of the third degree and of the 
fourth d^ree, when we substitute the numerical values of the 
coefficients in a specific equation in the general formula^ the 
result takes a form which is sometimes practically useless. And 
beyond equations of the fourth degree the general algebraical 
solution of equations has not been carried, and it appears can- 
not be carried. 

But with respect to what may be called the ctrithmetical solu- 
tion of equations in which the coefficients are given numbers, 
more success has been obtained. Thus, for example, although 

1—2 
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we cannot solve algebraically the general equation of the fifth 
degree, we can by numerical calculation discover any root which 
an equation of the fifth degree with known numerical coefficients 
may have, or at least we can approximate as closely as we please 
to such a root. 

5. Let us denote by /(x) the expression 

Po^ +;?,«;"-' +p,af-" + . . . ■^p^^.f +Pn-x^ +-P« > 
then the value of this expression when aj = a may be denoted by 
/(a). We will shew how the numerical value of f(a) may be 
most easily calculated, supposing that the coefficients oi f{x\ and 
also a itself, are specified numbers. 

Take for example an expression of the third degree; then 
we wish to find the numerical value of 

P^d^^Vx^^'^Pfl'^Pz^ 

First obtain 'p^a ; 

add ^j, this gives 'pfl + 'p^ ; 

multiply by a, this gives p^a^ + y^ ; 

add jE?j,, this gives p^a^ +i^i<* + P^ \ 

multiply by a, this gives p^c? + p^o? + p^a ; 

add jE?3, this gives p^a^ +Jt^i»' '^Pa'^ "^Pa' 

We may arrange the process in the following way ; 

Po Pi P2 Pa 



We may proceed in the same way whatever may be the 
degree oi f(x). For example, required the numerical value of 
3a;*-2a5*-5a3 + 7 when a: = 3. 

3-2 _ 5 + 7 

+ 9 +21 +63 +174 



+ 7 +21 +58 +181 
Thus the result is 181. 
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6. If amy rational integral /unction of x vanishes when 
:s. = B,, the function is divisible 6y x — a. 

Let f(x) denote the function; then we have given that 
f{a) = 0, and we have to prove that f(x) is divisible hj x — a. 

Divide f{x) by x — a by common algebra until the remainder 
no longer contains x ; let Q denote the quotient and E the re- 
mainder if there be one. Then f(x) = Q(x — a)-hIi. In this 
identity put a for a? ; since Q is a rational integral function of x 
it cannot become infinite when aj = a; therefore Q{x — a) vanishes 
when x = a. Also f{x) vanishes when a; = a by supposition. Thus 
E vanishes when x = a; but E does not contain x, so that if it 
vanishes when a; = a it always vanishes. That ia, E = and x — a 
divides f{xy 

7. The above demonstration is important and instructive; 
we joay however prove the theorem in another way, which will 
moreover have the advantage of exhibiting the form of the 
quotient Q. Suppose 

f{x) =p^af + j?^aj"-' +P,otr" + ... +p,.,af +^,.,aJ +p^ 

then since f{a) = we have f{x) =f{x) -f{a) 

Now the terms af'—a'*, rc""^— a""^.. are all divisible hy x — a 
(see Algebra, Art. 483). By performing the division we obtain 
for the quotient 

p^ (aj""* + aof'^ + a^af'^ + . . . + a"''a; + a""*) 

+ p^ («"*■ + aa""^ + a V* + , . . + a""*) 

+ ... 

+ p,_,{x-\-a) 

We may rearrange the quotient thus ; 

Po^" + {Po^ + Pi)^"~' + (Po«" +Pi^ -^Pb) «^""' + - 

and we may denote it by 
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The new coefficients are therefore connected with each other 
and with the old coefficients by the formnlse 

that is, each new coefficient is found by multiplying the preceding 
new coefficient hy a and then adding the corresponding old coeffi- 
cient. It will be observed that these new coefficients are succes- 
sively determined by the process of Art. 5. 

8. i/* X — a divide f (x) which is any rational integral func- 
tion of X, then a. is a root of the equation f (x) = 0. 

For let Q denote the quotient when f{x) is divided by aj — cr, 
then f{x) = Q{x — a). In this identity put a for x, then © is not 
infinite, and therefore Q{x--a) vanishes. Thus f{x) vanishes 
when a; =a, and therefore a is a root of the equation f{x) = 0. 

9. To Jmd the remainder when any rational inJtegral function 
of 'E.is divided hy jl — q^ where c is any constant. 

Let f(x) denote any rational integral function of x, and divide 
f(x) by 05 — c until the remainder is independent of aj; let Q 
denote the quotient and B the remainder. Then 

f{x) = Q{x--c) + R 

In this identity put c for x, then Q is not infinite, and therefore 
Q{x — c) vanishes; thus f(c) = JR. That is, R is equal to f{c) when 
x = c, but E does not contain x, so that JR is equal to f(c) always. 

For example; if 3x* - 2x^ — 5x -\- 7 is divided by a? --3, the 
quotient is 3a5* + 7a* + 21a; + 58 and the remainder 181 ; see Arts. 
5 and 7. 

10. Let f{x) be any rational integral function of x, and 
suppose x + y put for x ; then we propose to arrange f(x + y) 
according to powers of y, and to determine the coefficients of 
the difierent powers. 
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Let f{x) ^'p^o^ -^Pi^'^ + i>««""' + ••• +Pn^i^ -^Pn ) *^®^ 
f{x-hy)=p,{x + yy+p^{x + yY''-hp^{X'^yy-'+ ... ^p^_^(x + y)-^p^. 

Expand (a + y)", (aj + y)"~S ... by the Binomial Theorem, and 
arrange the whole result according to powers of y; we thus 
obtain for /(x + y) the following series ; 

+ y\np^af"^'^{n-'l)pjixr'' + {n-2)p^x''~^-h .,.^pA 
■^^{n{n-l)p.x*^'+{n-l){n-2)p^x-'^„.+2p^_^^ 



+ ... 



+ 0w(^-.l)...(n_r+l)j9,a;"-'+(w-l)(w-2)...(»-r)i?,a?"-'-^ + ...| 
+ ... 

The first line of this series is obviously /(x). We shall denote 

the coefficient of y by f'{x), the coefficient of ~-^ by /"(a;), the 

I . ^ 

coefficient of f^ by f"'(x), and so on ; this notation becomes 

inconvenient when the number of accents is large, and so in 

general the coefficient of j- will be denoted by /^(a?). Hence 

By inspection it will be seen that the functions f{x), /^(x), /^\x), 
/'"(a;), ... y"(a;) are connected by the following general law; in 
order to obtain /'"*"*(«) we multiply each term in /\x) by the 
exponent of as in that term ond then diminish the exponent by 
imity. 
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11. Let us suppose, for example, thaty*(a;) is of the fourth 

degree; let 

f(x) =p^x'^ ^p^T? -^p^^+p^x +p^. 

Then f\x) = A:p^7? + Zp^a? + 2p^x + p^ 

f\x) = A:.Zp^a?-\-Z.2p^x-^2p^ 
r\x) = 4..Z.2p^x-^Z.2p,, 

fix + y) ^/(x) + yf\x) + ^/» + g/» + g/'». 

If we suppose numerical values assigned to p^, p^, p^, p^ p^^ and 
Xy we may calculate separately /(a;), y'(a;), ... by the method of 
Art. 5 ; we shall however hereafter, in explaining Homer's method 
of solving equations, shew how these calculations may be most 
conveniently and systematically conducted. 

12. If we write the series for /{x + y) beginning with the 
highest power of y, we shall have 

f(x '^y)=py+(p, + rvp^x) y"-^ + 1^^ + (w - 1) p^x + ^^y;^^ P,^\^ 

( I o\ (n-l)(w-2) . w(7i-l)(n-2) .) , » 
+|;?3 + (7* - ^)p,x + ^ f^ ^-p,^^^ ^ ^-K^Y^ 

-f ... 

r / -ix ?i(n- l)...(n-r + l) S\ ,_, 
+|;?^+(7j-r4-l)p^,aj+...+-^^^ -^ -K^'Y 

This may be seen from the form already given for f(x + y\ or by 
expanding separately every term in /(cc + y), and arranging ac- 
cording to descending powers of y. 

13. The function /'(a5) is called the j^«< derived fvmction of 
f{x\ the function f"(x) is called the second derived function of 
/(a;), and so on. The reader, when he is acquainted with the ele- 
ments of the Differential Calculus, will see that each derived 
function is the differerUial coefficient with respect to a; of the 
immediately preceding derived function, and that the expression 
for /(x + y) in powers of y is an example of Taylor^ s Theorem, 



m-9 
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Moreover, it must be observed that f"{x) is deduced from/'(a5) 

in precisely the same way as /'(^) ^ deduced from /(as). Thua 

f'\x) is the first derived function of /'(as), and /'"(a?) is the second 

derived function of /'(^)> ^^^ ^^ ^^* Hence by the preceding 

Article we have 

f'{x + y) =/'{x) + }{f"{x) + j^ /'» + ^/""(a;) + . . . 



Similarly 



/"(« + y) =/» + a/"^) + i^ /"» + • • • 

And so on. 

14. In any rational integral /unction ofn arra/nged according 
to descending powers of x, any term which occu/ra may he made to 
cordain the sum of all which follow it, as many times as we please^ 
by taking x large enough, and any term m^y be made to contain 
the sum of all which precede it, as many times as we please, by 
taJdng x STnall enough, 

Jjet pQixf'-\-p^af"^+p^''^'-^ ,.,-^p^_jc^+p^_^x+p^ be any ra- 
tional integral function of x; suppose for example that the r^ term 
/?^_ja5""'"*"^ occurs; that is, suppose je?^_j not zero. Let q denote the 
numerical value of the greatest of the coefficients p^, p^^^, "'Pn' 
The sum of all the terms which follow the r^ term cannot exceed 

^'(af +ic""''~* + . . . +aj+ 1), that is, q = — . The ratio of the r^ 

term to this is ^'''^Zj,_^ , that is, ^^''^_~_2,^ . By taking a? 

large enough, the numerator can be made as large as we please, 
and the denominator as near to ^ as we please ; thus the ratio can 
be made as great as we please. 



"\ 
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This proves the first part of the proposition. To prove the 
second part put a: = - , then we obtain the series 

V 

We have now to prove that by taking x small enough, that 
is by taking y large enough, any term 'p^ which occurs can be 
made to bear as great a ratio as we please to the sum of the terms 

^a + i^iy+ ••• +/^r-iy'~* which precede it; this has been already 
proved in the first part. 

15. One of the first questions which can occur in the theory 
of equations is whether a root must exist for every equation ; and 
we shall now give some simple propositions which establish the 
existence of a root in certain cases. We shall require a theo^j-em 
which is often assumed as obvious, but which may be proved in 
the manner shewn in the next Article. 

16. Let /(aj) be any rational integral function of 05, and f(p)^ 
/(5), the values of /(a;) corresponding to the values a and h oi x\ 
then as x changes from a to 6 the function /(as) will change from 
f{p) to /"(ft), and will pass through every intermediate value. 

Let any value c be ascribed to a;, and let f(c) be the corre- 
sponding value of /(a;) ; let c + A be another value which may be 
ascribed to x ; then by taking h small enough /(c + h) may be 
made to difier as little as we please from /(c). For 

/(c + A) =/(<;) + h/'{c) + j^ /"(c) + . .. + ^/"-(c) + g/-(c). 

Then, by Art. 14, by taking h small enough, the first term of the 
series A/'(c), t-o/'X^X ro/'X^V-- which does not vanish, can 

be made to contain the sum of all which follow it as often as we 
please, and by taking h small enough this term will itself be ren- 
dered as small as we please. Therefore /(c + h) -f{c) can be made 
as small as we please by taking h small enough. This shews that 
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as X changes, /{x) changes gradually , so that if/{x) takes any 
value for an assigned value of Xj it will take another value as near 
as we please to the former, bj taking another value of x which is 
sufficiently near to the assigned valu& Hence as x changes from. 
a to by the function /{x) must pass toithout any interruption from 
the value y(o) to the value /(ft); for to assert that there could be 
inierruptian would amouit to asserting that /(x) could take a 
certain value, and could not take a second value as near as we 
please to the first value. 

17. We do not assert in the preceding Article that /(as) 
always increases from y* (a) to /{h), or always decreases from /(a) 
ix)/{b) ; it may be sometimes increasing and sometimes decreasing. 
What we assert is, that it passes without any sudden change of 
value, from the value /(a) to the value /{b)* The proposition is 
one of great importance, and probably will appear nearly evident 
to the student on reflection. It is obvious thaty(a?) has some 
finite value for every finite value ascribed to 05; also we have 
proved that an indefinitely small change in x can only make an 
indefinitely small change in /{x)y so that there can be no break in 
the succession of values which y (05) assumes. 

18. The student who is acquainted with Co-ordinate Geo- 
metry will find it useful and interesting to illustrate the present 
subject by conceiving curves drawn to represent the functions. 
Thus lety(a;) be denoted by y, so that y=/{x) may be conceived to 
be the equation to a curve; then by supposing this curve drawn 
for the part lying between x = a and x = b,8i good idea is obtained 
of the necessary consecutiveness in the values assumed by /(x) 
between the values /(a) and /{b). 

It must be observed that we do not restrict a, 6, /{a), f{b\ to 
be positive quantities; and by values intermediate between y* (a) 
and y (d) we mean intermediate in the algebraical sense; that 
is, any quantity z is intermediate between f{a) and f{b)^ which 
makes z —/{a) and/(5) — « of the same sign. 
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it is proved that the equation considered has cU least two real roots ; 
it is not proved that it has only two. In Art. 22 it is proved that 
the equation considered has one positive root and only one positive 
root : it is not proved that it has no negative root. 

24. The propositions in Arts. 20, 21, and 22, as to the exist- 
ence of roots in certain cases, depend upon the fact that we are 
able to shew that /{x) undergoes a change of sign or changes of 
sign. On the other hand, if in any case we can prove that /*(«;) re- 
tains one sign within a certain range of values for x, there can be 
no root of the equation y(aj) = within that range of values for x. 
The following obvious cases of this proposition may be noticed. 

(1) If the coefficients in /(x) are all positive, the equation 
/(x) = has no positive root. 

(2) If all the coefficients of the eve7i powers of x in /(a;) have 
one sign, and all the coefficients of the odd powers of x the contrary 
sign, the equation y(a;) = has no negative root. 

(3) If /(a) involves only even powers of x and the coefficients 
are aU of the same sign, the equation yi(a3) = has no real root. 

(4) If /{x) involves only odd powers of x and the coefficients 
are all of the same sign, the equation /(x) = has no real root 
except X = 0. 

We say in the last two cases that the equation has no real 
root, and we do not say that the equation has no root, for we 
know that by virtue of some conventions an equation may in some 
cases have imaginary/ roots ; see Algebra, Chapter xxv. 

II. ON THE EXISTENCE 0¥ A ROOT. 

25. We shall now prove that every rational integral equation 
has a root, either real or of the form a + h \/^, where a and b are 
real ; such an expression as a + 5 v- 1, where a and b are real, we 
shall call an imaginary expression. That is, when we use the term 
imaginary we shall always mean that the expression to which we 
apply this term is of the form a+btj—l, where a and b ore real. 
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26« The student is supposed to know that by virtue of certain 
conventions, imaginary expressions can be used in algebraical 
investigations, and theorems can be established respecting them. 
Thus, for example, the positive value of the square root of a* + V 

is called the Tnodulua of each of the expressions a + hj^^ and 
a — hj— 1 ; and with this definition we can shew that the modulus 
of the product of two imaginary expressions is the product 
of the moduli of those two expressions. For the product of 

a + hj— 1 and a' + 5V— 1 is ad — hh' + {aV + ah) s/^Hl, and the 
modulus of this is the positive value of the square root of 
{ad - bby + (ab' + a'b)\ that is, of (a^ + b'){d' + b") ; that is, the 
modulus is the product of the moduli of the two given expressions. 
Also an imaginary expression a + bj— 1 is considered to vanish 
when a and b vanish ; that is, an imaginary expression vanishes 
when its modulus vanishes. Thus by what has just been shewn if 
HkiQ product of two imaginary expressions vanishes, the modulus of 
one of the expressions must vanish ; so that if the product of tvx> 
or more inyaginciry expressions vanishes^ one of the eocpressions themr 
selves must vanish ; and if one of the expressions vanishes the pro- 
duct vanishes. 

27. The student who has not paid attention to the subject of 
imaginary expressions may consult the Algebra, Chap. xxv. The 
proof however that every equation has a root, real or imaginary, to 
which we shall now proceed, is somewhat difficult : the student 
therefore on reading this subject for the first time may assume this 
proposition, and reserve the remainder of the present chapter for 
ftiture consideration. 

28. We shall first shew that a root, real or imaginary, exists 
for each of the following four equations ; 

(1) of = 1. It is obvious that x=l is a root of this equation. 

(2) a:" = — !• If 7% is an odd number it is obvious that as = — 1 
is a root of this equation. If n is an even number suppose it equal 
to 2m; we have then to shew that there is a solution of 0:^"*=:— 1 ; 
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this amounts to shewing that there is a solution of aT = * n/— T, and 
is therefore included in the next two cases. 

(3) af = + fj— 1. If 71 is an odd number it must be of one of 
the two forms 4m + 1 and 4m + 3 ; in the former case + J- 1 is a 
root, since (+ J- 1)*^+^ = + J- 1^ and in the latter case - n/^ is a 

root, since (— s/— 1)*~+^ = + \/— 1. If/iisan even number suppose 
it equal to mp, where m is an odd number, and p is some power of 
2, say 2'. Put y = af, then the equation aT' = + nA-T may be 
written y"* = + v— 1, and by what has been already shewn + \/— 1 
or — J— 1 is a suitable value of y, according as m is of the form 
4r + 1 or 4r + 3. We have then to find a value of x which will 

satisfy af^-^J-l or af=-\/-l, where p=2^. The required 
value can be obtained by common Algebra. For take the square 

root of + V— 1 or of — v— 1 ; this will give an expression of the 

form a + /? ^h-l, where a and /? are real ; take the square root of 

a + /? V— 1, which will give a similar expression ; and so on ; see 
Algebra, Chapter xxv* Thus after q extractions of the square root 

we arrive at an expression a + h si— 1, such that {a + h n/— 1)" 

= + fJ- i or = — J— 1. 

(4) aj" = — J— 1. This case is treated like (3). If n be an odd 

number, — J— 1 or + J— 1 is a root, according as w is of the form 
4m + 1 or 4m + 3. If ti be an even number suppose it equal to mp, 
where m is an odd number and p = 2', and proceed as before. 

29. Every rational integral equation has a root real or 
imaginary. 

Let /(aj)=;?^aj"+j9ja;""*+j0j,a;'"'4- ... +i>„_aa^ + p«_iaJ+^„> where 
the coefficients p^, p^, "-Pn-^ Pn-if Vn ^^^ ^ either real or 
imaginary ; we have to shew that the equation f{^ = has a root 
either real or imaginary. If any imaginary expression be substi- 
tuted for X in.f{x)y we shall obtain a result of the form Z7+ Vj— 1, 
where U and F are real quantities, and we have to shew that an 
imaginary expression must exist which will make ^=0 and F= 0. 
This we prove in the following manner. Since U'+V is always 
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a real positive qtia/rUilyj if it cannot be zero there most be some 
value which is not greater than any other value, that is, there must 
be some value which cannot be diminished; but we shall now prove 
that if i7' 4- F* have any value different from zero we can diminish 
that value by a suitable change in the expression which is substi- 
tuted for aj; so that it follows that V + F* must be capable of the 
value zero^ that is, U and F must vanish simultaneously. 

Suppose a particular value assigned to as, namely, a + h,J—l; 
let /{x) then become P + (?>/— 1, where F and Q are not both 
zero. Now put a + bj— 1 + A for a: in /(x) ; the value which /(x) 
then takes may be found by first expanding /(x + h) in powers of 
A, and then putting a + hj—l for x. Suppose then 

where X, X\ X", ... are functions of x ; see Art 10. Put a-^hsT-l 

for as, then X becomes P-\-QJ-\. Some of the coefficients 
X\ X'\ ... may vanish for this value of a?, but they cannot all 

la 

vanish, since the last coefficient, which is that of -j — , is p^* 

Suppose HT the lowest power of h for which the coefficient does 
not vanish, and denote the coefficient of vH^ by i? + /Sv— T, so 
that R and S are not both zero. Thus when a + htj- 1 + A is 
substituted for x the function /(a;) becomes 

where the terms not expressed can only involve powers of h 
higher than A"*. Denote this by P' + Q!*J- 1. 

Let h-d^ where c is a real positive quantity. By Art 2^ 
it is in our power to take t so that C may be + 1 or — 1 ; thus we 
can make 

so that P' = PdbP€'"+..., 

T.E. 2 
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and F*^Qr = F'^(y^2{PR-^QS)e'-^,„, 

where the terms not expressed can only involve powers of c 
higher than ^. 

Now € may be taken so small that the sign of all the terms 
involving c in the value of R* + Qf^ will be the same as the sign 
of ± 2(/*i? + C*S')^', provided PjR + C^ be not zero ; see Art 14. 

We will first suppose that PR + QS is not zero. Then the 
sign of i^+^*-P"- ^ is the same as the sign of ± 2(PjR + G'S)€", 
when € is taken small enough ; and we can ensure that this sign 
shall be negative by supposing that ^ is — 1 or + 1, according as 
PR + QSiB positive or negative. We can therefore make P^ + Qf* 
less than P" + ^. 

Next suppose that PR -^QS is zero. Then instead of taking 
^ = ± 1, take f* = dz ^— 1. Proceeding as before we shall obtain 

P' + ^s/=n: = P + ^n/^ i (5 -I- ^>/IT)€^nPT + . . ., 
so that P'=Pt/S'€^+..., 

Q^=Q^R^'+..., 
and P"+Q" = P'-\-Q'^2{QR^PS)^'+.,., 

where the terms not expressed can only involve powers of c 
higher than c". 

Now (PR + QS)'-^{QR--PS)'=(P'+Qy^R' + S'); and this 
cannot be zero, because by supposition P* + ^ is not zero, and 
R* + S* was proved to be different from zero. Thus since PR + QS 
is zero, QR-PS is not zero. Therefore the sign of P'*+ Qf^^P^- Q^ 
will be the same as the sign of ± 2{QR — PS)t* when € is taken 
small enough; and we can ensure that this sign shall be negative 
by supposing that f is -«/^ or +J- 1, according as QR-PS is 
positive or negative. We can therefore make P'*+ ^* less than 
P' + Q'. 

We have thus shewn that when U^+ F* has any value different 
from zero we can diminish that value by a suitable change in the 
expression which is substituted for a?; that is, U^-\-V^ is not 
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susceptible of any positive value which cannot be diminished ; 
hence, as we have already stated, it must be possible that U = 
and F= simultaneously. 

30. It remains to be shewn that a and b in the expression 
a + bj- 1, which is the value of x that makes /(x) vanish, are 
Jlnite. 

We have y(a;)=^,aj'(l +A. + ^ + ... + A^l 
Substitute a + 6v — 1 for a: ; then /(x) becomes 

Take any term of the series within the brackets, for example, 
that involving p^ ; we have 

p,{a^bj:r[y' Po{<^'-^^' Poi^'^^r Po(^'-^^r 

= A+ Bsl~ 1, say. 

Then it is evident that A and B diminish without limit as 
a and b increase without limit. Thus denoting the value of f{x) 

when x = a-¥ b\f^ by Z7+ Vj— 1, we have 

U+ FnPi ^pJia^-bJ~Vf{\-\-A'-¥Fj^l], 

wherp A' and B^ diminish without limit as a and b increase with- 
out limit. Also we shall have 

CT- Fn/^I =^^(a-6N/~l)"{l +^'-J5'^/^i} ; 

thus i7« + F« = p,\a^ + by{{\ + AJ + B''], 

and this increases without limit when a and b increase without 
limit; for the factor (a' + 6')" increases without limit, and the 
factor (1+^7 + ^" tends to unity as its limit. Thus iZ'+F" 
cannot vanish when a and b are indefinitely great, or when either 
of them is indefinitely great. 

31. It will be observed that in the demonstration of Article 
29, the coefficients of the proposed equation may be either real 

2—2 
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or imaginary. We shall however in the subsequent part of this 
book always suppose the coefficients to be real unless the contrary 
be stated. 

32. The proof given in this chapter of the existence of a root 
of an equation is called Cauchy's proof. The subject has recently 
been again discussed by mathematicians, and two memoirs will be 
found on it in the Tenth Volume of the Transactions of the 
Cambridge Philosophical Society, one by Mr De Morgan, and the 
other by Mr Airy; there is a supplement to the latter. It ap- 
pears from Mr De Morgan's memoir that the proof known as 
Cauchy's had been previously given in substance by Argand. 



III. PROPERTIES OF EQUATIONS. 

33. Every equation has as many roots as it Juts dimensions, 
and no more. 

Suppose the equation to be of the n*^ degree, and denote it by 

/{x) = 0, where /{x) =PqX* +jc»,ai"~* +/),«""' + +JP»-i* +JP«« ^7 

Chapter ii. the equation /(a?) = has a root either real or imaginary; 
let ftj denote that root. Therefore /(x) is divisible hy x — a,, by 
Art. 6 ; so that /(x) = (a; - ai)<^i{^)» ^^^^ ^i(^) ^ some integral 
algebraical function of x of the {n- 1)*** degree. Again by Chapter 
n. the equation ^^(a;) = has a root either real or imaginary; let 
ttj denote that root. Therefore ^,(a;) is divisible by «— a^, by 
Art. 6 ; so that fl>^{x) = {x- a^)<l>j(x), where if)j{x) is some rational 
integral algebraical function of x of the (n - 2)*** degree. Therefore 
f(x) = (x-a^{x-a^4ij^x). By proceeding in this way we shall 

obtain n factors of f{x) denoted by x-a^, x-a^, *--^«> 

and the only other fector must be p^ because the coefficient of of 
in/{x) is p^. Thus 

/(aj)=i>o(^-»,X^-««)(^-«s) i^-^n)' 

Hence the equation /(a;) = has n roots, because /(a?) vanishes when 

we put for X any one of the n quantities a^, a^ a^. And the 

equation has no more than n roots, because if we ascribe to x a 
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value c which is not one of the n values ttj, a,, a„, the value 

of fix) becomes 

this is not zero because every factor is different from zero ; and the 
product of factors real or imaginary will not vanish if none of the 
factors vanish ; see Art. 2^, 

34. The roots in the preceding article are all either real, or of 
the form a + htj—^. where a and h are real. And some of the 

roots a^y a^y a^ may be eqiLol so that there are not necessarily 

n different roots of an equation of the v^ degree. The student may 
perhaps be disposed to doubt the propriety of saying that an equa- 
tion of the 71*** degree has always n roots, when these roots are not 
necessarily all different. It is however found convenient to con- 
sider that an equation of the v^^ degree always has n roots, although 
some of the roots may be equal ; just as in common algebra it is 
found convenient to speak of the quadratic equation ota^ + 6a; + c = 
as having two equal roots when 6' = 4ac, rather than as having 
then only one root. 

35. The only preceding Article of the book which can be at 
all affected by the consideration of the possibility of eq^lal roots, 
which has just been introduced, is Article 22. In that Article it 
is shewn that an equation of a certain form cannot have two diff&rervt 
positive roots, but the demonstration there given does not exclude 
the possibility 6f a second root or of more roots eqtial to the root 
which necessarily exists. Affcer we have proved Descartes^s rule of 
signs however it will be obvious that the equation in question can 
only have one root without any repetition. 

36. If we know a root a^ of the equation /(x) = we know 
that /{x) = (aj — a^)fl>^{x) where ^/a;) is a function of x one degree 
lower than /(a;) ; and the remaining roots of /(a;) = can be found if 
we can solve the equation ^/a?) = which is one degree lower than 
/(x) = 0. Similarly If we know two roots a^ and a^ of the equation 
f{x) = we know that /(a?) = (a? - a^){x - a^<f)J^x) where <l>J(x) is a 
fimctioii oix two degrees lower than /(a;); and the remaining roots 
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of/(x) = can be found if we can solve the equation ffij^x) = 0, 
which is two degrees lower than /(a?) = 0. And so on. 

^7. li f{x) be any rational integral algebraical function of x 
of the n^ degree, we have shewn that f{x) must be capable of 
resolution into n factors of the first degree, so that 

f{x)=plx-a^{x - a^ (aJ- aj, 

where «j, ct^, a^ are either real or imaginary. It is to be 

observed that there is only one system of factors into which f(x) 
can be resolved; this has already appeared when the quantities a^, 
a^,..a^ are all unequal, but it still remains to be shewn that when 
some of the quantities a^, a^y..,a^, are equal, f{x) cannot be formed 
in different ways in which the same fewjtors occur with different 
exponents. If possible suppose that 

f{x) =p^{x - a;)\x - aX^ - aj 

and also /(x) = pj{x — a^y{x - a^y(x — a^"^ 

Suppose r greater than p ; then dividing by (x — a,)p we have 

Now the lefb-hand member vanishes when x = a^, but the right- 
hand member does not ; the expressions then cannot be identical, 
and therefoi'ey(a!;) cannot admit of more than one system of factors. 

38. If any rationtd integral /unction of x. of the u^ degree 
vanishes /or more them n different valiies ofx every coefficient in the 
function must he zero, so that the fun^ction must he zero for every 
value ofx. 

For if any coefficient in the function is not zero the function 
will 710^ vanish for more than n different values of a^ so that if the 
function does vanish for more than n different values of x every 
coefficient in the function must be zero. 

39. The proof in the preceding Article makes the proposition 
depend upon the fact that an equation of the n^ degree has n 
roots, and thus ultimately upon the investigations in Chapter ii. 



PROPERTIES OF EQUATIONS* 23 

We may however establish the proposition by an inductive proof 
which does not require the investigations in Chapter u. 

Suppose it true that when a function of x of the n*^ degree 
vanishes for more than n different values of x every coefficient in the 
function is zero; and that we require to shew that when a function 
of a; of the (n+l)^ degree vanishes for more than n + 1 different 
values of x every coefficient in the function is zero. 

Let /(x) = q^af*^^ + q^af* + q^oif'^ + + qjx + g^^j, and suppose 

that more than n + l values of x make /(a;) vanish. Let a be one 
of these values so that /(a) = 0. Then /(a;) =/{x) —/{a) 

This may be written in the form 

/{x) = {x--a)i>(x), 

' where ^(aj) is a function of x of the w*** degree. Since then there 
are more than n different values of ocy exclusive of a, which make 

/(x) vanish, there are more than n different values of x which make 
€l>{x) vanish ; therefore by supposition every coefficient in <f){x) is 
zero. !Now by Art. 7, 

4»{x) = ^^a- + (q^a + qy^ + (^^ + q^a + gX"' + ; 

thus 5^0 = because the coefficient of as* is zero, then q^=^0 because 
the coefficient of ai""* is also zero, then q^—0 because the coefficient 
of a?""' is also zero, and so on. 

Thus every coefficient in /(a;) is zero. 

This establishes the proposition, since it is known to be true 
for expressions of the first and second degree. 

40. If /{x) be any function of x of the n*^ degree we have 
shewn that /(x) may be resolved into n factors of the first degree. 
Each of these factors will divide /(x) so that /(x) will admit of n 
divisors of the first degree. Similarly as the product of any two 
of the factors of the first degree contained in /(x) will be a factor 
of the second degree contained in /{x)y it follows that /(x) will 

admit of \ ^ ■ divisors of the second degree. Proceeding thus 
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we* see that f{x) will admit of as many divisors of the r*** degree 
as there are combinations of n things taken r at a time, that is, f[x) 

will admit of -^ ^^-^|^^ divisors of the r*^ degree. 

But it must be remembered that the divisors of any degree, 
as for example the second, will not necessarily be all different^ be- 
cause the factors of the first degree in f{x) are not necessarily all 
different. The proposition however shews that there comnot he 

more than — ^^ ^-^^ ^ different divisors of the r^ degree. 

41. In an eqiuUion with real coefficients imagina/ry roots occur 
in pairs, 

Jj^t fix) be a rational integral function of a; in which the coeffi- 
cients are all real ; then if a + )8 J— 1 is a root of the equation 
f{x) = so also is a - )8 J— 1 a root. 

For when a + )8 J— 1 is put for x the function f{x) takes the 

form F + QP n/- 1, where P and Q involve even powers of p. This 
is obvious, because if such an expression as af be expanded, where 

a; = a + )8\/-l, the even powers of )8n/-1 will give rise to rea^ 

terms, so that J— 1 will occur only in connexion with odd powers 

of p. And as the coefficients in f (x) a/re supposed real J— 1 cannot 

occur except with some odd power of p. If then a — fi J— 1 be 
substituted for x in /(a;) the result will be obtained by changing 

the sign of P in the result obtained by substituting a + )8 n/^ for 

x; the result is therefore F-QfiiJ- 1. If then a + )8\Cl[ is a 

root of/(aj) = we have P = and ©= 0, so that a-^J^ is also 
a root of /(a;) = 0. 

42. Thus if /(a?) be a rational integral ftmction of a: with real 
coefficients, and have a factor a: — a^ where a^ = a + ^ \/--l, it has 
also a factor a;- ttj, where a^ = a-pj^. The product of the 
two factors x-a-^J-l and x-a + ^J^, is (a;-a)' + )8', or 
«* - 2ax + a' + ^' ; that is, the product is a real quadratic factor. 
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43. We have thus arriyed at the result that any rational 
integral Amotion of x with real coefficients may be regarded as the 
product of real factors, either simple or quadratic ; and that there 
is only one such system of factors for any given function. Thus 

,/(x) must be of the form {x — a)(x — h)(x — c)...(x — k) <f>(x), where 
a, bf Cf...k are all the real roots of y(a;) = 0, and ^(o?) is a function 
consisting of the product of quadratic factors which cannot change 
its sign. 

44. In the manner of Art 41 it may be shewn that if the 
coefficients of any rational integral function /(a?) of a: be themselves 

rational, and the equation /(a?) = has a root of the form a + ijb 

where sfb is a surd, the equation has also a root a — Jh, Thus /(a?) 
has a rational quadratic factor {x — of — h. 

45. To investigate the relations between the coefficients of the 
Jmustion f(x) amd the roots of the eqication f(x) = 0. ' 

Let /{x) = ic" +^jiB""* + jt?^""' + . . . +^^_jaj +^^ ; 

and suppose that the roots of the equation /(jb) = are a^, a^j-.-a^; 
then 

/(a;) = (aj- aj(a;- aj ... (oj-aj! 

Since these two expressions fory(a3) are identically equal, relations 
exist between the coefficients p^, p,, ... p^^, and the quantities 
a J, a,,... a,; these relations we shall now exhibit. 

By ordinary multiplication we obtain 

{x - aj)(a; - aj = sxf- (a^ + a^ + afi^, 

{x - a^{x - a^){x - aj = a^- {a^ +a^-\- a^af 

+ (aja^+ a^a^+ a^a^)x - a^a/i^, 

(x - a^){x - a^ (oj - a^ (ar - a J = a;* - (a^ + a, + ttg + a^)aj' 

+ (»!«,+ cbia^-^ a^a^+ ^s^a"*" ^8^4+ ^a^J^' 
- {a^a/i^+ a^a/i^+ a^a^a^+ a^a^ajx + a^a^a^a^. 
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Now in these results we see that the following laws hold. 

I. The number of terms on the right-hand side is one more 
than the number of the simple factors which are multiplied 
together. 

II. The exponent of x in the first term is the same as the 
number of the simple factors, and in the other terms each exponent 
is less than that of the preceding term by unity. 

IIL The coefficient of the first term is unity ; the coefficient 
of the second term is the sum of the second terms of the simple 
factors ; the coefficient of the third term is the sum of the products 
of every two of the second terms of the simple fewstors; the coeffi- 
cient of the fourth term is the sum of the products of the second 
terms of the simple factors taken three at a time, and so on; 
the last term is the product of all the second terms of the simple 
factors. 

We shall now prove that these laws always hold whatever be 
the number of simple factors. Suppose these laws to hold when 
n — l Actors are mtdtiplied together ; that is, suppose 

where q^ = the sum of the terms — a^, — a^,...— a^_^, 

q^ = the sum of the products of these terms taken two at a 
time, 

q^ = the sum of the products of these terms taken three at 
a time, 



^ 



y^_j = the product of all these terms. 

Multiply both sides of this identity by another factor x — a^; thus 

(a; - a,) (« - a.) . . . (a; - a J = a;" + (y, - a.)af -' + (g-, - ?.«>"-* 

+ (9-. -2.0*""'+ -?.-,«.• 
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Now g^-a, =-a^-a,-... -a^_^-a^ 

= the sum of all the terms — a^, — «,,.••— ^^ j 

9m - 2'i«- = ^'a + »>i + «,+ ...+ a,-i) 

= the sum of the products taken two and two of 
all the terms - a^, — a^, ... —a,; 

= the sum of the products taken three and three 
of all the terms — a^, — a^, ... —a^; 



— q^^^a^ = the product of all the terms — a, , — a,, ... — a^. 

Hence if the lawQ hold when n — l factors are multiplied together 
they hold when n factors are multiplied together ; but they have been 
proved to hold when four factors are multiplied together, therefore 
they hold when five factors are multiplied together, and so on; thus 
they hold universally. 

Since if a^, a^,,..a^ are the roots of the equation 
oT + p^x"'^ + ^,03""* + . . . + p^_iX +p^=0, 
the left-hand member is equivalent to the product of the factors 
oj — ctj, oj — a,,...aj--a^, we have the following results. In any 
equation in its simplest form the coefBcient of the second term is 
equal to the sum of the roots with their signs changed ; the coeffi- 
cient of the third term is equal to the sum of the products of every 
two of the roots with their signs changed ; the coefficient of the 
fourth term is equal to the sum of the products of every three 

of the roots with their signs changed; the last term is the 

product of all the roots with their signs changed. 

Or we may enimciate the laws thus : the coefficient of the 
second term fjoith its sign chomged is equal to the sum of the roots ; 
the coefficient of the third term is equal to the sum of the pro- 
ducts of every two of the roots ; the coefficient of the fourth term 
wUh its sign chomged is equal to the sum of the products of every 
three of the roots ; and so on. Thus generally if p^ denote as 
usual the coefficient of ic^"*' in the equation, (— VfPr = the sum 
of the products of every r of the roots. 
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■ 

46. It might appear perhaps that the relations given in 
the preceding article would enable us to find the roots of any 
proposed equation ; for they supply equations involving the roots, 
and the number of these equations is the same as the number 
of the roots, so that it might be supposed practicable to eliminate 
all the roots but one and thus to determine that root. But on 
attempting this elimination we merely reprodicce the proposed 
eqiuUion itself. Take, for example, the cubic equation 

x^+p^x'-\-p^x +p^ = ; 

suppose the roots tohe a, h, e; then . 

— a — 6 — c=j»^, 

ab +6c + ca= j9j 

— 060=^3. 

In order to eliminate h and c and so to obtain an equation 
which contains only «> the simplest method is to multiply the 
first of the above three equations by a', and the second by a, 
and add the results to the third. Thus 

- a*- a'b - a'c + a*6 + ahc + ca'- ahc ==p^a^-^p^o, + p^ ; 

that is, a^-^p^a^-^p^a -\-p^ = ; 

we have thus the proposed equation with a instead of x to 
represent the unknown quantity. And it is not difficult to see 
that we ought to expect a cubic equation in a, if we eliminate 
b and c from the relations we are considering. For the letters 
a, b, c represent the roots without any distinction of one root 
from the others; thus any equation which we deduce for de- 
termining a ought to allow of three values for a, since a may stand 
for any one of the three roots of the proposed equation. Thus 
we may feel certain that we shall only reproduce the original 
form of the proposed equation by performing any algebraical 
operations on the relations which connect the known coefficients 
of the equation with its unknown roots, with the view of elimi- 
nating all the roots but one. 

47. Although the relations given in Art. 45 will not de- 
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termine the roots of any proposed equation, we shall find that 
they will enable us to deduce various important results with 

respect to equations. For example, if a,, a^, a, are the roots 

of the equation 

we have —p^==ai + a^+a^+.,,+a^, 

Pa= ^1%^ ^1^3-^ ... +afis'^ ... ; 
thus j9j'- 2p^ = a'+a'+ a^-\- ... + a^', 

that is p^ — 2p^ is equal to the sum of the squares of the roots 
of the proposed equation. If then in any equation p^ — 2p^ is 
negative, the roots of the equation cannot be all real. 

48. In the same manner as in the preceding Article we 
may deduce other relations involving the roots. Thus for ex- 
ample 

(- l)*~V^_j = the sum of the product of the roots n— 1 at a time, 

(— Ifp^ = the product of all the roots ; 
therefore by division 

Pn «i «a a« 

= the sum of the reciprocals of the roots. 

Also p,^^^ = {a, +a, + ... +».)( — + — + ... + — ) 
^' p, ^ ' ^ "^ \a, % a J 

a. a. a^ a^ 

**a a *^i 8 

therefore -^ +—*+... + -« + -s + ...= ^^ * ^ -n. 

»a »8 »1 »8 Pn 

IV. TEANSFOEMATION OF EQCTATIONS. 

49. The general object of the present Chapter is to deduce 
from a given equation another equation the roots of which shall 
have an assigned relation to those of the given equation. It 
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will be seen as we proceed that various transformations of this 
kind can be effected without knowing the roots of the given 
equation; and hereafter examples will occur shewing that such 
transformations may be of use in the solution of equations. 

50. To VranafoTTn, an eqvMion into another the roots of which 
are those of the 'proposed equation wiih cont/ra/ry signs. 

Let /(x) = denote the proposed equation ; assume y = ~ a?, 
so that when x has any particular value, y has numerically the 
same value but with the contrary sign; thus x = — y, and the 
required equation is /(— y) = 0. 

If /{x) =.^X ^Pi^*'' +i>,ai"-» + ... +;?,_,« +i?,, 
the equation /{— y) = is 

that is, py -py" -^py" - ^^^^p,.,y^p^ = ; 

thus the transformed equation may be obtained from the pro- 
posed equation by chatiging the sign of the coefficient of every other 
term, beginning urith the second, 

51. The rule at the end of the preceding Article assumea 

that the proposed equation has all the terms which can occur 

in an equation of its degree, that is, it is assumed that no co- 

efBcient is zero. But suppose we take an example in which 

this is not the case; thus let it be required to transform the 

equation 

aj^+3ic'-4a;'-4a; + 7 = 0, 

into another in which the roots shall be numerically the same 

but with contrary signs. Put x = — y, and we get 

y« - 3y« + 4y8 + 4y + 7 = 0. 

We may if we please write the original equation thus, 

x' -h Sx' + Ox^ - ia^ + 0x' - ix + 7 = ; 

then the transformed equation according to the rule in Art. 50, is 

y«-. 3y«+ Oy* + 4y' + Oy» + 4y + 7 = 0, 

that is, y*" - 3y* + 4/ + 4y + 7 = 0, 

as befoi'e. 
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An equation is said to be complete when it has all the terms 
which can occur in an equation of its degree, that is, when no 
coefficient is zero. And we shall sometimes find it useful to 
render an equation complete by the artifice used above, that is, 
by introducing the missing terms with zero for the coefficient 
of each of them. 

52. To transform an equation into another the roots 0/ which 
are equal to those qf the proposed equation multiplied by a given 
quarUity, 

Let y (a?) = denote the proposed equation ; and let it be 
required to transform it into another the roots of which are 
h times as large. Assume y = kxy so that when x has any par- 
ticular value, the value of y is A; times as large; thus a; = ^, 

k 

and the required equation is /(I) = 0. 

53. For example, transform the equation 

8 305* 5aj 2 ^ 

into another the roots of which are k times as large. Put x=y 

k 

and then midtiply throughout by k^ ; thus we obtain 

^ 2 "^ 4 ~ 9 " • 

This example will shew us an application which may be made 
of the present transformation. The coefficients of the proposed 
equation are not all integers; by properly assuming k we may 
make the coefficients of the transformed equation all integers. 
For instance, if A? = 6, the transformed equation is 

3/*-9y» + 45y-48 = 0. 

(xenerally, suppose the proposed equation to be 

ar +^^aj"-^ +;?««"-» + . . . + p^^^x +i?„ = 0, 

then if we put a^ = f > and multiply throughout by k"", all that 
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is necessary to ensure that the coefficients of the transformed 
equation shall be integers is, that for each term of the transformed 
equation /^^^y"', every prime factor which occurs in the deno- 
minator o£p^ shall occur to at least as high a power in k"", 

54. To transform an equation into another the roots of which 
shall he less than those of the proposed equation hy a constant 
difference. 

Let f{x) = denote the proposed equation ; and let it be 
required to transform this equation into another the roots of 
which shall be less than the roots of the proposed by a constant 
difference k. Assume y = x — k, so that when x has any parti- 
cular value, the 'value of y is less by k ; thus x=k + y^ and the 
required equation i^fQc + y) = 0. 

By Art. 10 the expanded form of the equation f{k + y) = is 

Thus if f{x) = p^siT +p^x"' + p^a^"' + . . . + p^^^x +^„, 

the equation f{k + y) = when arranged according to descending 
powers of y is by Art. 12 

Py + (Pi + Wo^y + [pb + (^ - ^)Pi^ + 1^2 Po^]^" 



+ ... 



r / i\ 7 n(n-l)..,(n-'r+l) ,^) „__ 

+|p.+ (^-^+iK-i^+ + - ^7 ^p^jy' 

+ ...+/(A;) = 0. 

55. If an equation is to be transformed into another the 
roots of which eocceed those of the proposed equation by the 
constant quantity h, we use the method of the preceding article. 
Let the proposed equation be denoted by f(x) = 0, and suppose 
y = x-hh; then x^y — h, and the required equation isy(y — A) = 0. 
Thus we have only to put —h for A; in the result of the preced- 
ing article, and we obtain the required equation. But in fact 
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this is included in the preceding article; for that article does 
not require ib to be necessarily a positive quantity. 

56. The principal use of the transformation in Art. 54 is to 
obtain from a proposed equation another which wcmta a/n as- 
signed term. Thus if we wish the transformed equation in y to 
be without its second term, we take k such that p^ + npjc = 0^ 

that is, A; = — ^ . If we wish the transformed equation in v 

to be without its third term, we must find k from the quadratic 
equation 

And generally, if we wish the transformed equation in y to be 
without its (r + 1)*** term, we must find h from an equation of 
the r^ degree, namely 

r , r(r-Vi \r\n — r 

^^ n^ 7i(n-l)^' \n ' 

We shall see hereafter that the solution of an equation is some- 
times facilitated by first removing some assigned term. 

57. For example, transform the equation a? — ^a? + 4x + 5 = 
into another without its second term. Here Pq=^^jP^ = — ^} thus 
k=2, and the required equation is 

(y + 2)»-6(y+2)» + 4(y + 2) + 5=0, 
that is, 2^-8^-3=0. 

Again, transform the equation a? — 2a? — 4a; + 9 = into another 

without its third term. Put y + kiorx'^ the transformed equa- 

tion is 

(y + ^)»-2(y + ^)«-4(y + ^) + 9 = 0, 

that is, y» + y"(3A:-2y+y(3X:"-4;fc-4)+^'-2X:«-4A; + 9 = 0. 

If the third term is to disappear h must be found from the 
equation 3)5^-4^-4 = 0; this gives ^ = 2 or -f. With the 
value A; = 2 the transformed equation is 

y4-4y'+l=0. 
T.E. 3 
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With the value ^ = — f the transformed equation is 

58. To l/ransform cm equation mto cmother the roots of which 
are the reciprocala of the roots of the proposed eqtiation. 

Let f{x) = denote the proposed equation. Assume y = - , 

X 

so that when x has any particular value, the value of y is the 
reciprocal of that value; thus a5 = - and the required equation is 

Thus i£ f(x)=pQx'* + PjOc^"^ +p^cx^''' + ... +p^^iX+p^ the equa- 
tion /(-) =0 is 

^„ + -^ + -%+ ... +^^+p.=0, 
y y t/^ y " 

that is, py +i?„_y "' + i?,_y "' +'"+p,y+Po='^' 

59. To transform am, equatixm into a/nother the roots of which 
are the squa/res^ of the roots of the proposed equation. 

Let fix) — denote the proposed equation. Assume y = af, so 
that when x has any particular value the value of y is the square 

of that value : thus x = mjy and the required equation isf{s/y) = 0. 
Thus if f(x) = p^of + PjX'"''^ +^^03""* + ... +^,_i«+^„ the equa- 
tion /(Vy) = is 

By transposing and squaring we have 



I 
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The equation will be in a rational form when both sides are de- 
veloped, and by bringing all the terms to one side we obtain 

;'oy+(2;>o;>.-;';)y""' + (2/'o;>.+;>/-2/>,/>3)3/-' + ... =0. 

60. These cases of transformation of equations might be 
increased, but we have given sufficient to explain this part of the 
subject. We will conclude with two examples which will illustrate 
the use of some of the relations established in Art. 45. 

(1) Required to transform the equation a? + qx + r=0 into 
another the roots of which are the squares of the differences of the 
roots of the proposed equation. 

Let a, by c denote the roots of the proposed equation; then, by 
Art. 45, 

a + 6 + c = 0, ah + bc-k-ca = q, aibc^ — r; 
therefore a' + 6' + c' = -2g'. 

The roots of the transformed equation are to be (a — h)\ {h - c)*, 
and (a — c)' ; now 

^ ^ c 

= -2q + c": 

^ c 

2r 
thus if^ = — 2g'+ »*, when x takes the value c the value of y 

X 

is (a — ()'; and similarly when x takes the values a and 6, the values 

of y are respectively (6 — c)' and (c — a)'. Thus the transformed 

equation will be obtained by eliminating x between the pi-oposed 

2r 
equation and y = -2q+ x\ 

X 

Thus x^ + qx + r=Oy 

and x^ + {2q + y)x-'2r = 0; 

therefore (5^ + y) as- 3r = 0. 

3—2 
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3r 
Thus x= ; substituting this value in the proposed, equation 

and reducing, we have finally 

Hence if 27r* + 4g^ is positive the transformed equation has a 
real negative root by Art, 20 ; and therefore the proposed equation 
must have two imaginary roots, since it is only such a pair of roots 
which can produce a negative root in the transformed equation. 

If 27r* + ^ is zero the transformed equation has one root equal 
to zero, and therefore the proposed equation must have two equal 
roots. 

(2) Bequired to transform the equation a? +pa? + 533 + r = 
into another the roots of which are the squares of the differences 
of the roots of the proposed equation. 

Put X = ix{- 5 ; thus the proposed equation becomes 

thatis, a/* + 2^aj'+/ = 0, 

where ^ =gr-^, / = ^_^^ + ^, 

Each root of the last equation exceeds the corresponding root of 

the proposed equation by ^; and thus the squares of the differences 

of the roots of the last equation are the same as the squares of the 
differences of the roots of the proposed equation. Thus by the 
former example the required equation is 

3^ + 6^y + 9j'V + 27r'» + 4^ = 0; 
that is, 
J 0/0 irx ^ /o «x. (2/-9j9^ + 27ry + 4(3g-i?»f ^ 
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V. DESCARTES'S RULE OP SIGNS. 

61. We have already in Arts. 21—24 given instances of the 
connexion which exists between the signs of the coefficients iny(a;) 
and the nature of the roots of the equation f{a^ — 0, and we now 
proceed to investigate a general theorem on the subject after some 
preliminary definitions. 

62. When each term of a set of terms has one of the mgns + 
and — before it, then in considering the terms in order, a oontiuMM' 
tion is said to occur when a sign is the same as the immediately 
preceding sign, and a chcmge is said to occur when a sign is the 
contrary to the immediately preceding sign. Thus in the expres- 
sion a^-3a?^-4a:*+7a;*+3iB*+2a?"-ic*-a? + l, there are four con- 
tinuations and four changes; the first cotitinuation occurs at —4a;', 
the second at + 3x\ the third at + 2fl^, the fourth at —a;; the first 
change occurs at — 3a;^, the second at + 7a;', the third at — a;*, the 
fourth at + 1. 

It is obvious that in any complete equation the number of 
continuations together with the number of changes is equal to the 
number which expresses the degree of the equation; see Art. 51, 
And if in any complete equation we put — x for x, the continuations 
and changes in the original equation become respectively changes 
and continuations in the new equation. In an equation /{x) = 
which is not complete, the sum of the numbers of the changes of 
/(x) andy(— a;) cannot be greater than the degree of the equation; 
because if terms are missing in /{x)y although it may happen that 
the number of changes in /(x) or in /{— x) is thus diminished, it 
cannot be increased. 

We shall now enunciate and prove a theorem which is called 
Descartes's BtUe of Signs, 

63. In amy equationy complete or incomplete^ the number of 
positive roots ccmnot exceed the nvmber of changes vn the signs of 
the eoefficientSy and in any complete equation the number of negative 
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roots cannot eaxeed the nv/mber of continuations m the signs of the 
coefficients. 

We skall first shew that if any polynomial be multiplied by a 
factor 03 — a there will be at least one more change in the product 
than in the original polynomial. 

Suppose for example that the signs of the terms in the original 

polynomial are + + + — + — +. We have to multiply the 

polynomial by a binomial in which the signs of the terms are + — . 
Then writing down only the signs which occur in the process and 
in the result we have 

+ + + - + -- + 



+ H 4-- + 4- 

+ =fc — =F=fH 1 — tH 



A double sign is placed where the sign of any term in the product 
is ambiguous. The following laws will be seen by inspection to 
hold. 

(1) Every group of continuations in the original polynomial 
has a group of the same number of ambiguities corresponding to 
it in the new polynomial. 

(2) In the new polynomial the signs before and afber an 
ambiguity or a group of ambiguities are contrary. 

(3) In the new polynomial a change of sign is introduced at 
the end. 

Now in the new polynomial take the most unfavourable case 
and suppose all the ambiguities to be replaced by continuations ; 
by the second law we may then without influencing the number of 
continuations adopt the upper sign for the ambiguities; and thus 
the signs of the original polynomial will be repeated in the new 
polynomial, except that by the third law there is an additional 
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cliange of sign introduced at the end of the new polynomial. Thus 
in the most unfavourable case there is one more change of sign in 
the new polynomial than in the original polynomial. 

If then we suppose the product of all the factors corresponding 
to the negative and imaginary roots of an equation already formed, 
by multiplying by the factor corresponding to each positive root 
we introduce at least one change of sign. Therefore no equation 
can have more positive roots than it has changes of sign. 

To prove the second part of Descartes's rule of signs we suppose 
the equation complete^ and put — y for x ; then the original conti- 
nuations of sign become changes of sign. And the transformed 
equation cannot have more positive roots than it has changes; and 
thus there cannot be more negative roots of the original equation 
than the number of continuations of sign in that original equation. 

64. Whether the equation /(x) = be complete or not its 
roots are equal in magnitude but contrary in sign to the roots of 
/(— x) = 0, that is, the negative roots oif{x) = are the positive roots 
of y(— a;) = ; and whether the equation be complete or not the 
number of the positive roots o£/{— as) = cannot exceed the number 
of changes of sign in/(— x). Thus the whole rule of signs may be 
enunciated in the following manner ; an equation /{x) = cannot 
have more positive roots than /(a;) has changes of sign, and cannot 
have more negative roots than /(—a;) has changes of sign. 

65. For example, take the equation x* + 3oc^ + 5a; — 7 = 0. 
Here there is one change of sign, and therefore there cannot be 
more than one positive root. And by writing — a? for a; we obtain 
the equation x* + 3af — 5a; — 7 = ; here there is one change of 
sign, and therefore there cannot be more than one positive root, 
80 that the original equation cannot have more than one negative 
root. Thus the original equation cannot have more than two 
real roots. 

In this example we know by Art. 21 that there is one 
positive root^ and that there is one negative root ; and we have 
just ascertained that there cannot be more than one of each. 
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Again, consider the equation a^ + gas + r = 0, where q and r 
are both positive. Here there is no change of sign, and therefore 
no positive root; this also appears from Art. 24. If we write 
—a? for X, we obtain an equation with one change of sign, so that 
the original equation cannot have more than one negative root 
and therefore the original equation most have two imaginarv 
roots. 

Again, oonsid^ the equation a^— g^as + r^O, where q and r 
are both positive. Here there are two changes of sign, and there- 
fore there cannot be more than two positive roots. If we write 
— X for X, we obtain an equation with one change of sign, so that 
the original equation cannot have more than one negative root. 

In this example we know by Art. 20 that there is one n^a- 
tive root, and we have just ascertained that there cannot be more 
than one; whether the other two roots are real positive quan- 
tities or imaginary, we cannot infer from Descartes's rule of signs. 
But from Art, 60 it follows that the equation which has for its 
roots the squares of the differences of the roots of the proposed 
equation is y* - 6gy* + Og'y + 27r* - 4^ = ; and by Descartes's 
rule of signs, or by Art. 24, if 27r* - 4^ is negative, the last 
equation has no negative root, and therefore the original equation 
no imaginary roots ; also if 27r* — 4^^ is positive, the last equation 
has a n^ative root by Art. 20, and therefore the original equation 
must have two imaginary roots. 

^Q. The student should observe that the results given in 
Art 24, are all consistent with Descartes's rule of signs, and 
may all be deduced from it. Also the proposition in Art. 22 is 
included in Descartes's rule of signs; and we learn frx)m this 
rule that such an equation as that considered in Art. 22 cannot 
have more than one positive root, equal or unequal ; see Art. 35, 

67. It is shewn in the proof of Descartes's rule of signs, 
that on multiplying a polynomial by the factor which corresponds 
to a real positive root, one change of signs at least is introduced • 
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it may be observed, that the number of the changes of signs 
introdaced must be an odd number. For suppose in the first 
place that the last sign in the original polynomial is + ; then 
since the first sign is + , the whole number of changes of sign 
in the original polynomial must be an even number or zero ; and 
the sign of the last term of the new polynomial is — , so that 
the number of changes of sign in the new polynomial is an odd 
number. Therefore an odd number of changes of sign must have 
been introduced. Next suppose that the last sign in the original 
polynomial is — , so that the last sign in the new polynomial is + ; 
then there must be an odd number of changes of sign in the 
original polynomial, and aa even number of chaages of sign in 
the niew polynomial Therefore an odd number of changes of 
sign must have been introduced. 

68. When aU the roots 0/ an equation f(x) = are real, the 
number of positive roots is equal to the nimiher of changes of sign 
in f (x), amd the nvanher of negative roots is equal to the nwmber 
of changes of sign in f (— x). 

Let n denote the degree of the equation, m the number of 
positive roots, and mf the number of negative roots, /a the number 
of changes of sign iaf(x), and fi the number of changes of sign 
iny(— 0?). Since all the roots of the equation are real m + nif = n. 
Also m cannot be greater than /a, and mf cannot be greater than 
fi'y by Art, 63. Therefore /x + ft' = n, for the sum of fi and // 
cannot exceed n. Thus m + m=fi + fi\ And m cannot be greater 
than fjL ; nor can m be less than /x, for then m' would be greater 
than //, which is impossible. Thus fi» = /x, and mf = fi. 

• 

69. Suppose fi the number of changes of sign mf(x), and /i' 

the number of changes of sign ia f(— x). Then the equation 
f{x) = cannot have more than /jl positive roots, and cannot have 
more than // negative roots, and therefore cannot have more 
than /x + // real roots. Hence if n is greater than fi + fif the 
equation f{x) = must have at least n — fA — f/ imaginary roots. 
In the next two articles we shall shew more definitely what 



42 DESCARTES'S RULE OP SIGNS. 

inferences we can draw as to the number of imaginary roots 
of an equation when that equation is not complete. 

70. If any group consisting of an even numher of terms is 
deficient in any eqtuation there are at least as many im,agvna/ry 
roots of the eqtiation. 

Suppose the 2r terms which might occur in f{x) between 
af* and af" *""^ to be deficient; then the equation y (a;) = will 
have at least 2r imaginary roots. Let A and B denote the co- 
efficients of af* and a;"*"*'"^ respectively in f{x), and suppose the 
deficient terms introduced with coefficients q^, q^, q^... Then in 
the expression 

Ax"^ + q^a^'^ + S'j.a^"* + . . . + q^p^~^ + ^aj"'*""* 
the number of changes of sign together with the number of 
continuations of sign is 2r + 1 ; in other words the number of 
changes of sign in this expression, together with the number of 
changes of sign which it would present if the sign of x were 
changed, is 2r + 1. But now let the hypothetical terms be re- 
moved; then if A and B are of contrary signs there will be one 
change of sign for /(a;), and no change of sign for /(— aj) ; and 
if A and B are of the same sign there will be one change of sign 
for y(— a;) and no change of sign for y (a?). Therefore in both 
cases the loss of 2r terms ensures the loss of 2r from the sum 
of the number of changes of sign in /(a;) and in /(— a;). 

And this result holds for every deficient group consisting of 
an even number of terms. Thus there are at least as many 
imaginary roots of the equation /(a;) = as the sum of the num- 
bers of terms in such deficient groups. 

71. If any group consisting of an odd number of terms is 
deficient in any equation, the equation has aJt least one more than 
tluU numher of imagina/ry roots if the defiant group is between 
two terms of the same sign, and the equation has at least one 
less than that numher of imaginary roots if the deficient group 
is between two terms of contrary signs. 
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Suppose the 2r+l terms which might occur in /(x) between 
re* and aT"*'"' to be deficient. Let A and JS denote the coefficients 
of aT and ic*""*"""* in /(x) respectively ; then if A and B are of 
the same sign the equation /(x) ^ has at least 2r + 2 imaginary 
roots ; if A and B are of contrary signs the equation /(x) = 
has at least 2r imaginary roots. 

Suppose the deficient terms introduced with coefficients ^^ q^y 
^^ . . . Then in the expression 

AaT + q^af^^ + qjxf' + ... + g'^+j*"'"*'"* + BaT^'* 

the number of changes of sign together with the number of 
continuations of sign is 2r + 2; or in other words the number 
of changes of sign in this expression, together with the number 
of changes of sign which it would present if the sign of x were 
changed, is 2r + 2. But when the hypothetical terms are removed 
there will be no change of sign either foT/{x) or /(—a?) if ii and 
B have the same sign, and there will be one change of sign for 
/(x) and one change of sign for/(— x) i£ A and B have contrary 
signs. Therefore the loss of 2r + 1 terms from /{x) ensures the 
loss of 2r + 2 or of 2r, from the sum of the number of changes 
of sign in /(x) and in /{— x), according as the deficient group is 
between two terms of the same sign, or of coutrary signs. 

And this result holds for every deficient group consisting of 
an odd number of terms ; therefore there will be at least a« many 
imaginary roots of the equation /(x) = as the sum furnished 
by considering the deficient groups. 

72. Thus as an example of Art 71 we see that if a single 
term is deficient any where in /(x) between two terms of the 
same sign, there must be at least two imaginary roots; if a 
siugld term is deficient between two terms of contrary signs we 
cannot deduce from this fact any inference as to the number 
of imaginary roots. 

It will be observed that when in consequence of the deficiency 
of terms the sum of the number of changes of sign in /(a;) and 
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/{—x) fells short of the number which expresses the degree of 
the equation /(x) = 0, the difference is always an even number. 
This appears from the examination of the two possible cases in 
Arts. 70 and 71. That is, with the notation of Art. 69 the 
number n — fjL — f/ is always an even number. This might have 
been anticipated from Art. 41. 
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73. It is sometimes convenient or necessary to know whether 
a proposed equation has equal roots^ as we shall see in the course 
of the work. We shall therefore now explain how we can de- 
termine whether an equation has equal roots, and how we can 
remove fectors which correspond to the equal roots when they 
exist, and thus reduce the equation to one which has only im.- 
equal roots. We have first to prove a property concerning the 

first derived fomction of a given fimction. 

74. Let f (x) be any rational integral /unction of x and f '(x) 
thefi/rst derived /unction ; then will 

^ ' x — a x — b x-c x — K 

where a, b, c,...k, are the roots real or imaginary o/ the equation 
f(x) = 0. 

For let Pq be the coefficient of the highest power of x m/{x\ 
then we have identically by Art. 33, 

/{x) =pj(x — a){x'- b) {x - c) ... {x — ky (1) 

Put y + z for x'y thus 

/Q/ + z)=p^{y + z-'a)(y + z-b) {y + at-c) ...(y + z-k); 

expand each side in a series proceeding according to ascending 
powers of «; then the left-hand side becomes by Art. 12, 

/(y)+/'(y>+/"(y)i^ + ... 
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Thus the coefficient of i^r is /'(^X ^"^^ therefore /'(y) must be 
equal to the coefficient of z on the right-hand side, that is, to 

that is, to 

+ : H h . . . H . • 

y—a y—o y—c y—k 

And as it is immaterial what symbol we use for a variable which 
may have any value, we may change y into x ; thus we have 

^ 05 — a « — 6 x — c x—k ^ ' 

The result here obtained is true if among the quantities a, 6, c, . . ,h, 
there should occur one or more equal to a, or equal to 6, . . . and 
so on. Suppose that on the whole a occurs exactly r times, 
h exactly b times, c exactly t times,... ; then (1) may be written 

and (2) may be written 

^ ' x—a x — o x — c 

75. Tlie equation f (x) = has or has not equal roots according 
as f (x) and f'(x) have or have not a common measure which in- 
volves X. 

Suppose a, 6, c,...^ the roots real or imaginary of the equation 
/(x) = 0, so that 

/{x) =Po{x — a)(x-'b){x — c) ,,.(x — k); 
then 

/\x)=pj(x-b) (x-c) ... {x-k)+pQ{x-a) (x-c) ... {x-k)+ ... 

If Oy b, c,,..k are all unequal, none of the factors x — a^ x—b, 
« — c,... x — k will divide /'(fic), for (x — a) for example divides 
every term in f'{x\ except the first ; and no product of any number 
of them will divide /'(a;). Thus if f{x) has no equal factors, f{x) 
and y"(aj) have no common measura Hence if /(a;) and f\x) 
have a common measure the factors of /(a;) cannot be all imequal. 
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Next suppose that the equation y*(a;) = has equal roots ; 
suppose that a occurs r times, that b occurs a times, that c occurs 
t times, and so on. Then 

/'(.)=^>-a)'(.-6)-(.-cy...{^ + ^ + ^4....}. 

In this case the fiwtor (« — a)''"*(a; — 6)*""^(a; — o)*~*... occurs in 
every term of /'(a;). Thus if /(x) has equal &ctors, /{x) and /^(aj) 
have a common measure. Hence if /(x) and /\x) have no com- 
mon measure, /(x) has no equal &ctors. 

76. For example, consider the equation 

/(a;) = a;* - lla;» + 44aj" - 76a; + 48 = 0. 

Here f{^) = 4a;' - SSa?" + 88a; - 76. 

It will be found that /(a;) andy(a;) have the common measure 
x — 2; this shews that {x - 2)* is a factor of /(a;). It will be foimd 
that 

/(a;) = (a: - 2)»(«" - 7a; + 12) = (a; - 2)'(a: - 3) (a; - 4) ; 

thus the roots of/{x) = are 2, 2, 3, 4. 

Again, consider the equation 

/{x) = 2x^ - 12a;« + 19a:»- 6a;+ 9 = 0. 

Here /(a;) and /'(a?) will be found to have the common measure 
a; - 3 ; and /(a;) = (a; - 3)* (2a;" + 1). Thus the roots of /(a;) = are 

'-'■VH)'VH)- 

77. In the enunciation of Art. 75, the words "which involves 
X " occur at the end. We mean to indicate by these words that 
we do not regard the £su3tor p^, although that may in a certain 
sense be considered as a common measure oif{x) and /'(a;). 

As we are here for the first time making an important use 
of common measures of expressions it will be convenient to in- 
troduce a remark on the subject. It is usual to consider the 
theory of common measures and of the greatest common measure 
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in works on Algebra ; but the theory is not necessary at an early 
stage of mathematical study, and becomes more intelligible after 
the result has been obtained which we have given in Art 33. 
Let y*(a5) and <^(a;) denote two rational integral functions of as; 
theny(a5) and <^(a;) may be resolved into factors, so that 

f{x) =p^{x - a,) {x - a^j {x - a.) . . ., 
^(a;) = g,(aj-6^)(a;-6^)(aj-6J ...; 

and each of the functions can be thus resolved in only one way. 
Hence the function of x of the highest degree which will divide 
both /(x) and <^(a;) is the product of all the common fectora of 
the first degree in x ; and this we may call the greatest common 
measure oif{x) and <^(a;). 

Here we have taken no notice of p^ and q^ ; but we may if 
we please find their greatest arithmetical common measure if they 
are numbers, or if they are both functions of another quantity, 
as y, we may find the greatest common measure of these functions 
of y. 

78. Suppose /(x)=pQ{x-'ay(x — by(x-~c)*.,.; then we have 
found in Art. 75 that /(x) and /\x) have the common measure 
(x — ay~^{x — by~\x — c)*~* . . .. Thus the common measure involves 
all the equal factors which occur m/(x), but the exponent in each 
case is less than the corresponding exponent in /(x) by unity. If 
we divide /(ic) by the common measure of/{x) and/'(a;), the quotient 
involves all the factors which occur in /(x), each factor occurring 
singly. Thus the* equation obtained by putting this quotient equal 
to zero contains vnthout repetition all the roots which the equation 
/(a;) = Ohas. 

79. We see that if the factor (x — ay occurs in/(a;) the factor 
{x—ay'^ occurs in /'(a;) ; so that the equation /'(as) =0 has r— 1 roots 
each equal to a. Now /"(a) is the first derived function of/\x); 
thus if r — 1 be greater than unity /\x) and /'\x) will have a 
common measure, and the equation /^Xx) = will have r — 2 roots 
equal to a. Thus in this way we can shew that if (a; — a)*" is a 
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fector of /(«) then the derived functions /'(a:), /"(«),.../''"*(«), all 
vanish when a? = a. 

This may also be proved in the following way. 

Let /{x)= {x " ay<l>{x)y where ^(x) is a rational integral func- 
tion of X which is supposed not to contain the £uHx)r x—a; put 
x-a + z; thus 

sr<f>{a + z)= /(a + z) 

As the left-hand member of this identity is divisible by sT the 
right-hand member must be so too. Thus we must have 

/(«) = 0, /'(«) = 0, /-'(a)=0. 

And as the lefb-hand member is not divisible by a power of z 

higher than «^ the right-hand member cannot be, and therefore 

/'(a) is not zero. Thus the number of terms in the series y(a;), /'(x), 

/'\x),.,. which vanish when x = a, is the same as the exponent of 

x — a m/{x). 

For example, suppose 

here it will be found that /'"(jc) is the first of the serie8/(a;), /'(a), . . . 
which does not vanish when a; = — 1 ; thus the factor {x + 1)' occurs 
m/{x). It will be found that /(a;) = (x + l)®(a^- x + 3). 

80. We will briefly indicate another way in which the test 
for equal roots may be investigated. If the equation /(a;) = has 
more than one root equal to a, then it follows that if /(x) be 
divided by a? — a the quotient will vanish when x = a. Hence by 
taking the form of the quotient given in Art. 7, we must have 

wp,a-^ + {n-l)p^ar'' + ... +2ap^^^ +p^^^ = 0; 

that is, /\x) vanishes when x = <l 

81. It appears then that when we wish to determine the 
equal roots of an equation /(x) = 0, we may begin by finding the 



ON EQUAL ROOTS. 49 

greatest common measure of /{x) and/'(a5) ; then we equate this 
greatest common measure to zero, and we have an equation to 
solve which has for its roots those roots of the equation /{x) = 
which are repeateci. As this greatest common measure may be 
itself a complex expression, involving repeated factors, it is useful 
to have a systematic process by which the roots may be obtained 
with as little trouble as possible. This we shall now give. 

82. Suppose /(x)=:0 to be an equation which has equal 
roots; and let 

where the product of all the fstctors which occur singly in /{x) 
is denoted by X^, the product of all the factors which occur 
just twice is denoted by X^', the product of all the £Etctors which 
occur just three times is denoted by X,', and so on. Any one 
or more of the quantities X^, X^, X^... will be imity, if there is 
no factor in /(x) which is repeated just the corresponding number 
of times. 

Now form the first derived function f (x) of /(x), and then 
obtain the greatest common measure oi f{x) and y (a?). We will 
denote this greatest eommon measure by/^(a;), so that 

Kext obtain the greatest common measure of f^ (x) and its first 
derived function //(a?), and denote it by/^(a5), so that 

/.(a!) = X,X/...X,--. 

Proceed in this way and form in succession 

/.(a:) = X,X/...X.-. 



/« («) = 1. 

Now form a new series of functions by dividing each term of the 
8erie8/(ar),/j(aj),^(a5),.../^(a;) down to/^.j(aj) by the immediately 
succeeding t6rm« Thus we get 

T.E. 4 
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/ (x) 



Then finally 

'Thus the factors X^, X^,... X^ are now separated, and by solving 
the equations Xj = 0, Xjj = 0,...X^=0, we obtain all the roots of 
the proposed equation /(x) = ; and any root found from X^ = 
occurs r times in the equation ^(aj) = 0. 

S3. For an example of the process of the preceding article 
suppose that 

Then retaining the notation of the preceding article we shall find 
that 

/^(a;) = a;-l, 

Ai^) = 1, 

^,(a;) = aj*-5a* + 4, 

^^(aj) = aj" + 2a;* - a; - 2, 

X^ = aj-^ 

X, = a? + 5a; + 2, 

X3 = a;-1. 

Therefore /{x) = (aj - 2) (a? + 3a; + 2/ {x - 1)» 

= (a;-2)(a; + l)"(a;+3)" (a;- 1)». 
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Thiis the roots of the equation f{x) = aj^ 2,-1, — 1, ~ 2, — 2, 
1, 1, 1. 

84. When the coefficients of an equation are all commen- 
surable quantities the expressions X^, X^... of Art. Bt2 have 
likewise all their coefficients commensurable. Hence if one and 
only one of the roots of an equation, with commensurable quanti- 
ties for coefficients, is repeated r times, that root musfc be a com- 
mensurable quantity; for it will be determined by an equation 
X. = which inyolves no incommensurable quantities. Hence 
we can infer that an equation of the third degree or of the fifth 
degree, with commensurable quantities for coefficients, which has 
no commensurable roots, can have no equal roots. If an equation 
of the fourth degree, with commensurable quantities for coeffi- 
cients, has no commensurable roots, and yet has equal roots, it 
must have two incommensurable roots each repeated twice, so 
that if/(aj) = be the equation, /(as) must be a perfect square. 



VII. LIMITS OF THE ROOTS OP AN EQUATION. 
SEPARATION OF THE ROOTS. 

85. In the present chapter we shall first investigate some 
theorems which will shew between what limits all the real roots 
of any proposed equation must lie; and we shall then consider 
to some extent the possibility of discovering limits between which 
the real roots separately lie. The advantage of such a chapter 
arises from the fitct that the algebraical solution of the general 
equation of a degree above the fourth has not been obtained; and 
as we shall see thereafter, the numerical solution of equations is 
a systematic process based on the supposition that we have some 
knowledge of the approximate values of partictdar roots. 

It is to be observed that unless any thing to the contrary 
is specially stated, the whole of the present chapter relates to the 
real roots of equations. 
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86. When we say that a certain quantity is a superior limit 
of the positive roots of an equation, we mean that no positive 
root can be greater than that quantity. 

87. The numerically greatest negative coefficient increa,sed hy 
unity is a superior limit of ike positive roots qfa/n equatum u>hich 
is in its simplest form. 

Lety(a5) = be the equation; suppose it of the n^ degree. 
Let p be the numerically greatest negative coefficient which occurs 
iny*(a;). Then if such a value be found for x that f{(c) is positive 
for that value of x and for all greater values, that value is a 
superior limit of the positive roots of the equation y (a;) = ; now 
if any positive value of x make . 

iB"-;?(af~*+iB""* + aj"~'+ ... +a;+l) 

positive, it will a fortiori make f{x) positive. That is, f{x) is 

a^-1 
positive for a positive value of a; if af —p is positive, and 

therefore a fortiori if a;" — 1 —p =- is positive, that is if 

(a;" — 1) (1 =^ ) is positive; and the last expression is positive 

if a? — 1 is greater than p. Thus f{x) is positive if a? is equal to 
^ + 1 or greater than jt? + 1 ; that is, ^ + 1 is a superior limit of the 
positive roots of the equation /(a;) = 0. 

88. In the equation /(aj) = put — y for a^ and if t^ is an 
odd number change the sign of every term so that the coefficient 
of y may be + 1. Let q be the numerically greatest negative 
coefficient of the equation in this form ; then g + 1 is a limit of 
the positive values of y, and therefore — (<2^ + 1) is a limit of the 
negative values of a;. 

Hence all the roots of the equation /(a;) s must lie between 
^ + 1 and — (g + 1). 

Hence a fortiori if m be the numerical, value of the greatest 
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coefficient in an equation without regard to sign, all the roots of 
the equation lie between m + 1 and — (tt^ + 1). 

89. In an equation of the n^ degree in its simplest form if 
p be the numerical value of the greatest negative coefficient, and 
x""" the highest power qf x which has a negative coefficient^ 1 + l]p 
is a superior limit of the positive roots. 

Let f{x) = be the proposed equation ; since all the terms 
which precede as""'" have positive coefficients f{x) will certainly 
be positive for a positive value of a; if 

a"-^ («""•" + «"""■* + ... +a" + aj+ I) 

be positive, that is, if of— ^ = — be positive. Hence, sup- 

posing X greater than unity, /(a;) will be positive a fortiori if 

a--^— J is positive, that is if «"(a,-l)-;«^— is podtive, that 

is if of"* (a — l)~p is positive, that is a fortiori if (a — 1)'' is equal 
to or greater than p. Hence if re = 1 + ^j9 or any greater value, 
/(aj) is positive, that is 1 + ^j9 is a superior limit of the positive 
roots of the equation f{Qi^ = 0. 

90. If each negative coefficient be taken posibvvdy and divided 
by the sum of all the positive coefficients which precede it, the 
greatest of aU the fractions thus formed increased by unity, is 
a sv/perior limit of the positive roots. 

Let the equation hef{x) = 0, where /(as) denotes 

Po^'^Pi^'^ -^PJ^'' - j^gOj""" + jj^af "* + . .. -pf^"^ + ... + j?^. 
Now we have 

ar= (a:- 1) (aT"* +0^'+ ... + aj+ 1) + 1 ; 

let all the terms of the equation with positive coefficients be 
transformed by means of this formula, and let the others remain 
unchanged. ThTi8/(a;) becomes 
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p, (a- l)a?"-»+;?, (a- l)a;-«+;?,(aj- !)«"-»+. ..+;?, (a?- 1)+^, 
+^j (05- l)aj"~*+|?j (05- l)ar"" + ... +^j {x - 1) +^j 

+^^ (a? - 1) aj""' + ... +^, (a? - 1) +^, 

+ ... 

Consider now the successive vertical columns of this expression. 
Where there is no negative coefficient the value of the column 
is positive if aj is greater than unity. To ensure a positive value 
of the columns in which a negative coefficient occurs we must 
have 

(Po -^Pi +^i») (^ - 1) greater than p^^, 



(Po-^Pi +/'«+ — +JPr-i) (^-1) greater than jp^, 

Therefore x must be greater than — + 1, ... and greater 

^ Po+Pi+P, ^ 

than — hi,... Therefore if a? be taken equal 

Po+Pl+P2-^'"+Pr-l 

to the greatest of the expressions thus obtained, that value of x, 
or any greater value, will make /(x) positive; that is, the greatest 
of the expressions is a superior limit of the positive roots of the 
equation /(x) = 0. 

91. We will now illustrate the rules by two examples. First, 
take the equation 

«*+ 8a?*- Ua^- 53aj" + 56a;- 18 = 0. 

By Art. 87 we have 53 + 1, that is 54, as a superior limit of 
the positive roots. By Art 89, since n = 5 and r = 2, we have 

1 + v53 as a limit, so that 9 is a limit. By Art. 90 we have to 
take the greatest of the following expressions ; •= — ^ + 1, z — - + 1, 

1 + o 1 + o 

r; — 5 — =^ + 1, that is, we must take -tt- + 1 : so that 7 is a limit. 
1 + o + oo y 

Again^ tak^ the equation 

aj*-5aj*-13a^+3a' + aj-.70 = 0. 
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r 

Here Arts. 87 and 89 give 70 + 1 as a limit ; and Art 90 gives 

70 

-7- + 1, so that 19 is a limit. 

Thtis, in botH tHese examples, Art 90 supplies us with the 
smallest superior limit It is easy to see that Art 89 alwajrs 
gives a smaller limit than Art 87, except when r = 1, and then 
the two limits coincide. Art 89 is advantageous in general when 
several positive coefficients occur before the first negative coeffi- 
cient, so that r is large. Art 90 always gives a smaller limit than 
Art 87, except when the greatest negative coefficient is preceded 
by only one positive coefficient, namely that of the first term, 
and then the two limits coincide. Art 90 is advantageous in 
general when large positive coefficients occur before the first large 
negative coefficient. 

92. By particular artifices we may frequently obtain a smaller 
superior limit than the general rules supply. 

Consider the first example of the preceding Article^ Here 
we have to find a superior limit of the positive roots of ^(05) = 0, 
where y(a5) may be written thus, 

now if a; be equal to 4, or to any greater number, the expressions 
within the brackets are all positive, and so/{x) is positive. Thus 
4 is a superior limit of the positive roots of the equation y(a;) - 0. 

Again, consider the second example of the preceding Article. 
Here we may write /(oj) thus, 

iKf{af-r.5x-lS) + 2x'-{-X'-70; 

now by the aid of Art 87 we see that a;* — 5a:— 13 is positive 
if 05=13 + 1 or any greater number,^ and obviously 2af + x — 76 
is positive when a? = 14 or any greater number. Thus 14 is fk 
superior limit of the positive roots of the equationy(a;) = 0. 

93. We may now easily find an inferior limit of the positive 
roots of an equation, that is a number which is not greater thai^ 
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any of the podtive roots. For transform the proposed equation 
into one whose roots are the reciprocals of the roots of the pro- 
posed equation, and then the reciprocal of the superior limit of the 
positive roots of the transformed equation will be an inferior 
limit of the positive roots of the proposed equation. Thus sup- 
pose the proposed equation to be 

put - for Xy and multiply by y" and divide by p^ so that the 
transformed equation is 

^•+^==12/--*+ ... +&y»+^y + L=o. 

Pn Pn JP. Pn 

Let a superior limit of the positive roots of this equation be found 
by one of the preceding Articles, and denote it by Z; then 

y is an inferior limit of the positive roots of the proposed equa- 
tion. Suppose that we use Ari 87; let ^ denote that coefficient 

Pn 

which is numerically the greatest of the negative coefficients of 
the transformed equation ; then 1 — '^ is a superior limit of the 

positive roots of the transformed equation, and therefore —^ — 

.... . . ^""^' 

is an inferior limit of the positive roots of the proposed equation. 

Here ^^ is in &>ct the numerically greatest among those coefficients 

of the proposed equation which have the contrary sign to the 

sign of;?,. 

For example, in the first equation of Art. 91 we have Jt?, = — 18 

— 18 18 

iuad p,= 56 ; thus ^,^^ , that is =7, is an inferior limit of 

the positive roots* 

94. To find the limits of the negative roots of an equation 
/{x)- 0^ put — y for «, and then find the limits of the positive 
roots of the transformed equaticm in y; then these limits, with 



LIMITS OF THE BOOTS OF AN EQUATION. 57 

their signs changed, will be limits of the negative roots of the 
proposed equation, 

Take^ for example, the equation 

put — y for a; and we obtain 

y» + r/-15y»-3y»+4y-48 = 0. 

Bj Art 90 we have •= — = — j + ^> *^^* is 5, as a superior 

48 
linut of the positive roots, and by Art. 93 we have jx — = as 

an inferior limit of the positive roots. Thus the negative roots 

of the proposed equation must lie between — 5 and — -rz . 

' 95. We will now explain another method of determining 
a superior limit to the positive roots of an equation ; this method 
is called Newtovi$ Method. 

Let /(a?) = denote the equation which is to be considered ; 
put A + y for x and expand /(A + y) by Art 12. Thus the equa- 
tion becomes 

/W+y/W+f /"(*)+••• +^/"(A) -0. 

Now suppose h positive and of such a value that /(A), /'(^)> 

f'lJC^y xTW *^ ^ positive; then no positive value of y can 

satisfy the above equation. But y = x-\ and as y cannot be 
positive, X cannot be greater than A ; thus & is a superior limit 
of the positive roots of the equation /(a?) = 0. We may observe 
that if the proposed equation is in its simplest form /"(A) is neces* 
sarily positive, being equal to \n. 

96* For example^ take the equation 

«• +a*-4a^- 6aj* - 700« + 500 -0. 
Here /(A)«A* + A*-4A»-6*"-700A + 500, 

f{h)^W-^ 4A»- 12A"- 12A-700, 
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i/"(A) = 10A» + 6h'-12h- 6, 
i/"'(A)=10A' + 4A-4, 

1/""(A) = 6A+1. 

It is convenient to begin with tlie last filnction of h and 
ascend regularly. Any positive value of A makes f"^'{h) positive ; 
h=\ makes f'^^Qi) positive ; A = 2 makes f"{h!) positive ; A = 4 
makes f\h) positive ; A = 5 makes /(A) positiva Then it will be 
found that A = 5 makes all the functions of h positive ; and there- 
foi'e 5 is a superior limit of the positive roots of the proposed 
equation. 

It must be observed, that when according to the method here 
given we begin with the last function and increase the value 
of h suitably as we ascend to the other functions, we shall not 
require ever to re-examine the sign of those functions of h which 
we have passed. For suppose, for example, we have ascertained 
that a certain value a when put for h renders all the functions 
of h positive up to /^\h). Then put a greater value for h^ say 
a + 5 ; and since 

/"(a + b) =/» + 6 /» + 1^/"» + • • . 

and all the terms on ,the right-hand side are positive by sup- 
position, /"(a + 6) is positive also. Hence in the preceding ex- 
ample, when it was found that h = 5 rendered /{h) positive, it 
was unnecessary to try whether this value of h rendered the other 
functions of h positive, because the method of proceeding ensured 
this result. 

97. Having thus shewn how limits may be found between 
which cUl the real positive roots of an equation must lie, and 
limits between which cdl the real negative roots of an ; equation 
must lie, we proceed to give some theorems with respect to the 
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situation of the ro6ts tskken singly or in groups. It will be seen 
hereafter that the complete investigation of this part of the 
subject is involved in Stu/mCa Theorem, 

98. 1/ we 8ubHUute successively for x in f(x) tioo quantities 
which include between them cm odd number of roots of the equation 
f (x) = 0, we shall obtain results with contrary signs; if we suh- 
stitv^ successively two quantities which include between them no 
root or an even number of roots we shall obtain results with the 
Sonne sign. 

Suppose X and fi two quantities of which X is the greater; 
let a, (, c,..., ^, be all the real roots of the equation y (a;) = which 
lie between X and fi ; by Art. 43 we have 

f(x) = {X''a){x — b){x — c) ,,,{x — h) \l/{x), 

where ^(a;) is a function formed of the product of quadratic factors 
which can never change their sign, and of real factors which 
cannot change their sign while x lies between \ and fu 

Substitute successively X and ft for a?; thus 

/(X) = (X-a)(\-5)(X-c)...(X-^)i/<X), 

/(fl) = (/X-a)(/X-5)(/Lt-c)...(/X-^)l/r(^). 

Now all the fectors X — a, X — 6, X — <^ ...X — ^, are positive, and 
all the factors /li — a, ft — 6, ft — c,...ft — ^, are negative; and i/r(X) 
and ^r(fi) have the same sign. Therefore f{X) and f(jj) have the 
same sign or contrary signs, according as the number of the roots 
a, by Cf,,,y k, is even or odd. 

99. Hence conversely if two quantities when substituted 
for X in f{x) give results with contrary signs, an odd number 
of the roots of the equation f{x) = must lie between the two 
quantities ; if they give results with the same sign either no root 
or an even number of roots must lie between the two quantities. 

This result includes that of Art. 19 as a particular case. 

100. It is to be observed that the demonstration in Art 98 
doeei not require the roots a> &, c,... , A;^ to be all unequ^al; ojoly 
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it must be remembered that a root repeated m times is to be 
counted as m roots. 

We see that if /(X) and /(/x) be of the same sign, either no 
root of the equation f{x) = lies between X and ft, or else an 
even number of roots. Now in the preceding Articles of the 
present chapter an argument of the following kind lias been 
sometimes used; the value fi or any greater value of x makes /{x) 
positive, therefore ft is a superior limit of the positive roots of 
the equation /(x) = 0. It must be observed that by the words 
Tnakes f{x) positivej we mean makes f{x) a positive qucmtUy and 
not zero. For example, if/{x) = (a; — 4)* (x—1% then if a; is greater 
than imity /(x) cannot become negative ; but we must not infer 
that unity is a superior limit of the positive roots, for 4 is a root. 

If then we only know that /{x) cannot become negative for 
any value of x greater than fi, we cannot infer that there is 
no root greater than ft; but we may infer that there is either 
Tifi root or else a root or roots each repeated an even number 
of times. 

101. We shall now investigate an important theorem which 
furnishes relations between the roots of the equation /{x) - 
and the roots of the equation /\x) = 0, where /'{x) is the first 
derived function oi f{x). The theorem is sometimes called by 
the name of RoUe, who first used it. 

102. A real root of the eqiuition f'(x) = lies hettoeen every ad" 
jacent two oftlis real roots of the equation f(x) = 0. 

Let the real roots of the equation f(x) = arranged in de- 
scending order of algebraical magnitude be denoted by a, 6, c^...^. 
Let fl>{x) be the product of the quadratic factors corresponding 
to the imaginary roots of the equation f{x) = 0, so that <l>(x) 
cannot change its sign. Then by Art. 43 

/(aj) = («-a)(aj-^6)(«-c) ...(a6-ifc)^a;). 

In this identity put y-^z for x; thus 

/(y + ») = (y + «-a) (y+«-6)(y + «-<?). ..(y + «-*?) ^ + «). 
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Suppose each member of this identiiy expanded in a series pro- 
ceeding according to ascending powers of z. The coefficient of 
z on the left-hand side will he/\y) ; see Art 12. The coefficient 
of z on the right-hand side will be 

j(2^-^)(y-«)---(y~^)+(y-«)(2/-c)...(y-^) + ...|<^) 

By equating these coefficients of z, and changing y into x in 
the resulting identity, we have 

/'(«) = I (a; -5) (a: -c) ... (iB-^) + (a-a)(a;-c) ... (a;-^)+ ... \<f>(x) 

+ (x^ a) (x — h) {x — c) ... (x — k) 4>{x), 
Now put successively a,b, a,..,, k, for a?; the last term on the 
right side of the identity vanishes in every case, and thus the 
signs of /'(a), /'(^)> /'(^)> ••• > /'(^X ^™ respectively the same as 
the signs of (a — 6) (a— c) ... (a — A;), (6 — a) (6 — c) ... (6 — A;), ..., 
(A; — a) (^ — 6) (A; — c). .. ; and these signs are alternately positive and 
negative, for the first expression has 9io negative factor, the 
second expression has one negative £9ictor, the third expression 
has two negative factors, and so on. Hence by Art. 99 an odd 
number of the roots of the equation J^(x) = lies between every 
adjacent two of the roots of the equation y*(a;) = 0. 

103. The demonstration of the preceding Article implies 

that the roots a, (, c,.,,k are all unequal. Suppose however 

that the root a is repeated r times, that the root h is repeated 

8 times, that the root c is repeated t times, and so on. We shall 

have 

f{x) = {x-aY {x-Vy {x-cy ... 4,{x), 

f\x)=4»{x)lr{x''ay'\x''hy{x--cy...^^^^ 

-h(x-'ay (x^hy {x^ey ... ^\x). 
Let /j(aj) denote the greatest common measure of /{x) and /'{x), 
that is, let/j(a) = (« - a)'"" {x - 6)-* {x - c)*"*... Then 

yi-i ss^aj)|r(a;--6)(cc--c) ... +tf(a;-a)(a:-c) ... + ... > 

+ (a - a) (a - b) {x -^ c)..r^'(a). 
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Call this expression F{x) ; then as before we see that the equa- 
tion F{^ = has an odd number of roots between a and h, an 
odd number between h and <;, and so on. And since we have 
fix) =/i{x) F{x), whenever F{x) vanishes so also does /'(x). 
Thus an odd number of the roots of the equation /^x) = lies 
between every adjacent two imeqtial roots of the equation /(a;) = 0. 

"With respect to the eqtud roots of the equation /(x) = 0, we 
know that the root a which is repeated r times in the equation 
/{x) = is repeated r — 1 times in the equation /\x) = 0. Simi- 
larly the root h which is repeated a times in the equation /(x) = 
is repeated a -I times in the equation /^(x) = ; and so on. 

It will be convenient for us to imagine that the r roots equal 
to a of the equation /(x) = include r — 1 intervals, in each of 
which a root a occurs of the equation /\x) = ; and similarly 
for the other repeated roots. With this conception we may 
regard the enunciation of Art 102 as holding universally, whe- 
ther the roots of the equation y*(a;) = are all unequal or not. 

104. No more than one root of the equation /(a;) = can 
lie between any adjacent two of the roots of the equation /'(a) ~ 0. 
For if there could be more than one there would be a root or 
roots of the equation /\x) = comprised between them, and so 
the two roots of the equation /\x) = which were by supposition 
adjacent would not be adjacent. 

And similarly the equation /(a;) = cannot have more than 
one root greater than the greatest root of the equation y '(a;) = 0, 
or more than one root less than the least root of the equation 

/'(«)=o. 

105. If the equation /(x) = has all its roots real, so also 
has the equation /\x) = ; for the latter equation is of a degree 
lower than the former by unity, and a root of the latter equation 
exists between each. - adjacent two of the roots of the former 
equation. And generally if the equation /(x) = has m real 
roots the equation /'(a;) has certainly m — 1 real roots, and may 
have more. 
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106. Since f^\x) is the first derived function of /'(^)> *^® 
equation /'X^) = has an odd number of roots between every 
two adjacent roots of the equation f'{x) = 0. Thus if the equa- 
tion /(a;) = has m real roots, the equation f\x) = has at least 
m — 1 real roots^ and the equation f'\a^ = has at least m - 2 
real roots. Proceeding in this way we arrive at the result that 
if the equation /(a) = has m real roots, the equation f\x) = 
has at least m — r real roots. 

Hence if the equation /'(a;) = has /li imaginary roots, the 
equation y*(fl?) = has at least fi imaginary roots. For if the equa- 
tion f{x) = had less than fi imaginary roots it would have more 
than 91 - ft real roots, supposing n the degree of the equation ; 
thus the equation f{x) - would have more than w — /li — r real 
roots, and as this equation is of the degree n — r it could not 
have so many as ft imaginary roots^ which is contrary to the 
supposition. 

For example, let /(a?) = aj"(l - x)*. 

The equation f{x) = has all its roots real, namely, n equal 
to zero, and n equal to unity. Hence the equation /"(a;) = will 
have all its n roots real and all lying between and 1 ; this 
equation is 

l^^^ ^>^+l^. w(n-l)(n-fl)(7i + 2) ^ 

^"^"T"T"*'*: t:^ 1:2 ^^ 

107. If we know all the real roots of the equation f\x) = 
we can determine how many real roots the equation /(a?) = has. 
For let the roots of the equation /'(a?) = be a, j8, y,..., x, 
arranged in descending order of algebraical magnitude. Substi- 
tute for X iD./(x) successively a, )9, y,... , x, and observe the signs 
of the results. Then one root or no root of the equation /(«) = 
lies between any adjacent two substituted values, according as 
the corresponding results have contra/ry signs or the same sign. 
This follows from Arts. 98 and 104* 

The equation /(aj) =0 has one root algebraically greater than 
o, or nonci according as /(a) is negative or positive; and it has one 



and 
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root algebndcall J leas than k if tlie eqnatioii be of an even d^ree 
and /(k) be n^atiye, or if the equation be of an odd d^ree and 
/(k) be podtiTe, otherwise not. See Arts. 98 and 104. 

He9ce the nmnb^' of real roots of the equation y (a;) = will 
be the same as the nmnber of changes of dgn in the series ob- 
tained hj sabstitnting + od, a, ^, y, ... jc, ~ oo, for x in f{x) snc- 
cessivelj. If however y(a?) vaniahea when anj of the substitations 
are made, it indicates that the equation f{x) = has equal roots, 
and the nnmber of these may be discovered bj Chap. Y L 

108. As an example we will investigate the conditions thai 
the equation a^ — ^ + r=0 maj have all its roots possible^ sup- 
posing q a positive qnantit j. Here y^(^) = Sa:* ~ 9, so that the 

roots of the equation /'(a;) = are =*=^/(l)i ^^t '^=+^/(l) 
Th„ /W..(|)'-,(|)'*,.-2(D'*,, 

/(«=-(D'*'(l)'"-^(|)'"- 

First suppose ( ^ j greater than f ^ j ; Uien if r be positive 

f{a) and flfi) are both positive, and the equation f{a^ = has only 
one real root, which is algebraically less than )3; if r be negative 
/(a) and f(fi) are both n^ative, and the equation f{x) = has 
only one real root, which is greater than a. 

Next suppose f ^j ^^ss than f | j ; then /(a) is n^ative and 

f(P) is positive, and the equation /{x) = has three real roots, 
namely one greater than a, one between a and ^, and one algebrai- 
cally less than ^, 

109. A method of discovering the situaticm of the real roots 
of an equation was indicated by Waring, and reproduced by 
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LagraDge, wliich we shall now explain j it is called Waring % 
Method of separating the Roots. 

Let us suppose that the equal roots of an equation, if it has 
any, have been discovered and the corresponding factors removed, 
so that we have to deal with an equation which has only unequal 
roots. Let f(x) = represent this equation. Suppose ^ to be 
a quantity which is less than the difference of any two roots, 
and let « be a superior limit to the positive roots. Substitute 
for X in f{x) successively *, « — ^, 8 — 2k, 8—3ky... and so on down 
to a quantity which is algebraically less than the least root which 
the equation can have ; and observe the series of the signs of 
the results. Then when a change of sign occurs one root exists 
between the two corresponding substituted values, and when 
there is a contimiation of sign no root exists in that intervaL 
For since k is less than the difference of any two of the roots 
we are sure that more than one root cannot occur in each in- 
terval. 

We have then to consider how the quantity k may be de- 
termined. Suppose that the equation has been formed which 
has for its roots the squares of the differences of the roots of 
the proposed equation, and that an inferior limit of the positive 
roots of this equation has been found ; denote this by & Then 
^8 is a suitable value for k. 

We have already in Art. 60 given an example of the con- 
struction of an equation which has for its roots the squares of 
the differences of the roots of a proposed equation, and we shall 
hereafter consider the question generally. It will then be seen 
that on account of the complexity of the result obtained, Waring's 
method of separating the roots of a proposed equation is generally 
useless in practice for equations of a degree higher than the 
third, although theoretically it attains its proposed object. 

110. As an example of Waring^s method take the equation 

a.»_3a"-4a; + 13 = 0. 
T. E. 5 
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By Art. 60 the equation which has for its roots the sqiiares of 
the differences of the roots of the proposed equation is 

Puty = -; thus 49«'-441«« + 42;2;- 1 = 0, 
that is, 49«'(«- 9) + 42 («-;^) =0 ; 

thus 9 is a superior limit to the values of z^ aiid therefore ^ is 

an inferior limit to the values of y. Hence Z^, that is, ^j is 

less than the difference of any two roots of the proposed equa- 
tion. 

Now 4+1, that is 5, is a superior limit of the positive roots 
of the proposed equation, by Art. 87. And — (1 •\- J^ is nume- 
rically a superior limit to the negative roots, by Arts. 94 and 89. 
Thus all the roots of the proposed equation lie between 5 and — 3. 
By substituting in succession for x the values 5, 5 — J, 5 — §,... 
it will be found that one root lies between 3 and 2|, one root 
between 2| and 2^, and one root between — 2 and — 2|. 

111. We will conclude this chapter with a proposition which 
may serve as an example of some of the principles already esta- 
blished. In the equation y (a;) = 0, 

where /(a?) = ^^ + ^^'^ + . . . + a; — r, 

if g' is the numerical value of the numerically greatest coefficient, 

and r is positive and less than ^ — j- there is a real positive root 

less than 2r. 

When X is zero f(x) is negative. Now a positive value of x 
will make /(oc) positive, a fortiori, if it make 

x-r-q{x'' + x*"^ + ... + a;* + 05*) 

1 - x*~^ 
positive, that is, if it make x — r — q^x? -= positive. 
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Hence a fortiori f(x) is positive if as is less than unity and 
(1 —x){x — r) — qa^ is positive. Now put 2r for x in the last ex- 
pression and it becomes r{l — 2r — 45T}, and this is positive be- 
cause by supposition r (2 + A^q) is less than unity. Thus f{x) is 
positive when x=2r; and /{x) is negative when x = 0; therefore 
a root of the equation /{x) = lies between and 2n 

In like manner if the last term in /{x) is r instead of — r and 

1 
r is positive and less than ^ — ^ the equation /{cb) == has a root 

between and — 2r. 

YIIL COMMENSURABLE ROOTS, 

112. By a commensurable root is meant a root which can be 
expressed exactly in a finite form, whole or fractional ; so that it 
involves no irrational quantities. We shall now shew that when 
the coefficients of an equation are rational numbers^ whole or frac- 
tional, the commensurable roots of the equation can easily be 
found. 

We have seen in Art. 53 that if the coefficients of an equation 
are rational but not all integers, we can transform the equation 
into another which has all its coefficients integers and the coeffi- 
cient of its first term unity. We may therefore confine ourselves 
to equations of the latter form ; and we shall first shew that equa- 
tions of that form cannot have rational fractional roots. 

113. If the coefficients of am, equaJtixm are whole nv/mhersy 
and the coefficient of its f/rst term unity, the equation cannot 
have a rational fractional root. 

Let the equation be 

a?" + jp,aj""* + i^aa?""' + . . . + p^^jx? + jPn-i^^ + P« = ^> 
and if possible suppose it to have a rational frwjtional root which 

in its lowest terms is expressed by -^ . Substitute this value for jc, 

and multiply all through by 6""* j thua 

5—2 
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and therefore 

The last result is impossible because the right-hand member of 
the equation is an integer, and the left-hand member is not an 

ct 
integer. Therefore t cannot be a root of the proposed equation. 

114. Thus we are only concerned with the investigation of 
integral commensurable roots, and we shall now explain the method 
by which they may be found. The method is sometimes called 
the Method o/ divisors, and sometimes NewtorCs Method. 

Let the equation be 

af -\-Pjpf'^ +Pgaf*'' + ... +p^^a^ +^^_ja; +jp, = 0, 

and suppose a an integral root. Then substituting and writing 
the terms in the reverse order we have 

P. +i^«-i» +^«-.»' + - + p^aT"' + p,a'" + a" = 0, 
and therefore by division by a 

(Jb 

Hence — must be an integer; denote it by q^ and divide 
again by a ; thus 

^'"^^-^ +p^_^ + ... +P/1'"' +i>ia"""' + a""' = 0. 
a 

Hence ^ — ^^- must be an integer; denote it by q^ and divide 

again by a, and we shall find that ^ — ^-^^ must be an integer. 
Proceeding in this way after dividing n times by a we shall arrive 
at a result denoted by ^*~' ^* +1=0. 
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Hence the following conditions are necesmry in order tliat the 
integer a maj be a root of the equation /(a?) = 0. 

The last term of the equation must be divisible by cl Add to 
the quotient thus obtained the coefficient of a; in the equation ; 
the sum must be divisible by a. Add to the quotient thus obtain- 
ed the coefficient of a? in the equation ; the sum must be divisible 
by a. Proceed in this way imtil n — 1 divisions have been effected, 
add to the quotient the coefficient of as"~' ; the sum must be divisible 
by a and the quotient must be — 1. 

If at any step the required condition is not satisfied the inte- 
ger a is not a root» 

115. We have in the preceding article found the conditions 
which are neeeasary in order that the integer a may be a root of 
the equation y(a;) = j it is easy to see that if the last of these con- 
ditions is satisfied the integer a is a root. For that last con- 
dition may be expressed thus; 

and if this is true we see by multiplying by a" that a is a root of 

In order then to find all the commensurable roots of an equa- 
tion we have only to determine all the divisors of the last term, 
and try whether they satisfy the conditions of Art. 114. The 
labour will often be lessened by first finding positive and negative 
limits of tbe roots, because of course no integer need be tried which 
doefl not fall within these limits. 

116. For an example take the equation 

«* + 5a;* + a^-16a^-20aj-16 = 0. 

Here 1 + n/20 is a superior limit of the positive roots by Art 
89 j and by writing —y for x we obtain the equation 

y>-5)+y»+16y(y-^ + 16 = 0, 
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forwluA 5 is a mspenor Hmit of the positive looto. Hence all the 
roots of thepropoted eqnatioii lie hetweoi 4 and —5. Hie diTison 
of — 16 which isJl betweoi these limits aze 4^ 2, ly — 1, — 2, — 4 ; 
and we proceed to try if anj of these numbers aze roote. 
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In the first line all the divisors of the last term are written 
which it is necessary to try, and beneath each divisor the results 
are placed which arise from carrying on the trial with that divisor. 
Thus taking the divisor 4, we first divide the last term — 16 by it 
and set down the quotient —4; then we add this to the coefficient 
of X which is — 20, and set down the sum — 24 ; then we divide this 
by 4 and set down the quotient — 6 ; then we add this to the coeffi- 
cient of of which is — 16, and set down the sum — 22; this is not 
dwisihle by 4^ bo that 4 is not a root. With respect to 2, — 2, and 
— 4 all the conditions are fulfilled, so that these numbers are roots. 
With respect to 1 and — 1 the final condition is not Mfilled, that 
is, the last quotient is not —1, so that these numbers are not 
roots. 

Thus denoting the proposed equation by /(x) - 0, we have 
found that {x - Vj{x ■\' 2){^ + 4^ is a fsjctor of /(x), and it will be 
found that the other fiictor is x* + a; if 1. 

117. It is usual to omit + 1 and — 1 from the divisors to be 
tried, as it is simpler to test whether these values are roots by sub- 
stituting them for x in the given equation^ 
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If any powers of x are missing from the proposed equation 
they should be supposed to be introduced with zero coefficients ; 
see Art. 51. 

When we have ascertained by the method here exemplified 
that certain numbers a, b, c,..., are the only commensurable roots 
of an equation /{x) = 0, it still remains to determine whether any 
of these roots are repeated. We may divide /(x) by the product 
(x — a)(x — h){x-'C) ... and denoting the quotient by ^(a;) we may 
apply the method to the equation ^(a;) = 0, and thus determine 
whether any of the quantities a,hy c, .,. are roots of this equation. 
Proceeding in this way we shall determine the repeated roots of 
the equation /{x) = 0, and how oflen each root is repeated. 

Or we may apply the test of equal roots found in Chapter vi. 
to the equation /(«) = 0. 

118. Suppose that instead of taking an equation, as in Art. 
114, with tmiti/ for the coefficient of the first term, we take an 
equation with any integer p^ for the coefficient of the first term. 
The only difference in the resulting conditions is that the last 
quotient must be —p^ and not — 1. Suppose for example 

2a;»-12a»+ 13a;- 15 = 0. 

15 
Here -^ + 1 is a superior limit of the positive roots by Art. 90, 

and there is no negative root by Art. 24, and by trial we see that 
1 is not a root ; thus the only divisors of the last term to be 
used are 5 and 3. The process being arranged as before we 
have 
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Thus 5 is a root^ for all the conditions are satisfied, the last 
quotient being — 2; and 3 is not a root^ because 8 is not divisible 
hy3. 

119. The number of divisors of the last term which it is 
necessary to tiy may sometimes be diminished by the following 
principle. Suppose a a root of the equation y(a;) = 0; for x put 
m + y, then a~m is a value of y which satisfies the equation 
/(m + y) = 0. The term independent of y in this equation is/(fw), 
and all the coefficients of y are integers, if the coefficients in 
/(x) are integers and m also an integer; see Art. 12. Thus if 
a be an integer a— m is an integer and must therefore divide 
/(m) by Art. 114. Thus any integer a which divides the last 
term of y(aj) is to be rejected if a — m does not divide y(m). 

Here m may be any integer positive or negative ; the values 
+ 1 and — 1 are advantageous from the ease with which /{m) 
can then be calculated. 

Take for example the equation given in Art. 116 ; here 4: 
divides the last term, but 4+1 does not divide /(— 1) which is 
— 9 ; thus 4 cannot be a root of the proposed equation. 

Again, take the example i«»-20a^+ 164a -400 = 0. This 
equation has no negative root by Art. 24; and by writing it 

in the form rB'(a;-.20) + 164 faj--j^j, we see that 20 is a 

superior limit of the positive roots. The positive divisors of 
the last term which are less than 20 are 2, 4, 5, 8, 10, and 16. Of 
these 5, 8, and 10 are not roots; for/(l)= —255, and this is 
not divisible by 5 — 1, or by 8 — 1, or by 10 — 1. Thus the only 
divisors of the last term which remain for trial are 2, 4, and 16; 
it w^ be found that 4 is a root. 

120. As an example of a rational fractional root, consider 
the equation 4a;*-ll«'+7a;-6 = 0, that is, 

4 n , 7 3 ^ 
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ilrsty pnt fl? = ^» in order to transform the equation into one 
with integral coefficients; see Art 53. Thus 

y*-lV+Uy-24 = 0, 
that is, y* + (y-.lV+Uy-24 = 0. 

By Arts. 90 and 94 all the roots of this equation must lie 

between 1 + ^24 and — (1 + ^24) ; and we see by trial that + 1 
and — 1 are not roots. Thus the only divisors of the last term 
to be tried are 4, 3,2,-2,-3,-4. Also /(I) = - 20, and this is 
not diyisible by 4 — 1 or by — 2 — 1 ; thus the numbers 4 and 
— 2 may be rejected. The process being arranged as before we 
have 
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V 3 

Thus 3 and — 4 are roots; and since a; = ^, we have -^ and — 2 

as roots of the original equation. 



IX. OP THE DEPRESSION OF EQUATIONS. 

121. In the present chapter we shall shew how the solution 
of an equation may be made to depend upon the solution of an 
equation of lower degree, in certain cases where known relations 
subsist among the roots ; this process is called the defpresdion of 
tquatums, 

122. When two eqtuxtums have a root or roots in common, 
ii i$ re^itdred to determine the root or roots. 
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Suppose the equations /(a;) = and F{x) = to have a com- 
mon root a ; then /(x) and F(x) have the common &ctor x — a. 
Hence the greatest common measure of /(x) and F(x) must 
have a; — a as a factor. Similarly every &ctor common toy (a;) 
and F(x) will be a factor of their greatest common measure, and 
no other factors will occur in the greatest common measure. 

Hence, if we find the greatest common measure of /(x) and 
F(x), and equate it to zero, the roots of this equation will coincide 
with the reqiiired roots which are conmion to the equations 
/{x) = and F{x) = 0. 

If any factor is repeated in /(x) and F(x) it will also be 
repeated in their greatest common measure. 

123. Suppose, for example, we have the two equations 

a;* + 3aj»-5aj"- 6a; -8 = 
and a;* + a'-9a;' + 10a;-8 = 0. 

The greatest common measure of the expressions which form 
the left-hand members of these equations is a;* + 2a; — 8 ; and if 
this be put equal to zero we obtain a? = — 4, or x=2. Thus 2 
and —4 are the roots common to the two equations. 

124. Suppose we know that there exists between a and 5, 
two roots of the equation /(x) = 0, the relation pa-^ qh^r ; it is 
required to determine these roots. 

Since a and b are roots of the equation /[x) = 0, we have 
f{a) = 0, and /{h) = ; but b = ^-^^^ , therefore f(^-^^^ = 0. 

Thus a is a common root of the equations/ (a:) = and/f — ±-— j=0. 

Hence a may be found by the preceding Article, Thus a is 
known and then h from the relation pa-k-qh = r. Hence f{x) 
may be divided by the product of the factoi's x — a and x — h] 
and if the quotient be equated to zero we obtain an equation 
for determining the rem^dning roots of the equation /(a;) = 0. 



OP THE DEPRESSION OF EQUATIONS. 75 

125. Suppose, for example, tliat we have the equation 

a;*-7iC' + naj"-7a;+10 = (1), 

and that it is known that two of its roots a and 5 are connected 
by the relation 6 = 2a + 1. 

Substitute 2a? + 1 for a; in (1) ; thus 
(2a;+ 1)^-7 (2a? + 1)' + 11 (2aj + l)'-7 (2aj + 1)+ 10 = 0, 
that is, 16a;*- 24aj' - IGar* - 4a; + 8 = 0, 
or 4a;*-6a;'-4a;'-a; + 2 = (2). 

The greatest common measure of the left-hand members of 
(1) and (2) will be found to be a; — 2. Thus a = 2, and therefore 
5 = 5; that is, 2 and 5 are two of the roots of the proposed equa- 
tion. Then it will be found that 

a;*-7aJ»+lla;«-7a; + 10 = (a;-2)(a;-5)(a;"+l), 
so that the other roots are i ^( — 1). 

126. It may happen that another pair of roots a and fi is 
subject to the condition pa + qp = r. In this case the expressions 

/{x) and/( — ^ j will have for their greatest common measure 

an expression of the second degree in x which will involve the 
factors x^a and a; — a. 

If the roots a and h are both repeated in the equation /(a;) = 0, 
the &ctor x — a will be repeated in the greatest common measure 



of/(«) a^d/(~-py 



127. Generally suppose that two roots a and b of the equa- 
tion /(a;) =0 are connected by the relation 6 = ^(a). Then the 
equations y*(a;) = and/{<^(a;)} = have a common root, namely 
a, and we may determine this common root by Art. 122. 

128. There is a case in which the method of Arts. 124 and 
126 does not assist us in solving a proposed equation. Suppose, 
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for example, we have an equation /(a;) = 0, and it is known that 
the roots of this equation occur in pairs, and that eocA pair of 
roots a and b satisfies the relation a + 6 = 2r. Then according 
to Art 124 we should proceed to investigate the common roots 
of the equations /(a;) = and/(2r — a;) = 0. But these equations 
will be found to coincide completely ; for by supposition y*(a) = 0, 
that is, /(2r - 6) = 0, and/(6) = 0, that is, /(2r - a) = 0, so that 
the roots a and b are common to the two equations. Similarly 
every other pair of roots is common to the two equations, and 
so the two equations must coincide. 

129. There are various ways in which we may depress the 
equation in the case considered in the preceding article ; we 
will explain two of them as they furnish exercises on the subject 
of the present chapter. 

L We may proceed thu& Assume a—b^^z^ so that we 
have simultaneously 

/{a)=0, a + 6 = 2r, o-6 = 2«. 

From the second and third of these equations a = z-¥r. Substitute 
in the first equation, so that /{z + r) = 0. From this equation 
values of z must be found, and then corresponding values of a and 
6. It is easy to shew that the equation /(r + «) = only involves 
even powers of z, and so if we regard «* as the unknown quantity 
the d^ree of this equation will be half the degree of the proposed 
equation. For let a and b be one pair of roots of the proposed 
equation, a and ^ another pair, and so on ; then 

/(x) =(x — a)(x — h) (x - a)(x — ^8). .. 

/(« + r) = (« + r-a)(« + r-5)(« + r-a)(« + r-^)... 



that is,/(« + r) involves <mly even powers of «. 
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In fiurt, as no distincfcion in theory exists between the roots 

a and b, it might have been expected that an equation which 

€t "^ h 
should be constructed to haye . for a root would also have 

— ^ as a root; and such' is the case. 

IL We may also proceed thus. Assume z = ab. Then 
(a; — «)(« — 6) = a*- (a+ 6) a; + a6 = a" — 2rx + «. 

Hence if z be suitably determined, aj* — 2rx + z will be a factor 
of /(x). Perform the process of dividing /(x) hjaf — 2rx + z 
until the remainder takes the form Fx + Q, where F and Q are 
functions of z, but do not contain x. Hence the necessary and 
sufficient conditions for oi^ — 2rx-\-z being a factor of /(x) are 
F = and Q=0. Find by Art. 122 a value of z which will 
satisfy both these equations ; then find a and b from 

a + b = 2r and z = ah. 

130. Suppose we know that between three roots a, b, c of 
the equation /{x) = 0, the relation pa-\-qb+rc = 8 exists ; it is 
required to determine these roots. 

Since a, b, and c are roots of the equation /(a5) = 0, we have 
/(«) = 0,/(6) = 0,/(c) = 0. Thus 

/(a)^0,/(6) = 0,/(lZ^^) = 0. 

Suppose h eliminated between the last two equations ; we thus 
obtain an equation which we may denote by ^a) = 0. Thus the 
equations y (a?) = 0, and <f>(x) = have a common root a, and this 
may be found by Art. 122. 

131. We will here give a few misceUaneous examples con- 
nected with the subject of the present chapter. 
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(1) It is reqidred to determine the roots of the equation 

which are in arithmetical progression. 
Denote them by a, a + 6, a + 26,.... 
By Art. 47, 



-^j = a + (a + 6) + (a + 26)+ ... +(a + 7*-16), 



\ 



Pi*-2p, = a* + (a + by + (a + 26)"+ ... (a +n- 16)". 
That IS, -jpj = 7ia + — ^-^ — ^6, 

see AlgehrOy Chapter xxx. 

By squaring the first result and subtracting it from n times 
the second we obtain 

{n-l)p^'-2np^=^ 12 ^ 

thus 6 is known, and then a can be found. 

(2) The equation aj* + 3a^ - 12a^ - 48a; - 64 = has two roots 
which are equal in magnitude and of opposite signs ; find them. 
Here the equation obtained by changing the sign of x will have 
a root in common with the proposed equation. That is, the 
proposed equation has a root in common with the equation 

aj* - 3aj" - 1 2a:» + 48a; - 64 = 0. 

Then by Art. 122 we may proceed to find the greatest common 
measure of the left-hand members of these equations. Or thus ; 
by subtraction, 

6aj'-96a;=0; 

therefore either 05= 0, or else 05'= 16. 

The former does not give a root ; the latter gives a; = at 4 ; and 
+ 4 and — 4 are roots of the proposed equation. 
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(3) The equation 3a;*- 19a? + 9a'-19a; + 6 = hag two rootfl 

the product of which is 2 ; find them. 

2 
Suppose y to denote one root ; then - is another ; hence 

3y*-19y»+9y«-19y + 6 = (1); 

that is, 6/-38y» + 36y"-152y+48 = 0, 
or 3/ -19y" + 18y»- 76^ + 24 = (2). 

The greatest common measure of the left-hand members of 
(1) and (2) is Zjf — 19^ + 6 ; and putting this equal to zero we 
obtain y = ^^ or ^ = 6. Thus ^ and 6 are the required roots. 

X BECIPKOCAL EQUATIONS. 

132. A reciprocal equation is one which is not changed 
when the imknown quantity is changed into its reciprocal. 
Hence if a be the root of such an equation, the reciprocal of a, 

that is, -, is also a root. We shall see that the solution of a 
a 

reciprocal equation may be made to depend on the solution of 

an equation of not higher than half the degree of the proposed 

equation. We shall first determine the relations which must hold 

among the coefficients of an equation in order that it may be a 

reciprocal equation, and shall then shew how the equation may 

be depressed and so rendered easier of solution. 

133. To find the condiUona that a proposed equation may be 
a reciprocal equation. 

Let the equation be 
Change x into - , then multiply by of and divide by p^ and 



i 
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re-arrange tlie terms; thus we have 

Pn Pn Pn P. P. ^ ' 

In order that (2) may coincide with (1), the coefficients of 
the same powers of x must be coincident; thus 

the last equation gives pj= 1, therefore Jt>.= + 1> or — 1, and this 
gives rise to two classes of reciprocal equations. 

I. Suppose p^ = l 'y then we obtain 

Thus an equation is a reciprocal equation when the coefficients 
of the terms equidistant from the first and last are equal 

II. Suppose i?, = — 1 ; then we obtain 

Pl=-Pn-l^ P2 = '-P»-i> '•'Pn-2=-P9y Pn-l='-Pl' 

In this case if the equation is of even degree, we have among 
the above series of conditions p^ = — p^ where m = ^n, and this 
is impossible unless p^ = 0. Thus an equation is a reciprocal 
equation when the coefficients of terms equidistant from the 
beginning and end are equal in magnitude and of contrary signs ; 
with the condition that if the equation is of an even degree 
the coefficient of the middle term is zero. 

134. A reciprocal equation of the first class of an odd degree 
has a root —1, as is obvious by inspection. Thus if /(a5) = 
denote the equation, /(x) is divisible by cc + 1 ; see Art. 6. Let 
<l>(x) be the quotient, then ^(05) = will be a reciprocal equation 
of an even degree with its last term positive. 

A reciprocal equation of the second class of an odd degree has 
a root + 1, as is obvious by inspection. Thus if /(a3) = denote 
the equation, /(x) is divisible by a;- 1 ; see Art. 6. Let ^(a?) be 
the quotient^ then ^(aj) = will be a reciprocal equation of an 
even degree with its last term positive. 
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A reciprocal equation of the second class of an even degree 
has a root + 1, and a root — 1, as is obvious by inspection. 
Thus, if/(a5) = denote the equation, /(x) ia divisible byo:* — 1 ; 
see Art. 33. Let ^a;) be the quotient, then <^a;) = will be a 
reciprocal equation of an even degree with its last term positiva 

135. The statements made in the preceding article respect- 
ing the results of certain divisions will probably be admitted as 
obvious. But it is easy to give formal proo&. Consider the 
last case, that of a reciprocal equation of the second class of an 
even degree. Suppose y (a;) = to represent the equation; then 



we know that /(x) is such that /(x) = - oT/l-j, and we know 

that /(a;) is divisible by as" — 1 ; we wish to prove that the quotient 
is a function which has the coefficients of the terms equidistant 
from the first and last equal. 

We have/(a;) = -af/^i^ ; 

therefore^=--^/flV«--'£t). 

And this shews the ianiih, of the statement, since i^ is what we 

obtain when we change x into - in — , ., . 

° X xr— 1 

136. It follows from Art. 134 that any reciprocal equation 
is either of an even degree with its last term positive, or may 
be depressed to this form. We may then consider this as the 
standard form of a reciprocal equation, and we shall now shew 
that such an equation may be depressed to one of half its degree. 

137. It 18 required to depress a reciprocal equoHon which 
is of an even degree with its last term positive. 

T. E. 6 
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Let the equation be af^-^p^a^'^ +|?^"V...+j9,iB' +17^3;+ 1=0. 

Divide by a" and collect the terms in pairs which are equidistant 
from the beginning and end ; thus 

Now assume x + - = y; then 

X ^ ' 

and geDenJly, »?-+ ^ = (af + i) (a; + 1) - (af- + ^), 
80 that we can express af*^ +rj+i ^ ^ rational function of y of 

Xi 

the degree p-^l. Hence by substitution in the above equation 
we obtain an equation in y of the degree m. Then from each 
value of y we deduce two corresponding values of x, and a fsictor 
a^ — yx+ 1. 

138. The general relation in the preceding article may be 
thus expressed; 

This shews that we may regard the quantities 

^4.1 ^4.^ ^4.1 

as forming a recurring series in which the scale of relation is 
1 - y + 1 ; see Algebra, Chapter xlix. We shall hereafter give 

a general expression for a^ + — in terms of y, 

x> 
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1 39. For an example of a reciprocal equation take the equation 

2a:' + a;*-13a;*+13a:'-a;-2=0. 

Here + 1 and — 1 are roots by inspection ; and we can therefore 
divide the lefb-hand member by a:* — 1. Thus we obtain 

2a:* + a? - 1 1 «• + a; + 2 = j 

therefore a' + --5+s(a; + -j--Tr- = 0. 

aj 2 \ xj 2 

1 
Put x+ -=y; thus 

X 

.'. y = 2 '>'"*' 

Hence «.l=|,or.4 = -3; 
X 2' X ' 

therefore a; = 2 or ^ or ^ ( — 3 * J 6). 

140. The following equation may be transformed into a re- 
ciprocal equation: 

+ ...+p,<r""«*+|?jC"'"*a; + c"' = 0. 

For assume x=z fjcy and divide by c"* ; we thus obtain a reciprocal 
equation in 2; of the standard form. 

XL BINOMIAL EQUATIONS. 

141. An equation of the form a" — -4 = where -4 is a known 
quantity is called a binomial eqtuUion, 

The roots of this equation are all different because the first 

6—2 
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derived function of iaf - -4 is waT"*, and no Value of x will make 
a^^A and nod"'^ vanish simultaneously ; see Art 75. 

142. If ar — A = vre have x = l/A; that is, ix; is equal to 
an n*^ root of A. Btfb the equation di^ — A = has n roots by 
Art 33, and these ifOots Sire all different by Art. 141. Hence 
we obtain the following important result, ant/ algebraical quantity 
has n different n*** roots. By an algebraical quantity here we 
mean either a real quantity, or an imaginaiy quantity of the 

formp + q,/^!. 

143. Let a denote one of the n^ roots of any quantity A, 
so that a*=zA, Then in the equation a:"— -4 = assume a3 = ay, 
so that a"y --4=0; therefore y" - 1 = 0. Hence y= ^l, that is, 
y is equal to an n^ root of unity. And x = ay=^ alj\ ; but x = J^A ; 
therefore ^A =al^l. Thus all the n^ roots of way algebraical 
qua/ntity may be found by multiplying any one of them in succes- 
sion by the values of the n*"? roots of unity. 

144. Let us now suppose that -4 is a real positive quantity, 
and that we have to solve the equation 05" —A = and the equation 
fic" +-4 = 0. Let a be the arithmetical value of the w**" root of A^ 
which may always be obtained, at least approximately, by the aid 
of the Binomial Theorem; see Algebra j Chapter xxxvi. Assume 
X = ay, then the proposed equations become respectively y — 1 = 0, 
and ^*+ 1=0. These equations can both be solved by the 
aid of Trigonometry; see TrigOfiometry, Chapter xxiii. We shall 
however now consider these equations without using the Trigono- 
metrical expressions; and although we are not able to solve them 
generally by means of algebraical expressions, we shall be able to 
prove important results respecting them. 

145. 1{ a be cmy root of the equcUion x" - 1 = 0, then oT is 
also a root, where m is any integer, positive or negatwe. 

For (o-)* = a"~ = (o")- = 1"* = 1. 



14:6, If a, he (my root of the equation, x" + 1 = 0, then a* ie 
af$0 a root^ where m is any odd, integer positive or negaitiv€. 

For (a-)- = a"*=(a-)* = (-l)"^=-l, if m be odd 

147. I/m, he prime to n^ the equations :it"— 1 = emd x"- 1 = 
ha>ve no common root except tmity. 

Let p Skud q be two integers: which satisfy the relaticm 
pm — qn= 1; such integers can lUways be found by Algebra; see 
Algebra, Chapter xlti, And suppose that 0. is i^ compion root 
of the two equations. Then a"'= 1, therefore a'"= 1; and a"= 1, 
therefore oT = 1. Hence, by division, aT*'^ = 1 ; that is a = 1. 

148. If n is a prime nwnber, omA a mvy root of the equation 
x^ — 1 = 0, eoBo^t unity, then aU. the roots of the equation ivill be 
fwmishsd by the series a, a*, a', . . . a"; 

For these quantities are. all roots by Art. 145. We have there- 
fore only to shew that no two of them Ai^e equaL If possible, 
suppose a'*=a*; then a'"*=l; and thus the equations »•— 1 = 
and af~*— 1 = have a common root which is not unity. But this 
is impossible by Art. 147, since r — s jb less than n and therefore 
prime to it. 

149. If n is not a prime number, and a is any root of the 
equa^on a^ — 1 = 0, it is larue by Art. 1 45 that any power of a is 
also a root; but it is not necessarily tru^ that the^ successive powers 
of a will ftirnish all the roots. Suppose for exam^de thfit nr^pq ; 
and let a be a root of the equa^on af — 1 = ; th^i a is also a root 
of the equation a^ — 1 = 0, and so is any power of a. But we can- 
not obti^n more than p different values by taking powers of a; for 
a^** = of X a= o, a^*' = a** x a* = a", and so on. Thus the powers of 
a will not furnish aU the roots of the equation of — 1 = 0. 

If n be not a prime number it is still tru^. that som>e of the 
roots of the equation a:" — 1 = have the property of furnishing a]l 
the roots by their successive powers. Thia is easily shewn fi'om 
the Trigonometrical expressions for the roots. 



N 
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150. The aolutum of the equation x" — 1 = where n is the pro- 
duct of differerU prime nvmbera can he made to depend upon the 
solution ofegtuxtions of a si/mila/r form homing for the index of x 
the different prime factors of n. 

Suppose, for example, that n is the product of three prime 
factors m, p, q. Let a be a root of the equation a^ — 1 = 0, let )S 
be a root of the equation of — 1 = 0, let y be a root of the equation 
a^ — 1 = ; these roots being all supposed different from unity. 
Then the roots of the equation a;* — 1 = will be the terms of the 
product 

(1 +a + o'+ ..» +o— ^) (l+)8+)8* 4- ... +i8'-*) (1 -f y + /+ ... +/-'). 

First, any term of this product is a root. For suppose a'^y* 
to denote such a term ; then (a** ^ y)" = 1, since a"* = 1, )3~ = 1, and 
y"=l. Secondly, no two terms of this product are equaL For, 
if possible, suppose oT p* -/ = al" (^ y" ; then oT^ = p'-' f'K The 
quantity on the left hand is a root of the equation oT ~ 1 = 0, and 
the quantity on the right is a root of the equation of* — 1 = ; but 
since m is prime to ^g it is impossible that these equations can 
have any common root except \mity. 

Similarly we may proceed when n has more than three prime 
factors. 

151. Kext suppose that the prime factors of n occur more 
than once m n; for example, let n^fi.ir.K, where fi^ ir, k are 
respectively any powers of the prime numbers m, p, and q. 
Then it will still be true that if we obtain the fi roots of 
the equation oj** — 1 = 0, the ir roots of the equation a^— 1 = 0, 
and the k roots of the equation of — 1 = 0, and take every possible 
product of these roots, one from each system, we shall obtain all 
the roots of the equation af— 1 = 0. But, by Art. 149, the roots 
of each system cannot necessarily be represented by the powers of 
one root taken arbitrarily. 

Similarly we may proceed when n involves more than three 
different primes. 
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152. It is usual to add one more proposition respecting the 
equation a;* — 1 = when w is a power of a prime ; and we will give 
it here although it is of little practical importance. Suppose, for 
example, that n^mf where 97» is a piime number. Let a be a root 
of the equation oT— 1 = 0, let )3 be a root of the equation aT— a = 0, 
and let y be a root of the equation oT— )3 = 0. Then the roots of 
the equation a:*— 1 = will be the terms of the product 

(l + a + a"+...+a— »)(l+i8 + i8*+...+/r-*)(l + y+/+... + y-*). 

First, any term of the product is a root. For suppose a**^-/* to 
denote such a term ; then (a'*)8*y)" = a"*^y* = 1. Secondly, no 
two terms of this product are equal. For, if possible, suppose 
a'-j8*y = a^j8«^/; thus a'=a\ where 

7 8 t J . <r T 

; = r + — + -^ and A = p + — + — - . 
w m mm 

Therefore a'"^ = 1, therefore a" - 1 = 0, where v = m* (^ - X). But 
m'(^ — X) = m"(r — p) + m(« — <r) + ^ — T, and this is prime to m, 
and therefore to mf'y and therefore the equations a;*— 1 = and 
af — 1 = cannot have a common root different from unity. 

153. The preceding article is of little practical importance, 
because the operations which it involves cannot be generally 
effected. Suppose that we can solve the equation aT— 1 = 0, and 
so find a; then all the quantities 1, a, a',.,,a!*~\ are roots of 
the equation a:^— 1 = 0; so that we thus obtain m roots. But to 
find P we have to solve the equation aT— o= 0, that is, we have to 
find a^^a where a = ^^ 1 ; and there is no algebraical method of 
effecting this generally. 

Thus, for example, when we have solved the equations aj"— 1=0 
and a^— 1 = we can immediatdy form all the solutions of the 
equation a;"— 1 = by Art. 150. But we cannot practically solve 
the equations t?— 1 = or a**— 1 = by the method of Art. 152; 
we can only obtain three roots of the former equation and five 
roots of the latter equation. 
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154. We will now indicate the methods bj which we can 
practically saLve the equations as"- 1 = and 9if*+ 1 = 0» when 9t la 
not too great. 

We may obsenre howeTer that if n be any power of 2 these 
equations may be solved by the process given in Algebra for 
extracting the square root of a binomial surd, repeated as often as 
is necessary; see Art* 28, If n =zpm, where p=^, assume ap^ = y, 
thus the equations a"— 1 = and a:i"+ 1 = become respectively 
f/^— 1 = and y"+ 1=0. Then if y can be found we can deduce x 
by the process of extracting the square root repeated r times. 

155. In the equation 9?"— 1-0 suppose that ti is an odd 
number, and let n = 2m+ 1. The equation oj*""^*- 1=0 has only one 
real root, namely + 1 ; for it has no negative root, and if a; be made 
equal to any other quantity than unity a*"** wiU not be equal to 
unity; thus the equation has only one i-eal root. Divide aj*"**~ 1 by 
jB— 1 ; thus we reduce the equation to be solved to the following^ 

a?*" + «*""*+ fic*""" + ... +a5' + aJ+ 1 = 0. 

Hds is a reci^ocal equation, and its solution can be made to 
depend upon the solution of an equation of the d^ree m. 

166. In the equation a"- 1=0 suppose that n is an even 
number, and let n = 2m. The only real roots of the equation are 
+ 1 and — 1 ; and we may divide a*"— 1 by the product of a; — 1 
and a; + 1, that is, by a?'- 1. Thus we reduce the equation to be 
solved to the following, 

a?*"-" + a*"-* + ,..+a^+l = 0. 

This is a reciprocal equation, and its solution can be made to 
depend upon the solution of an equation of the degree m -^ 1. 

The equation a*"- 1 = may also be conveniently treated by 
writing it thus, (aT — l)(ar+l) = 0, and so resolving it into the 
equations aj*- 1=0 and aj"+ 1 = 0. Or we may adopt the method 
given in Art. 154. 

157. In the equation a*+l = 0, suppose that w is an odd 
number, and let n = 2m + 1. The ^nation ap*"** +1=0 has 
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only one real root, namely — 1 ; and we may divide «**** + 1 
by 0? + 1^ and thus reduce the equation to be solved to the 
following, 

«*"•-«**"* +iB*""'- ... +jc*-a; + l = 0; 

this is a redprocal equation, and its solution can be made to 
depend upon the solution of an equation of the degree rr^ 

If n is an odd number in the. equation a;* + 1 = 0, and we 
change x into — o:^ we obtain a;"— 1 = 0; so we may if we please 
solve the latter equation, and then change the signs of the roots, 
and thua obtain the solution of the former equation. 

158. In the equation o^ + 1 = 0, suppose that n is an even 
number; then tho equation has no real root. The equation is 
a reciprocal equation, and its solution may be made to depend 
upon the solution of an equation of half the degree. Or the 
equation m9,y be treated by the ipethod given in Art 154. 

159. Thus in the four preceding articles we have shewn how 
the solution of the proposed equations can be made to depend 
upon the GfolutioQs of other equations which are &ot of higher 
d^rees than half the degrees of the proposed equations. In 
each oase we remove the £9bctors which correspond to thQ real 

roots and then put x-^ — ^^Zf and obtain an equation in z. Now 

it may be observed tiiat this equation in z wiU have all its roots 
real For suppose that a + P J- 1 denotes one of the imaginary 
values of a; ; then the corresponding value of ^ is 

; 1 ,-_ a-jSs/^ 

a. + ^is/-J + ^^- ^, that is, ct + /?V-X+ ^,^^> » 

and this is a real quantity, namely, 3a, provided that a*+ j3*= 1. 
We shall shew that a* + j8* is = 1. 

Since a + pj^ is a root of the proposed equation af tI = 0, 
by Art. 41, a-fij^ is also a root. Thus 

(a + ^/yri)«=,*l, and (a-./3VZl)- = * 1 ; 
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hence by multiplication (a* + )8^" = 1 ; therefore a" + )8* = * 1, and 
since a" + j8" is necessarily positive it must be equal to + 1. 

160. We will now consider some examples of the equations 

0^ + 1 = and aj*-l = 0. 

(1) iB"-l=0; this gives (a:-l)(iB»+a;+l) = 0. 

Hence the roots are 1 and 5 ; these values are then 

the three cube roots of + 1. By changing their signs we shall 
obtain the three cube roots of — 1, or in other words the roots 
of the equation jc" + 1 = 0. 

(2) a:*+l=0. Put « + - = «; we get «'-2 = 0. 

Thus « = ±^2. 

Therefore a* + 1 = («" + xj'2 + 1) (a;* - xJ2 + 1) ; 

and the solution can be completed by finding the roots of two 
quadratic equations. 

(3) iB*-l=0. Thisgives(a:-l)(a:*+aj' + a" + a;+l) = 0. 

Hence we have to solve iB' + -5 + a5 + -+l = 0, that is 

ar X 

Therefore 
ar*- 1 = (aj- 1) (aj' + aji^ + 1 Va!' + «i^ + 1) ; 

and the solution can be completed by finding the roots of two 
quadratic equations. The roots with their signs changed will 
be roots of the equation 05* + 1 = 0. 

161. If we attempt to solve the equation a;'— 1 = 0, we ob- 
tain an equation of the third degree in « ; and if we attempt to 
solve the equation a:^ — 1 = we obtain an equation of the f<yuaih 
degree in «. We shall in the next two chapters shew how to 
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solve equatioiiB of tne third and fourth degrees ; it will however 
be foond that the methods of solution are of little practical value 
when the equations to be solved have all their roots real, which 
is the case we have here to consider^ by Art 159, 

162. In an equation of the form a^ -^paf* +q = 0, we can 
by the solution of a quadratic equation find the values of x", 
and then the method of the present chapter may be applied to 
find the values of x. 

We will close this chapter by a proposition respecting the 
number of values of the product of two surd quantities. 

163. Suppose A and B any two algebraical quantities, and 
m and n any positive integers. Then !^A has m difierent values, 
and liJB has n difierent values by Art 142. Hence the product 
of l/A and 1^£ cannot have more than nm difierent values; 
and we shall shew that it cannot have so many values unless 
m and n are prime to each other. This we shall shew by 
proving the ibllowing proposition ; the number of different values 
of the prodtict of "HjA cmd l^B is eqiud to the least common 
nviMple of m cmd n. 

Let a be one value of "HjA ; then all the values of ^A are 
included in a^l. Let h be one of the values of J^B ; then all 
the values of J^B are included in 5^1. Hence all the values 
of the product are included in ab x ^l x H^l ; and therefore the 
number of the difierent values of the product is the same as the 
number of the difierent values of j^/l x ^1. Let r be the least 
common multiple of m and n ; then ( JJ/l x yi)** = 1, Thus 
5/1 X yi is equal to an r^ root of unity, and therefore cannot 
have more than r difierent values. 

We have however still to prove that 5/I x yi really has r 
difierent valuea Let p be the greatest common measure of m 

and n, and let — = fi; then the /a values of ^1 are included 

among the m values of yi ; and r values of j^l x i^l will be 
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obtained hj taking the vi^nous tenn^ of the product of th« /t 
values of ^1 and the n yalijies of ^1. And these r values iwdll 
a^ b^ diffi^rent For let a and a be twK) of the /a Talues, and 
P and ^ two of th^ n, yaluep ; then afi cannot = a^. For if 

op = o'j8' we have -? = -5^ ; the leftrhatnd member is a root of the 

Q. p 

equation ai^— 1 s 0, and the right-hand member is a root of the 
equation «" — 1 = ; and these equatioDS can have no common 
root except unity by Art. 147. 

164. The essential part of the preceding article is fifometimes 

treated thus. We have r/1 x r/1 = 1 "^, and if be reduced 

to it0 lowest terms, the numerator will be an integer and the 

denominator will be r ; thus 1 •»» = 1;, which has r different 
values. This niie^od however is unsatis&ct(»y, because the 
ordinaiy theory of surds in Algebra is only proved there for the 
arithmetical values of the surds, and thus does xiot ftimish the 

relation 1^ x 1*^ = 1 «^, in the sepse in which this relation is here 
required. 

Xn. CUBIC EQUATIONS. 

16^. It is unnecessary to say anything on the solution of 
quadratic equations becaufie that subject is fully considered in 
treatises on Algebra. We propose in the present chapter to give 
the solution of equations of the third degree which are also called 
eubic equations. 

It appears from Art. 56, that any proposed equation can 
always be transformed into another equation without the second 
term. As the roots of a cubic equation without the second term 
are more simple expressions than the roots of a complete oubio: 
^uatfiou, we shall suppose that the cubic equation which we have 
to solve is without the second term. The process which we shall 
now give is usually called Ca/rdmCs sphUion of a cubys equatiaru. 
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166. To solve the equation x' + qx + r = 0. 

Assume x^y-^-z, so that y and « are two quantities which 
are at present unknown. Substitute for x in the given equation ; 
thus 

(y + «)" + g(y+«) + r = 0, 

thatis . y* + «' + (3y« + 5') (y + «) + r=0. 

Now We have made only one assumption with respect to the 
two quantities y and z^ namely that their sum is the value of 
a root of the proposed equation. We are therefore at liberty 
to make another assumption ; suppose then that 2(yz + g = 0. 
Thus we have 

y*4-«' + r = 0. 

Substitute for z in terms of y ; thus 

^■^(-4)'-^'-=0' 

thatis y'+»y-^ = 0. 

Hence y. = _|.yg+^), 

and .^^.r-y'^-l^ ^(^^^ty 

Also x = y-\-z', it will lead to the same result in the value 
of X whether we adopt the upper sign or lower sign in the 
values of ^ and z^ ; for distinctness suppose the upper sign taken. 
Therefore 



X 



={-^y(^l)}'*{-^^/(^0'• 



Thus the expi*ession for x is the sum of two cube roots, and 
as every quantity has thi*ee cube roots, we must examine which 
cube. roots are to be used in the present case. Let 



a = l(-l+y-3), 
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169. Left us now ccmsider more {»irticiilariy the form ot the 
roots of the proposed cubic equation. We will as^me that q and 
r denote real quantities. The expressions for ^' and 4;" may be 
either real or imaginary. 

First suppose that these expressions are real. We may then 
suppose that m and n denote respectively the arithmetical vidues of 
the cube roots of ^ and z\ The proposed cubic equation has in 
this case one root which is certainly real, namely m-\-n; the other 
two roots are ma + na' and md' + wo. By substituting for a its 
value these roots become respectively 

1 1 /— 

and - g (m + w) - 2 (w» - n) n/^, 

and these roots are imaginary unleiss fn^zn, Wh^ m^n the 
cubic eqiiation has two equal roots each being 'equal to — m 
or — n. The condition which is necessary and sufficient to ensure 

m = >i, that is, 3/* = ^^', is that - + |=^ = 0. 

ConverjBely, if the roots of l^e cubic eqiiation are all real and 
tmequal the expressions for ^ aaad «• must be imaginairy. 

Next suppose that the expressions for y' and «* are imaginary ; 

that is, suppose that -j + ss is a native quantity. We know 

from Art. 142 that ^ and «" will each have cube roots of a cer- 
tain form. We may therefore suppose that m = /* + v v— 1, and 
as z^ only differs from j^ in the sign of the radical, we can take 

n = fi — v^P^. In this case the roots of the proposed cubic 
equation are all real, namely, 

ft + V v— 1 + ft — V V— 1, that is 2fiy 
(ft + v\/^)o + (ft — vv— l)a', that is — ft — v^3, 
and (ft + VN/^)V+(ft-vi/^)a, that is -ft + F,y3. 
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170. It will now be seen that Cardan's solution of a cubic 
equation is of little practical use when the roots of the proposed 
equation are real and unequaL For in this case the expressions 
for ^ and «' are imaginary; and although we know that cube roots 
of these expressions exist, there is no arithmetical method of obtain- 
ing them^ and no algebraical method of obtaining them exactly. 
We have the roots in this case exhibited in a form which is alge- 
braically correct^ but arithmetically of little value. For example, 

take the equation 

aj»-15x-4 = 0. 

Here r = — 4 and g' = — 15. Hence we obtain 

x = (2 + J^Wlf + (2 - iyri2l)i ; 

that is, a; = (2+ll^/^T)i + (2-ll^/ri)i. 

Now here we have no obvious mode of extracting the cube 
roots. It may be verified by trial that 

(2+llN/=T)i = 2 + N/^, 

and (2-llN/=n[)i = 2-N/rT. 

Thus a; = 2 + N/rT + 2-/y^ = 4. 

Hence 4 is a root. The other roots then can be found by the 
method of Art. 169; or we may proceed thus, 

a;'*- 15a; - 4 = (a; - 4) (a?" + 4a; + 1). 

We have therefore to solve the equation a;'+4a; + l = 0j the 
roots are — 2±/s/3. 

Again, consider the equation m? — Zy2x — 2 = 0. 

Here r = - 2 and ^ = - 3^2. Thus 

a.=(i + vCT)*+(i-iy::i)i 

It may be verified by trial that 
T. E. 7 
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Thus 

The other roots may then be found ; they are 

l-^/3 , 2 

171. The case iu which the three roots of a cubic equation 
are real and unequal is sometimes called the irrediicible case, and 
sometimes it is said that Cardan's solution /aib in this case; these 
expressions are used to indicate the fieu;t that the roots are in this 
case presented to us in a form which is very inconvenient for 
arithmetical purposes, 

"We may however use the binomial theorem in order to ap- 
proximate to the cube root of an expression of the form p + qJ—\. 

For if ^^ be numerically less than p we can expand {p + qj— l)i in 
a converging series proceeding according to ascending powers of 

qJ— 1 ; see Algebra^ Chapter xxxvi. "We can thus obtain approxi- 
mately {p + qJ-V)^ in the form F+Qi>f-l; and then {p—q»J—i)i 
will have an approximate value F — QJ— 1 ; and the sum of the 
two cube roots will be 2F. But if q be numerically greater than 
p we may proceed thus; 

P + qJ-'l=sP^l {q-p\/-l); 

hence {p + q x/ri)! = (jZl)i (g - ^ V3i)i. 

Now — n/^ is a cube root of nZ—I as we find by trial, so that 
we have {p + q J- 1)^ = - ij^{q-p J- 1)*. 

And we can ei^pand (q — ptsT-^l)^ in a converging series pro- 
ceeding according to ascending powers of ptj — 1 ; and thus we 
may find as before the sum of the cube roots of p + q»J — 1 and 
p-qj -I. 

The case in which p=:q ib really involved in the second 
example of the preceding article. 
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It may be observed that bj means of De Moivre's theorem, 

we can express the cube root of any quantity p -f qj — 1 in a form 
involving Trigonometrical functions. 

172. It appears from the preceding articles that the cubic 
equation oJ* + 3a; + r = may always be solved by Cardan's process 
without any difficulty when ^ is a positive quantity, and also 
when g is a negative quantity provided ^ is numerically less than 

-J— ; and in these cases two of the roots are imaginary. If ^ is 

a negative quantity and numerically greater than -j— 9 Cardan*s 
solution is inconvenient, and in this case all the roots are real. 

If ^ be negative and numerically equal to —r-j so that 

-J + ny = 0, the proposed cubic equation has two of its roots equal 

by Art. 60. We have by Art. 166 in this case m = w= /— ^ i 
and the three roots are 2my — m, and — m. 

In every case where one root of a cubic equation has been 
found we can, if we please, depress the equation to a quadratic, 
and so find the other two roots, instead of finding the other two 
roots by the process of the preceding articles. 

173. We will briefly indicate the results which are obtained 
in the solution of a complele cubic equation. Let the equation be 

a^ + ctaf + 5a? + c = 0, 

assume a? = ^ — o > then we obtain 

o 

«• + g'« + r = 0, 

, y a* ^ ab 2a* 

where q = b- -^, and r = C'- -^ + ^f'^ 

7—2 
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Hence^ by Cardan's method 

and it will be found that 

174. Some cubic equations in which the coefficients have 
special yalues may be solved without using Cardan's method. 
For example, suppose 

i«"+3a; = »■-«"■. 

This may be written 

a>' + 3«=(«-l)%3(a-l). 

that is, ^-(^"a) +3{«^-(»--)} = 0; 

and now we see that one root is gif en by a; = a — • 

Again, suppose we have the .complete cubic equation 

and that the relation 3ac = V holds among the coefficients. The 
proposed equation may be written 

— aj" = oaf ■\-hx->tCy 
therefore - ^aha? = 36a V + Wcuc + h\ 

therefore (a" - 3a5) af==aV + Sba'af + Zb'ax + 6* = (aa + 6)», 
therefore x i/c^ — 3a6 = 005 + 6, 

therefore x = .,— : . 

175. A process is given in the Trigovuymetryy Chapter xvn. 
by which we may obtain the roots of a cubic equation in the 
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irreducMe ease, by the aid of the Trigonometrical Tables. This 
is a matter of very little practical yalue, but we will shew how 
the Trigonometrical Tables may also be used for examples which 
do not belong to the irreducible case. 

Suppose «"+^ + r=0; then 

If g is positive, assume ^ = T"***^' ^l ^^^'^ ^® g®* 

f T T \i f T T W 

=(-^)*{(*^l)*-(^D*}' 

If ^ is negatiye^ and 4^" numerically less than 277^, assume 

~= = — 7- sin* 0\ then we get 
27 4 ' ^ 

=(-,).{(^0'-(^i)'}. 

176. An important cubic equation occurs in many mathe- 
matical investigations, and it may be noticed here although not 
connected with the special subject of this Chapter. 

We propose to shew that the roots of the equation /(a;) = 
are all real, where f(x) denotes 

(aj-a)(aj-6)(x-c)-a'«(aj-a)-y*(a;-6)-c^(a:-c)-2a'6V. 
The equation may be written thus, 
(«-«){(«- 6)(aj-c)-a'|--{6'*(a;-6) + c'«(a;--c) + 2a'6v| = 0. 



X 



+ 00 
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Let h and h denote the roots of the quadratic equation 

(aj-6)(a;-c)-a'" = 0, 

and suppose h not less than k. Then by solving the quadratic 
equation it will be seen that h is greater than h or c, and that 
k is less than h or c. Substitute successively + oo , it, A;, — oo for 
X mf{x)'y the results will be respectively 

,-{MA-6) + cV(A-c)J', {6V(^-^) + cV(C"^)}', -00. 

Thus the equation f{x) = has three real roots, one greater 
than hy one between h and k^ and one less than k. 

177. There are two cases which require ftirther examination 
as they are not provided for by this demonstration, (1) that in 
which h—kj (2) that in which A or A; is a root of the cubic 
equation. 

(1) Suppose h — k. Since the roots of the quadratic equa- 
tion are equal we shall obtain the condition (6 — c)' + 4a"=0j 
therefore h=c and a'= 0. Hence it will be found that c is a root 
of the cubic equation ; and on dividing /* (a?) by a? — c and equating 
the quotient to zero we obtain a quadratic equation which has 
real roots. 

(2) Suppose that A or ^ is a root of the cubic equation ; for 
example, suppose that h is. Then the process of Art. 176 shews 
that the cubic equation has also a real root less than k] thus 
it has two real roots, and the third root must therefore also be 
real. Similarly if ^ be a root of the cubic equation, it has a real 
root greater than h ; and thus the third root must also be real. 

178. "We may investigate the condition that must hold in 
order ihat h or k may be a root of the cubic equation. Suppose 
that X is a root of the quadratic equation and also of the cubic 
equation. 

Since A. is a root of the quadratic equation, we have 

(X-&)(X-c)-a'» = (1); 
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and since \ is also supposed to be a root of the cubic equation, 
we obtain 

5'«(X-. 5) + c^{X-c) + 2aVc=0 (2). 

From (1) and (2)" we deduce 

6'«(X - 6) + c'»(X - c) + 2VcJ{X-b){\-c) = 0, 

that is, (VJ(\ - 6) + cj{\ - c)X = ; 

therefore 6'»(X-6) = c'«(\-c) (3). 

From (2) and (3) we obtain 

^-^ = — ^> \-c = --^ (4), 

and therefore 6 — 77- = ^ r (5)- 

c 

Hence the relation (5) must hold among the coefficients of 
the cubic equation in order that one of the roots of the quadratic 
equation may also be a root of the cubic equation. 

Conversely, if (5) holds we may give to X the single value 
determined by (4), and then both (1) and (2) will be satisfied ; and 
thus the quadratic equation and the cubic equation will have a 
common root. 

179. Let us now investigate the conditions in order that 
the cubic equation may have equal roots. 

If neither h nor A; is a root of the cubic equation, the demon- 
stration in Art. 176 shews that the roots of the cubic equation 
are unequal. But the process of Art. 176 may be conducted so 
as to use either of the quadratic equations 

(a;-c)(x-a)~6'» = 0, or (aj-a)(a;-6)-c" = 0, 

instead of the quadratic equation 

(a?-6)(a;-c)-a'» = 0. 

Hence the cubic equation cannot have equal roots unless it 
has a root in common with any one of these quadratic equations. 
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Hence from equation (5) we obtain the following as necessary 
conditions for the existence of equal roots of the cubic equation, 

ConvBrsely, if these conditions hold the cubic equation has 
equal roots. For denote these equal quantities by r, so that 

oc . ca ao 

a c 

substitute for a, b, cin the cubic equation, and it becomes 

(x-r)'-(«-r)'(^^ + -j,- + -^j = 0; 

so that the root r occurs twice, and the other root is 

6V cV aV 
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180. We shall now proceed to explain some methods for the 
solution of equations of the fourth degree, which are also called 
biquadratic equations. We suppose the biquadratic equation 
which is to be solved to be deprived of its second term, for a 
reason already given ; see Art. 165. The first solution which 
we shall give is called Descartea^a Solution, 

181. To solve the equation 

X* + qa^ + ra? + « = 0. 

Assume x* + qx^ + rx-^8 = (x' + ex -\-f) {x' — ex + g); 

we have then to shew that the qiiantities e,/, and g can be found. 
Multiply together the factors on the right-hand side, and equate 
the coefficients of the several powers of re to those on the left-hand 
side; thus 



\ 
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that is, ^+/=5r + «*, g-f=-^ fl/=«- 

I^d ^ and^ in terms of t from tbe first two of these equa- 
tions, and snbstitate in the third ; thus 



(j + «V^)(g+«'-^) = 4* 



From this equation by reduction we obtain 

This may be considered as a cubic equation for finding ^, and 

it will certainly have one real positive root by Art. 20. When 

e* is known we can find 6, and then g andy* become known. Thus 

the expression x^ -^ qa^ -^ rx + s is resolved into the product of 

two real quadratic fauctony and we can obtain the four roots of 

the proposed biquadratic equation by solving the two quadratic 

equations 

a:" + ea?+/=0, a:"-«r + ^ = 0. 

182. It will be observed that in one of the two assumed 
quadratic fiu^rs we introduced the term eXy and in the other 
quadratic fiu^r the term — ex ; and the reason for this is that 
there is no term involving a^ in the expression which we wish 
to resolve into quadratic &ctors. Now e is equal to the sum of 
the two roots of the second quadratic equation given at the end 
of the preceding article, so that e is equal to the sum of two of 
the roots of the proposed biquadratic equation. Now out of the 
Jbur roots of a biquadratic equation ttoo roots can be selected 

4 3 

in Y^ ways, that is, in 6 ways; and thus we see the reason why 

* 

tke equation in e should be of the sixth degree. But as the sum 
of the four roots of the biquadratic equation is zero by Art 45, 
tiie sum of any two roots is equal in magnitude and opposite in 
sign to the sum of the remaining two roots; and thus we see 
tiie reason why the equation in e only involves even powers of e^ 
80 tiiat the values of e* can be found by the solution of a cubic 
equation. 
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We may observe tliat when we have found e* we can give 
^ther sign to the value of e, which we obtain by extracting the 
square root; for by changing the sign of e we merely interchange 
the values of y* and g, and this has no influence on the results 
which are obtained by solving the biquadratic equation. 

183. Suppose, for example, that aj*— 10a*— 20aj — 16 = 0. 
Here ^'s— 10, r= — 20, «=— 16. The cubic equation in e 
becomes e" — 20e* + 164e' — 400 = 0, and a root of this is e' = 4 ; 
see Art. 119. Thus e = 2 ; then /= 2, and ^ = — 8 j therefore 

a;*-10iB*-20a;-16 = (a;" + 2a; + 2)(ar"-2a;-8). 

The four roots of the proposed biquadratic equation will be found 
to be 4, - 2, — 1 + is/ -I, and - 1 -^^^. 

184. Thus it appears that the solution of a biquadratic equa- 
^on can be effected if we can obtain one root of a certain auxiliary 
cubic equation. It becomes therefore a point of importance to 
ascertain when this cubic equation falls under the irreducHle 
case; see Art. 171. This gives occasion*for the foUowing pro- 
position. The atixiHary cubic equation will not fall under the 
irreducible case when the biquadratic equation has two real roots 
and two imaginary roots. 

For suppose the imaginary roots of the biquadratic equation 

to be denoted by a + )S \/ — 1 and a — )S J — I ; then since the sum 
of the four roots is zero, the two real roots will be of the forms 
— a + y and — a — y. By taking the sum of every pair of these 

roots we obtain the expressions ± 2a, =fc(y + j8n/^), and ±(y— )S\/^). 

Thus the three values of e' will be (2a)», (y + jSV^)', and 

(y — )9 \/ — 1 )■ ; if y is not zero two of these values of c* al« 
imaginary, and if y is zero the values of e* are all real, but two 
of them are equal ; thus the cubic equation in e" will not fall 
under the irreducible case. 

185. If the roots of the biquadratic equation are all real thQ 
ts of the auxiliary cubic equation will be all real. If the roots 
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of the biquadratic equation are all imaginary they will be of the 

forms a^p n/-1 and - o * y fj - 1. By taking the sum of every 

pair of these roots we obtain the expressions ^2a, «*= (/S + y) n/ — 1, 

and ^(fi — yjj—l ; thus the values of e' are 4a*, — (jS + y)*, and 
- 08 — y)', and so are all reaL 

Hence if the biquadratic equation has its roots all real or all 
imaginary, the auxiliary cubic equation will in general fall under 
the irreducible case ; we say in general, because it may happen that 
the cubic equation has two of its roots equal, and then it does not 
fall under the irreducible case. 

186. "We have in the two preceding articles shewn what will 
be the forms of the roots of the auxiliaiy cubic equation cor- 
responding to the various forms of the roots of the proposed 
biquadratic equation. "We will now state conversely what will be 
the forms of the roots of the proposed biquadratic equation cor- 
responding to the various forms of the roots of the auxiliary 
cubic equation. Since the last term of the cubic equation is 
negative, there must be one positive root ; and as the product of 
the roots is positive, by Art. 45, the only cases which can occur 
are, (1) all the roots positive, (2) one positive root and two nega- 
tive roots, (3) one positive root and two imaginary roots. The 
following results follow from Arts. 184 and 185. 

(1) If the cubic equation has all its roots positive, the roots 
of the biquadratic equation are all real. 

(2) If the cubic equation has one positive root and two 
negative roots, the biquadratic equation has two real roots and 
two imaginary roots, or else four imaginary roots. 

(3) If the cubic equation has one positive root and two ima- 
ginary roots, the biquadratic equation has two real roots and twQ 
imaginary roots. 

187. The four roots of the biquadratic equation can be ex- 
pressed very simply in terms of the three roots of the auxiliary 
cubic equation. Let o", P% y* denote the three values of e' ob- 
tained from the cubic equation 

e' + 2^6*+(^-4«)e"-^ = 0. 
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Then by Art 45 we have r* = a"^y*, and -2g = a* + ^ + /. 
Thus we may put r = a^, and take a aa a value of e j therefore 



a* + «iB+y=5a:"+a« + ^(5' + a' — j 



By solving the eqtiation sb* + eas +f^ we shall therefore obtain 

1 1 

aj = -(-a-^-y), or x^i^{-o, + P^y\ 

Similarlyy by puttiiig a^ — ea; + ^ = Owe shall obtain 
« = 2(a-^ + r), or aj = g(a + ^-y). 
Thus the four roots of the biquadratic equation are 
i(-«-i8-y), l(-a+/8 + y), \{a-p + y), |(« + ^-y). 

188. Another mode of solving a biquadratic equation has 
been given under slightly different forms by various mathema- 
ticians ; and thus it is sometimes called Ferrari! a method, some- 
times Wwring^s method, and sometimes SimpsorCs method. We 
will now explain it 

Let the biquadratic equation be 

X* + pa? + 3'aj* + ra! + f = 0; 

add to both sides aa? + 5as + c, and then let a, 5, c be so determined 
as to render each side a perfect square. We have then 

a* -^-po? + (g' + a) a:" + (r + 6) oj + « + c = aa* + ftoj + c. 

The right-hand member will be a perfect square if 6' = 4ac. Sup- 
pose the left-hand member to be equal to 



V 



('«' + T ■" *")*' 



BIQUADRATIC EQUATIONS. 109 

by comparing the coefficients we obtain 

These three relations express a, 5, c in terms of m ; substituting 
the values of a, by and c in the equation h' = icu: we obtain 

From this cubic equation m must be found, and then a, 5, 
and c. And since we now have 

, . . a P^ 2ax + h 

we obtain ar + ~ + m= Js— jr-j — . 

Thus we have two quadratic equations to solve, namely, 

, px 2ax + h - -, • px 2ax + h ^ 

ar+^+w + — s-j — =0, and ar-^^+m ^r-i — = 0. 

2 2^a 2 2Ja 

189. It may be shewn that the auxiliary cubic equation 
which this method requires us to solve will in general fall under 
the irreducible case, unless the proposed biquadratic equation has 
two real roots and two imaginary roots. For let <i, )8, y, 8, denote 
the four roots of the proposed biquadratic equation ; then from 
considering the two quadratic equations obtained in Art 188, it 

follows that m + jr-j- must be equal to the product of two of the 

four quantities a, )S, y, 8, and m — ^-t- must be equal to the pro- 
duct of the remaining two. Suppose then 

thus m = -^ {afi + yS). 
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Hence we infer by symmetiy that the otiier two yalues of m 
wiU be ^ (ay + j88) and | (oS + py). 

It is obvious that if a, )9, y, 8, are all real^ these three values of 
f» are all real ; and it maj be shewn that such will be the case 
if o, )S, y, 8, are all imaginary. If however two of the four 
quantities are real and two imaginary, it will be found that two 
of the vklues of m are imaginary and one real, or else they are 
all real and two of them equal 

190. We will now give Euler*8 method of solving a biquad- 
ratic equation. Suppose the equation to be 

«* + qaf + nc + « = 0, 
Assume x = f/ + z+u; thus 

that is, a;*-2/*-«"-w'=2(y« + «w + wy). 

Square both sides ; thus 

05* - 2qc^(ji/' + «" + w") + (y* + «* + w')* = 4 (y« + a?iA + uy) * 

= 4(y V + a^u* + u'y*) + Syzu(j/ + « + !*)• 

Put X for y + z + u, and transpose ; thus 

a*- 2x'(2/'+ «■+ u") - Sxyzu + (y» + «« + w«)»- 4(y V+ «V + ^V") = 0* 

In order that this equation may coincide with the proposed 
biquadratic equation, we must have 

q= -2(y* + «* + w*), r= -St/zu, 
Thus y' + «' + «^'=-L 



yV-f^Vuy = J(^..)=?^, 



yVw« = 



64" 
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Therefore it follows from Art. 45, that y*, 7?y and %jf are the 
values of i furnished by the following cubic equation, 

Let the roots of this equation be denoted by i^y i^y and i^ ; then 

y=^J^O «='*'N/^a> u=^Jt^. 

If we substitute these values in the expression for x, namely, 
y + z + Uy we obtain eight different results on account of the am- 
biguities in sign. But these results are not all admissible ; for we 

must have yzu = — q > so that the sign of the product of y, z^ and 

o 

Uy must be the contrary to the sign of r. 

If we suppose r positive^ we have the following admissible 
values of Xy 

If we suppose r negativey we have the following admissible 
values of Xy 

s/^+N/^.+N/^a. JK-Jh-J^.^ -V«i+n/«»-V^» -n/^-n/«.+n/V 

191. The reason why eight values of x present themselves in 

the preceding article is because the relation yzu = — ^ was 

o 

squared and used in the process in the form ^:^u* = ^ ; for since 

the relation in the latter form is not changed by changing the 
sign of Ty the process really finds the roots of the biquadratic equa- 
tion a5* + ^a5* — rx + « = 0, as well as the roots of the biquadratic 
equation a;* + yas* + ra; + « = 0. 

The auxiliary cubic equation of Art 181 will be found to 
coincide with that of Art 190 by supposing e*=4:t; thus the re- 
marks made in Arts. 184 — 186, respecting the connexion between 
the roots of the auxiliary cubic equation and the biquadratic 



112 stubm's theorem. 

eqaatioii, and tbe ciFCumstances tinder which the cubic equation 
&lls under the irreducible case, apply to Euler's method of solu- 
tion as well as to Descartes's. 

192. It maj happen that special forms of biquadratic equa- 
tions admit of simpler solution than the general equation. The 
following is an example. The biquadratic equation 

»* +pa? + qsc^ + nc + «= 

can be solved as a quadratic equation if ^* — 4^ + 8r = 0. For 
the equation »* +^w5* + qa^ + ra; + « = may be written 

a^(x+|)+(?-^)«(«+-U) + «=0; 



■^ 






r p 



and this may be solved as a quadratic equation, if a = H> ^^^ 

p A 



?-4 



is,if/-4p2' + 8r = 0. 



XIV. STURM'S THEOREM. 

193. In the preceding chapters of the present work we have 
demonstrated various theorems respecting the roots of equations, 
and have given the algebraical solution of equations of the third 
and fourth degrees. We are now about to enter upon a different 
part of the subject, namely, the methods of finding approximately 
the numerical values of the roots of equations; the present 
chapter commences this part of the subject by proving Sturm's 
theorem, the object of which is to determine the situation and the 
number of the real roots of any equation. We shall enunciate 
and prove the theorem in the next article ; we shall then give 
some remarks connected with the theorem, and finally apply it to 
some examples. 



Sturm's theorem. 113 

194. Sturm^s Theorem, Let /(a;) = be an equation cleared 
of equal roots, and let /^ (x) be the first derived function of /(x) ; 
let the operation of finding the greatest common measure of /{x) 
and y^ {x) be performed with this mod fication, that the sign of 
every remainder is changed before it is used as a divisor, and let 
the operation be continued until a remainder is obtained which is 
independent of a;, and change the sign of that remainder alsa 

Let y, (x)y f^ (a;), ...y^ (ar), be the series of modified remainders 
thus obtained. Let a be any quantity, and )3 another which is 
mlgebraicallj greater, then the number of real roots of the equa- 
tion f(Q^ = between a and )8 is the ejccess of the number of 
changes of sign in the series /(a;), /, (a:), /, («), .../.(«), when 
a; = <!, over the number of changes of sign when a; = )8. 

We shall call the whole series /(«), /,(«), /, (ic)i •.•/»(«)» 
Sturm 8 functions, and we shall call the series/, (x), /^(x\ ..,/^{x), 
the auxiliarif functions, so thnt the auxiliary functions consist of 
Sturm's functions omitting f{x). 

Let q^, q^, ... q^^^^ denote the successive quotients which 
arise in performing the operations indicated ; then we have the 
following relations, 

A{x)=qJM-A{x), 



From these relations we can draw three inferences. 

(1) The last of the functions/^ (a;) is not zero; for by supposi- 
ticm it is independent of a; and if it were zero /(a;) and /(a;) would 
liave a common measure, and then the equation /(x) = would 
have equal roots by Art 75, and this is contrary to the hypothesis. 

(2) Two consecutive auxiliary functions cannot vanish simul* 
taneoualy; for if they could all the succeeding auxiliary functiona 
would vanish including/^(a?) ; and this is impossible by (1). 

T.E. 8 
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(3) When any auxiliary function vanishes the two adjacent 
functions have contrary signs. Suppose for example that y, (05) =0; 
then from the third of the above system of relations we have 

Kow no alteration can be made in the sign of any one of 
Sturm's functions except when x passes through a value which 
makes that function vanish; and we shall now prove that when 
X passes through a value which makes /(x) vanish one change 
of sign is lost by Sturm's functions, and that no change of sign is 
lost or gained in consequence of x passing through a value which 
makes one of the auxiliary functions vanish. 

L Suppose c a root of the equation /(x) = 0, so that /{c) = 0. 

Let A be a positive quantity. Now /(c — h) may be expanded 
in powers of h by Art. 10, and h may be taken so small that the 
sign of the whole series shall be the same as the sign of the first 
term that does not vanish, by Art. 14; that is, the sign of /(e — h) 
will be the same as the sign of — h/^ (c) since /(c) = 0. The sign of 

/(c—h) will be the same as the sign of /^(c) when h is taken small 
enough. Thus if x = e — h and h is taken small enough, /(x) and 

/ (x) ha/ve contrary signs. 

Similarly, it may be shewn that if x=c + h and h is taken 
small enough, /(x) and/j(a;) have the same sign. 

Thus as X increases through a root of the equation /{x) = 0, 
Sturm's functions lose one clumge of sign. 

II. Let c now denote a value of x which makes one of the 
auxiliary functions vanish, for example, y), (a;), so that /^(c) = 0. 
Theny),_j(c) and j^^j(c) have contrary signs, and thus just before 
x=c and also just after x=c, the three terms /^_^(x)y /(x), X+i(^) 
wHl present one permanence of sign and one change of sign ; for if 
/^_i{x) 8iiid/^{x) have the same sign, /^ (a;) andy^j(a;) have contrary 
signs, and vice versa. Thus Sturm's functions neither lose nor 
gain a change of sign when x passes through a value which makes 
one of the auxiliary functions vanisL 

Ko value of x can make two consecutive functions simol- 
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taneouslj vanish. If two or more vanish simultaneously which are 
not consecutive, then, if/{x) be one of them, it follows by I. that 
a change of sign is lost as x increases through that value, and ^/{x) 
be not ond of them it follows by II. that no change of sign is lost. 

Thus we have proved that as x increases, Sturm's functions never 
lose a change of sign except when x passes through a root of the 
equation /{x) = 0, and never gain a change of sign. Hence the 
number of changes of sign lost as x increases from any value a to 
a greater value )3, is equal to the number of the roots of the equa- 
tion /(a;) = which lie between a and p» 

195. We have shewn that no alteration occurs in the number 
of the changes of sign in Sturm's functions in consequence of x 
passing through a value which makes one of the auxiliary functions 
vanish; but alterations may take place, and in genei*al do take 
place, with respect to the order in which the signs + and — are 
distributed among the series of functions. Suppose, for example, 
that a and b are two roots of the equation /(x) = and that a is 
less than 6; then /(a;) a,nd /^(x) have contrary signs ^w^i be/ore 
x = a and have the same sign just after x = a. Now jtiat before x=b 
the signs of /(x) and f (x) are again contrary. In feuot the equa- 
tion /[ (x) = has one root between x = a and a; = 6, and so /^ (x) 
must pass from positive to negative or vice versa between x = a and 
x = b. This transition o{/^(x) from positive to negative or vice 
versa between a and 6, cannot alter the whole number of changes 
of sign in the series of Stump's functions, as we have proved, but 
it does modify the distribution of the signs + and — among the 
series, and thus renders it possible after a change has been lost as 
x increases through a, for another change to be lost as x increases 
through b. 

The present article adds nothing to the proof of Sturm's 
theorem; but is merely intended to assist a student in the diffi- 
culty which is often felt as to how the changes of sign are lost, 

196. In counting the number of changes of sign in the series 
of Sturm's functions, it may happen that the value of x which we^ 

8—2 



k 
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are coiisidering makes <!>iie of tlie auxiliarj functions vanish. 
Then it is indifferent whether we ascribe the positive sign or 
the negative sign to the vanishing function, since the signs of 
the functions which precede and follow it are necessarily contrary. 

197. In order to find the whole number of real roots of an 
equation y(a;) = 0, we may first put — oo for x and then + oo for x in 
Sturm's functions; the excess of the number of changes of sign in 
the first case over the number of changes of sign in the second 
case is the whole number of real roots. When x is made equal to 
+ 00 or — 00 the sign of any one of the functions will be the same as 
the sign of the highest power of a; in that function. 

198. Let n denote the degree of /(a;); then the number of the 
auxiliary functions /^ (a;), /, (a?),... will in general ako be n; because 
each remainder is generally of one degree lower than the preced- 
ing remainder. We will suppose that the number of auxiliary 
functions is the same as the degree of /(x)y and we will suppose 
that the highest power of a; iny(aj) has a positive coefficient. 

(1) If the first terms in all the auxiliary functions have posi- 
tive coefficients all the roots of the equation ^(a?) = are reaL For 
all Sturm's functions will then be positive when a; = + oo , and they 
will be alternately positive and negative when a5 =— oo; thus n 
changes of sign are lost as x passes from — oo to + oo . 

(2) If the coefficients of the first terms are not all positive^ 
there will be a pair of imaginary roots for every change of sign in 
the series formed of these coefficients. For suppose that in ibis, 
series of coefficients there are m changes of sign and n — m con- 
tinuations of sign. Then when a; = + oo there are m changes of sign 
and n — m continuations of sign in Sturm's functions. Now change 
X from +00 to ~ 00 ; then the changes of sign are replaced bj con- 
tinuations of sign and the continuations of sign by changes of signi 
so that for a; = — 00 there are n—m changes of sign. The excess of 
the number of changes of sign when a;= -oo over the number when 
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xsz-hco IB therefore n — 2m; thus there are n — 2m real roots of the 
equation y(a;) = 0, and therefore 2m imaginary roots. 

Hence in order that an equation maj have all its roots real, it 
is necessary and sufficient that the coefficients of the first terms in 
all the auxiliary functions should be of the same sign. 

199. Suppose that among the auxiliary functions we find one, 
as /^(x\ which cannot change its sign; then we may disregard all 
the functions which follow it, and count only the number of changes 
of sign in the series /(as), /^(x), /g(x\ . . ./^{x). For in the original 
demonstration of Sturm's theorem the necessary property of the 
last auiciliary function is that it should not vanish, and as 
/^{x) cannot vanish, the demonstration will hold for the series 

This remark is of practical importance, because the labour 
attending the formation of Sturm's functions is considerable in 
examples of equations of high degrees, and thus it is useful to 
have a rule which sometimes relieves us from the necessity of 
forming the entire series of functions. 

200. Suppose <f>{x) to be a function which has no factor in 
common with /{x\ and suppose that <l>{x) and /^{x) take the 
same sign when any root of the equation /(x) = is substituted 
for X in them. Then we may use <l>{x) instead of /(a;) and deduce 
the remaining auxiliary functions from /(a^ and <l>{x) instead of 
from /(x) and /,(«). For on recurring to the demonstration of 
Sturm's theorem it will be seen that with this new set of functions 
the two fundamental properties are still true, namely, that no 
change of sign is lost owing to the vanishing of any auxiliary 
limotion, and that a change of sign is lost when /{x) vanishes. 

201. We have hitherto supposed that the equation to be 
treated by Sturm's method is cleared of equal roots ; we shall now 
shew that this limitation is unnecessary, and that the theorem will 
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always give the nmnber of distinct roots between assigned limits, 
no regard being had to the repetition of any roots. 

Suppose for example that the root a occurs p times and the 
root b occurs q times in the equation /{x) = 0. 

Let /{x) = {x-ay{x-'by{x-c){X'-(l),.. 

then /^{x) = {x-ay''{x-by"ip{x-b){x-c){x-'d).,. 

■h q(x — a) {x — c) (x — d),.^ 



} 



Thus (x — ay^^{x'-by~^ is the greatest common measure of /"(a;) 
and J^(i»), and this expression will divide all the auxiliary func- 
tions /g{x), fji^)i"'fj,^) which are formed as in Art. 194. 

Now let ^(a;) = (a?- a) (a- 6) {x-c) {x — d).,. 
And if>{x)-p{x''b)(^-c)(x-d),,. 

+ q(x — a)(x — c){x — d)..» 
+ {x — a)(x — b)(X'-d).,. 
+ ... 

Then <l>(x) is not the first derived function of t^(a;X ^^^ *^** would 
be what <fi{x) would become if ^ = 1 and q=l; but ^(o;) has the 
same sign as the first derived function of ^(/{x), when we make 
x = a, or 5, or c,... Hence, by Art. 200, we may determine the 
situation of the real roots of the equation ^(a;) = by taking %l/(x) 
and <l>(x) as the first two of Sturm's functions and forming the rest 
from them. 

But the series of Sturm's functions formed from y(x) and /J(x) 
only difiers from the series formed from \l/(x) and <fi{x) by reason of 
the additional factor (x — ay~^ (x — 5)*"* in every term of the series. 
Thus when any value is ascribed to Xy the signs of the terms in 
the former series will all be the same as those of the latter, or all 
contrary ; and thus the number of changes of sign will be the 
same. 
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Hence by examining the series of Sturm's functions formed 
from f{x) and f^{x) we can ascertain how many of the roots of 
the equation il/{x) = lie between assigned limits, that is, how 
many distinct and separate roots of the equation /(x) = lie be- 
tween those Hmits. 

Thus we need not apply the test for equal roots before we 
apply Sturm's method ; in fact, in calculating Sturm's functions 
we shall be warned of equal roots if they exist by the fact that the 
last remainder will be zero. 

202. We may observe that in the operation by which all the 
auxiliary functions after the first are found, we may always mul- 
tiply or divide the divisors or dividends by any positive number 
we please, as in the operation of finding the greatest common mea- 
sure ; for the auxiliary functions thus only become multiplied or 
divided by positive numbers, so that their signs remain un- 
changed. 

We may by Sturm's theorem determine the number of real 
roots of any proposed equation. Then, by substituting successive 
integers for x in the series of Sturm's functions, we can determine 
between what consecutive integers the roots lie ; or if it is found 
that more than one root lies between two assigned integers, we 
can substitute for x successively fractions which lie between those 
integers, until we at last determine intervals between which the 
roots lie singly. 

203. We will now take some examples. 

Suppose /(aj) = a?^ - 3a;' - 4a; + 1 3 = 0. 

Here /^{x) = Sa^ — 6a; — 4, 

/,(a;) = 2a;-5, 

/3(a;) = + l. 

The roots of the equation are all real by Art. 198. The following 
is the series of signs corresponding to the values of sc indicated.. 



120 Sturm's theorem. 

/(«) A¥) Ai^) Ai^) 

+ - - + 

1 + - - + 

2 + - - + 

3 + + + + 

Here there are two changes of sign when x = 2, and none when 
m = 3; thus there are two positive roots between 2 and 3, and no 
other positive root. 

It will be found that when a; = — 3, the succession of signs is 
— + — +, and when a? = — 2 it is + + — +, so that one change of sign 
is lost in proceeding from — 3 to — 2, and therefore the negative root 
lies between — 2 and — 3. To separate the two roots which lie be- 
tween 2 and 3 we should substitute for x some number or numbers 
lying between 2 and 3. Suppose, for example, we put x = 2^; then 

the succession of signs is +, and thus we have only one change 

of sign, whether we consider the to carry the sign + or — . Thus 
a change of sign is lost in proceeding from 2 to 2^, and therefore one 
root lies between 2 and 2^ ; hence the other root lies between 2 J 
and 3. 

Again, suppose /{x) = x*- 6a;* + 5a;* + 14:a; - 4 = 0. 

Here /^(x) = 2a^ - 9a:* + 5a; + 7, omitting a fisictor 2, 

/,(a;) = 17a;"-57a;-5, 
/.(a;) = 152a;- 457, 

In this example it will be found that the calculation of /j(x) 
is somewhat complicated ; it is sufficient for our purpose however 
to know the sign, and thus when we ascertain that it is positive 
we need not calculate it exactly, but merely put down /Jx) = + 

The roots of the equation are all real by Art. 198. 

The following is the series of signs corresponding to the values 
of X indicated* 
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/(*) /.(*) /.(«) /» Z/*) 
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There is one change of sign lost between — 2 and — 1, one be- 
tween and 1, and two between 3 and 4. 

If we put 3 J for a; the succession of signs is — + + , and thus 
there is onlj one change of sign, so that one root of the equation 
lies between 3 and 3^; therefore another root lies between 3j 
and 4. 

Again, suppose f{x) = 2x^ — 13a;' + lOa? — 49 = 0. 

Here /i(^) = ^^ — 13a5 + 5, omitting a factor 2, 

/,(a;) = 13»'-.15a:+98. 

It is easy to see that the roots of the equation fjix) = are 
imaginary, that is, fj^x) cannot vanish for any real value of a; ; 
therefore by Art. 199 we need not obtain any more of Sturm's 
functions in this example. When a; = — oo the succession of signs 
is + — + , and when a; = + oo the succession of signs is + + + ; thus 
the equation has two real roots and two imaginary roots. One of 
the real roots is positive and the other negative by Art. 21. 

XV. FOURIER'S THEOREM. 

204. Sturm's theorem constitutes the complete solution of a 
problem which has engaged the attention of many of the most 
eminent mathematicians during the last two hundred years ; this 

theorem was published in the volume of Memoires prisentes 

par des SavarUa Etrangera^ Paris, 1835. 

Among those who attempted the solution of the problem 
before Sturm two are deserving of especial notice, Budan and 
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Wcmier ; the metliods of thae two matliefiiJiticiaiis sUrt from a 
theofem which Kngli«h w riie r a usoallj call Fvmnei^M tkearem, and 
idiich French writen connect with the name of Bndan as wdl as 
with that Off FoiiTier. Foorier'a work on equations was pohlished 
in 1831 after the death of the author ; Bndan paUished a woik 
an the sabject in 1807. There is eridence howeTer that Fooria- 
had giren the theorem in a coarse of lectures delirered before the 
publication of Badan*s work. We will now enunciate and proTC 
the theoreoL 




205. Fourie^i Theorem, Let /"(x) be an algebraical fionction 
of tiie n* degree ; let f^^ fj^^t-'-fJ^ ^ *^® successiTe derived 
functions oi f(x). Let a be anj quantity and fi another which 
IS algebraicallj greater ; then the number of the real roots of 
• the equation f{^) = between a and )3, cannot be greater than 
the excess of the number of the changes of sign in the series 

f{^)'fi(^)y fj<^)y ' ' •/,(*)» ^^^^ x=aj over the number of the dianges 
of sign when x=p. 

We shall call the whole series /{x\ /(x), fjx), . . ./,(xX Fourier's 
/unctions, 

No alteration can occur in the sign of any one of Fouriei^s 
functions except when x passes through a value which makes that 
function vanish. We shall now have four cases to consider. 

L Suppose when x = e that /{x) vanishes and that /jfx) does 
not vanish. Put c — A £or x where A is a positive quantity ; then 
A may be taken so small that the sign of /(c — A) is the same as 
that of - h/^ic), and the sign of /^(c - A) the same as that of /^(c) ; 
see Art 14. Thus if x = c — A and A is taken small enough, /(x) 
and /[{x) have contrary signs. 

Similarly it may be shewn that if x — c-\-h and A is taken 
small enough, f{x) and /,(x) have the same sign. 

Thus as x increases through a value c, which is an unrepeated 
root of the equation f{x) = 0, Fourier's functions lose one change of 
rigTU 
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IL Suppose when x = e that /{x) vanishes and also the de- 
rived functions /,(«), /Jlpc),... up to /,_Xaj), and that //a;) does not 
vanisL Put c — A for x where A is a positive quantity ; then h 
may be taken so small that the signs of the series of terms 

/(c-A), /.(c-A), /.(c-A), /,.,(c-A), /Xe-h) 

shall be respectively the same as the signs of the series of terms 

see Arte. 10 and 14. Thus if x = c — h and h is taken small enough, 
the first r + 1 of Fourier's functions present r changes of sign. 

Similarly it may be shewn that if x = c + h and h is taken 
small enough, the first r + 1 of Fourier's functions present no 
change of sign. 

Thus as x increases through a value c which is a root of the 
equation /(x) = repeated r times, Fourier's functions lose r 
ehcmges of sign. 

IIL Suppose when x=e that one of the derived functions 
vanishes, but neither of the two adjacent functions ; thus let /X^) 
vanish when x = c but neither X-i(^) ^^^ fr+xi^)' Then if A is 
taken small enough, when x = c — h the signs of the three terms 
/r^i{^)$ fX^)^ /r+X^)y *^® respectively the same as the signs of 
^j(c), - A/^^j(c), /^+X^), and when x = C'hh the signs are the same 
as the signs of /_,(c), A/,+,(c),X^,(c). Thus if /_,(c) and /^^X^) 
have the scune sign, Fourier's functions lose two changes of sign as 
X increases through c, and if y)._,(c) and X+i(^) ^ave contra^ 
signs Fourier's functions neither gain nor lose a change of sign. 

IV. Suppose when x = e that several successive derived func- 
tions vanish ; for example, suppose when x = e that the m funo- 
tionB/»,/^/aj),.../^^_^(a;) vanish, and thaty,_Xa;) and /^^Jx) 
do not vanish. By proceeding as before, and supposing h taken 
small enough and positive, we shall obtain the following results 
with respect to the m + 2 terms, X-i(^)> /r(^)» • • /r+«,-i(^)> /r+m(^)' 

(1) Let m be even. K/._j(c) and /^+Jc) have the same sign 
the terms present m changes of sign when x = c — h, and no change 
of sign when x^^c + h. If f^^X^) and f^^Jc) have contrcury signsi 
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the terms present m + 1 clianges of sign when x^e — h, and one 
change of sign when a? =: c + A. Thus in both cases Fourier's func- 
tions lose m changes of sign as x increases through c. 

(2) Let m be odd. l{/^_^(c) sjid/^^J^c) have the samie sign the 
terms present m + 1 changes of sign when x=c--h, and no change 
of sign when x = c + h. Thus Foutier's functions lose m + 1 changes 
of sign as x increases through c. If y^_,(c) aud f^^Jc) have con- 
trary signs, the terms present m changes of sign when as = c — A, 
and one change of sign when x = c + h. Thus Fourier's functions 
lose m — 1 changes of sign as x increases through c. 

Thus on the whole Fourier's functions never gain a change of 
sign, but thej do lose one change of sign when x increases through 
a root of the equation f{x) = ; and thus the theorem is proved. 

206. It will be observed that the demonstration of Art. 205 
gives us something more than the enunciation to which for sim- 
plicity we confined ourselves. For it appears that whenever an 
alteration occurs in the number of the changes of sign of Fourier's 
functions, except by reason of the variable increasing throu^ a 
root of the given equation, an even number of changes of signs is 
lost Thus on the whole we have the following result if we sub- 
stitute successively a number a and a greater number p in Fourier's 
functions. 

(1) Suppose that Fourier's functions lose no change of sign ; 
then no root of the given equation lies between a and p. 

(2) Suppose that Fourier's functions lose an odd number of 
changes of sign ; then we are certain that some odd number of 
roots lies between a and p, but cannot tell what odd number, ex- 
cept when only one change of sign is lost, and then we are certain 
of one root. 

(3) Suppose that Fourier's functions lose an even number of 
changes of sign ; then we can only infer that there is either no 
root or else some even number of roots between a and p. 



^ 



207. The advantage of Fourier^s theorem is that it can be 
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easily applied, because the successive derived functions of a given 
function can be immediately formed. The disadvantage of the 
theorem is that it may require an almost unlimited number of 
trials. For. if two roots ai*e very nearly equal, it would require 
very minute subdivision of an interval in which they were con- 
jectured to lie, in order to distinguish them from two imaginary 
roots. It would be necessary to apply the test for equal roots 
before beginning Fourier's process, as otherwise an even number of 
repeated roots might remain undbcovered. 

208. Budan and Fourier both gave methods for examining a 
doubtful interval more closely in order to discover whether roots 
of the proposed equation were or were not situated in the interval. 
But it is unnecessary to explain these methods since Sturm's 
theorem attains the proposed object with simplicity and certainty. 

209. It may be shewn that Descartes's rule of signs is 
included in Fourier^s Theorem. 

Suppose that f{s^ = is a complete equation. 

If we put a; = in Fourier's functions the signs are the same aa 
the signs in the expression /{x) taken from right to left ; and if 
we put a; = 00 in Fourier's functions the signs are all positive. 
Hence, by Fourier's theorem, the equation f{x) = cannot have 
more positive roots than f{a) has changes of sign. 

If the proposed equation be not complete, we may suppose the 
absent terms supplied with zero coefficients, and such signs may be 
ascribed to these coefficients as to make Fourier's frmctions have 
the same number of changes of sign when these terms are counted 
as when they are omitted. 

The part of the nde of signs which relates to the negative 
roots can be deduced from that part of it which refers to the posi* 
tive roots; see Art 63. 

210. Fourier's theorem also includes the rule given by New- 
ton for finding a superior limit to the podtive roots of an equa* 
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tion ; see Art. 95. For if f{x) = be the equation, Newton'ff 
method directs us to find h such that when x — h Fourier^s func- 
tions are all positive; and then by Fourier's theorem no roots of 
the proposed equation exist between x = h and x = +qo . 
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211. We have already shewn how the commensurable roots 
of an equation may be found; we shall now consider how the 
approximate numerical values of the real incommensurable roots 
may be calculated. 

By Sturm's theorem we can always determine how many roots 
lie within a given interval, and we may then divide that interval 
into smaller intervals within which the roots lie singly. Suppose 
then that we know that an equation has one root and only one 
between two given quantities a and ^, and we wish to approxi- 
mate to the value of this root. If we substitute any quantity y 
which is intermediate between a and P for x in y(ic), we shall 
know by the sign of f{y) whether the root lies between a and y 
or between y and p. Suppose it to lie between a and y ; then we 
may substitute for x a quantity 8 which lies between a and y, and 
we shall know by the sign of /{B) whether the root lies between 
a and S or between 8 and y. This process may be continued to 
any extent, and we may approximate as closely as we please to 
the numerical value of the root ; for by each operation we can, 
thus halve the interval within which the root must lie. 

The operation here described would however be very laborious, 
and methods have been proposed for attaining the required result 
with less calculation. We shall first explain Lagrange's method. 

212. Let/(a;) = be an equation which is known* to have 

one root, and only one, between two consecutive positive integers 

1 

a and a + 1. Put « = « + -, and substitute this value of a: in the 

y 
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proposed equation ; thus /[ a + - j = 0. If we clear this equation 

of fractions, we obtain an equation in ^ of the same degree as the 
original equation in x ; denote it by ^ (y) = 0. This equation in 
y has only one positive root, because the original equation in x 
has only one root between a and a + 1. We may then determine 
the consecutive integers between which the value of y must lie, 
by substituting in ^(y) successively the values 1, 2, 3,... until 
two consecutive results are obtained which are of contrary signs. 
Suppose it is thus found that y lies between b and & + 1. Put 

y = 6 + -, and substitute ; thus ^ f 6 + - j = 0. Hence, as before, 

we obtain an equation in which the unknown quantity has only 
one positive root, and we may determine the consecutive integers 
between which the value of z must lie ; let these be c and c + 1. 

Then put « = c + - : and so on. 

'^ u 

Thus we shall obtain the required value of x to any degree of 
approximation in the form of a continued fraction, namely, 

1 



x — a-\- 



h.' 



c + ... 



213. Next suppose that the equation /{x) = has more than 
one root lying between the integers a and a + 1. By Sturm's 
theorem, or by some other method of separating the roots, we 
may determine by what number the roots of the equation which 
lie between the same two consecutive integers must be multi- 
plied in order that the products may lie between different con- 
secutive integers. Transform the equation into another whose 
roots are those of the proposed equation multiplied by the number 
thus determined ; and then the method of the preceding Article 
may be applied to the transformed equation. 

Or we may adopt the method of the preceding Ai-ticle with- 
out effecting this transformation. In this case the equation in y 
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will have more than one positive root and we must seek the 
greatest integer in each root, and then proceed to the separate cal- 
culation of the several resulting values of z. It may happen that 
the equation in y has more than one root between certain consecn« 
tive integers ; then the equation in z may be used to discriminate 
them^ and the calculation of each root continued ; and so on. 

214. From the given equation /(a;) =0 we deduce/f a+ -) =0, 
that is, supposing f{x) of the degree w, 

multiply by ^ and we obtain 

Thus in order to form the equation in y we must calculate the 
numerical values of f{a\ /^{a), /^'{a\ ...; these calculations 
may be performed in the manner explained in Art 5 ; but^ as we 
have stated in Art. 11, the best method will be explained here- 
after in the chapter on Homei-'s method. A similar remark 
holds with respect to the formation of the equation in z. 

By referring to Arts. 54 and 58, we see that Lagrange's 
method of approximation may be thus stated. Suppose a root of 
an assigned equation to lie between a and a + 1, diminish the 
roots of the equation by o^ and take the reciprocal equation. 
Find a root of the last equation lying between integers b and 
6 + 1, diminish the roots by b, and take the reciprocal equation. 
Find a root of the last equation lying between integers c and 
c + 1, diminish the roots by c, and take the reciprocal equation, 
proceed in this way. Then the continued fraction 

1. 



a + 



I. ' 



c + ... 
18 a root of the original equation. 



k 



Lagrange's method of appsoxihation. 129 

215. Example aj'-2iB-5 = 0. 

By Art. 108, this equation has only one real root, and by 
Art 20, this root must be a positive quantity ; it will be found 
on trial to lie between 2 and 3. 

Assume a; = 2 + - : then 

y 

/(2)-2»-2.2-5 = -l, 
/'(2)= 3.2«-.2 =10, 
i/'X2)= 3.2 =6, 
and the equation in y is - y* + lOy" + 6y + 1 = 0, that is, 

y»-10y«-6y-l=0, say ^(y) = 0. 

Here y = 10 makes <^(y) negative, and y=ll makes <^(y) 
positive; therefore the required value of y must lie between 10 

and 11. Assume y = 10 + - : then 

z 

' ^(10)=10»-10.10«-6.10-1=-61, 

<^'(10)= 3. 10"- 20. 10-6 =94, 

|<^"(10)= 3.10-10 =20, 

and the equation in « is - 61«" + 94«* + 20-^ +1=0, that is, 

61«^ - 94«" - 20« - 1 = 0, say »/r(«) = 0. 

Here « = 2 makes \p{z) positive, so that the required value of z 

1 

must lie between 1 and 2. Assume z=^\ +- \ then 

u 

^p{\) = 61 . 1»- 94 . r- 20 . 1 - 1 = - 54, 

«/r'(l)= 183. r-188. 1-20 =-25, 

if'(l)= 183.1-94 =89, 

and the equation in u is — 54tt' — 25u' + 89i£ + 1 = 0, that is, 

54u' + 25u" - 89w - 1 = 0. 

This equation shews that the value of u must lie between 1 
and 2 ; and we may proceed as before. 

T.E. 9 
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Hence a? = 2 -f 



10 + 



1+ 1 



1 +<&^c. 

The convergents corresponding to this continued fraction are 

2 21 23 44 

y, vx, yT, oT, &ee Algehra, Chapter xuv. The difference 

44 1 

between ^ and the real value of the root is less than ^ - — ppr , 

that is, less than -^^ . 

For another example take the equation sc' - 7aj + 7 = 0. By 

Art. 108 this equation has all its roots real; and by Sturm's 

theorem it may be shewn that one root lies between 1 and 1^, and 

that another root lies between IJ and 2. Therefore if we put 

af 
x = 'gr and form an equation in a/ this equation will have one 

root between 2 and 3, and one root between 3 and 4. The equa- 

('v 8 ' 

|j_7| + 7 = 0, that is, «'» - 28aj' + 56 = 0. 

The root which lies between 2 and 3 will be found to be 

1 



2 + 



1. ' 



2 + &C. 

The root which lies between 3 and 4 will be found to be 

1 



3 + 



2. ' 



1 +&C. 



The roots of the original equation will be obtained by taking 
h9.1f of each of these values. 

Or we may apply Lagrange's method to the original equation 
without any preliminary transformation. Assume a? = 1 + - ; thus 

if 



*o-. ■ 
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A + iy-7(l+i)+7 = 0. This wiU give y"-4y' + 3y + l =0, 

saj ^y) = 0. Here ^1) is positive, ^2) is negative, and ^3) is 
positive; thus one value of y must lie between 1 and 2, and the 

other between 2 and 3. Then we may put y = 1 + - in order to 

continue the approximation to the first root, and y = 2 + - in 
order to continue the approximation to the second root. 

The equation sc" — 7a5+7 = has one negative root; we may 
find it by changing x into —x and calculating the positive root 
of the resulting equation, that is of the equation 

(_aj)»-7(-a;) + 7 = 0. 

Or since the sum of the three roots of the equation a?"— 7a5 + 7 = 
is zero, when two of the roots are calculated approximately the 
third can be immediately found approximately. 

216. If in following Lagrange's method we arrive at an equa- 
tion which has an integer for a root, we obtain a finite continued 
fraction as a root of the original equation, that is, we obtain a comr 
mensurable fractional root This of course cannot occur if we have 
previously determined all the commensurable roots both whole and 
fractional of any proposed equation, and removed the corresponding 
Actors by division. 

217. It may happen that in following Lagrange's method we 
arrive at an equation which is identical with one of those which 
preceded it; in this case the quotients of the continued fraction 
recur, so that the continued fraction is a periodic continued frac- 
tion and its value can be found by solving a quadratic equation ; 
see Algebra, Chapter xlv. The roots of this quadratic equation 
will involve a quadratic surd, and both of the roots will be roots of 
the proposed equation by Art 44. 

218. We will here give the general process which has been 
exemplified in Art 215 in the second method of treating the 

9—2 
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equation a;'- 7a + 7 = 0. The object in view, is to apply Lagrange's 
method of approximation when a proposed equation has more than 
one root between consecutive integ<^:s. Let y(cc) = be the pro- 
posed equation; form the awosi/tor^ .^«w<j<u»i«yj(a;),;/^(«),^(«),... 
which occur in Sturm's theorem, stopping when one is obtained 
which is positive for all values of x; see Art. 199. Suppose that 
more than one root of the proposed equation lies between the 

consecutive integers a and a + 1. Put a + - for a? in the functions 

/{x), /^{x), y^(a),..., and denote what they become respectively by 
F(^)9 ■^i(y)> ^a{y)y"'* I^i^ ^^^ latter series of functions we sub- 
stitute successively any two numbers, as b and J + 1, the difference 
of the numbers of the changes of sign in the two cases will give us 
the number of roots of the equation F{y) = which lie between 
b and & + 1. For ike results which we obtain by substituting b 
and b + 1 in. Fi^)^ F^{y)i ^aiy)*--} ^^e the same as those we should 

1 1 , 

obtain by substituting respectively a + r a*id a + -r — r- in the series 

/{^9 /,(a3),/j,(^)>-" j aiid therefore the difference of the numbers of 
the changes of sign must be equal to the number of the roots of the 

1 1 

equation /(aj) = which lie between a + ^ and a + ^ — =- , iliat is, to 

the number of the roots of the equation F(y) = which lie*between 
b and 6 + 1. 

If then we find that more than one value of y lies between 

the consecutive integers b and 6 + 1, we substitute 6 + - f or y 

in the series F(y), F^{y), Fj(^),...; then, by giving two consecutive 
integral values successively to z and substituting them we can 
determine whether more than one value of z lies between two 
consecutive integers. 

We proceed in this way until we obtain an equation which has 
only one root between consecutive integers ; and after that we need 
not pay any regard to Sturm's functions but continue the calcula- 
tion for this particular root by the method of Art. 212. 
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Thus we are able to separate the roots and can calculate them 
without any omissions. 

As we do not require to know the vdlueSy but only the signs 
of F{y)y ^i(y), ^g(y), ..., we may in all cases multiply these 
functions by such powers of y as will clear them of fractions; for y 
is supposed to be a positive quantity, and therefore any power of y 
is positive. Thus, for example^ instead of ^(y), that is, instead of 



/(-p) 



we may use 



»"/(*)+/-/'(«) +^/"(«) + - + y-H 



supposing that f{x) is of the degree n. 



XVII. NEWTON'S METHOD OF APPROXIMATION 
WITH FOURIER'S ADDITIONS. 

219. We shall now explain Newton's method of approxima- 
tion to the numerical value of a root of an equation. 

Let f{x) = be an equation which has a root between certain 
limits a and fi the difference of which is a small fraction ; let c be 
a quantity between a and )8 which is assumed as a first approxi- 
mation to the required root, and let c + h denote the exact value 
of the root, so that ^ is a small fraction which is to be determined. 
Thus /(c + A) = 0, that is, by Art. 10, 

/(c) + A/Xc)4-j^/'Xc) + ^rXc)+... + ^/Xc)» 

Now since h is supposed to be a small fraction A", A', ... will be 

small compared with h] if we neglect the squares and higher 

. powers of A- in the above equation we obtain /(c) + hf\c) = ; thus 

*~ /'(c)- 



^^[>] 
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Supposing then that we thus obtain an approximation to the 
value of hy we have c — -^ftk *^ ^ ^^^^ approximation to the root 
of the proposed equation. Denote this new approximation by c,, 
and then proceeding as before we obtain c, — 7^7-^ as a new ap- 
proximation ; and so on. 

We shall presently examine more closely the conditions which 
must hold in order that this method may be safely applied. It is 
of course obvious that such examination is necessary^ since the pro- 
cess is not universally applicable; for if /"'(c) is small compared 
with f{c) the supposed approximate value of A is not a small 
fraction as it should be. 

220. As an example of Newton's method we will take the 
equation which Newton himself selected, namely, a^ — 2a5 — 5 = 0, 
say y (x) = 0. Here a; = 2 makes /(a;) negative, and a; = 3 makes 
y(aj) positive, so that a root of the equation /(x) = lies between 
2 and 3. Again, x = 2^ makes /(x) positive, so that the root lies 
between 2 and 2^; also a; = 2*2 makes /(x) positive; thus the 
root cannot differ from 2*1 by so much as •!. Suppose then 
c = 2-l ; then 

/(c) _ c'-2c-5 
'''"'' TX^"""" 3c'-2 

= 2-1 - j^^-^ = 2-1 -•0054 nearly ; 

thus Cj = 2-0946 nearly. 
Then for a new approximation we have 

Ci -{^x = Cr- -00004852 nearly, 

= 2-09455148 nearly 

221. This process is very simple in theory and not difficult in 
•ractice ; but it is not of certain success unless some precautions 
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are taken which we shall presently explain. For siippoie tfaat c 

is an approximate value of the root, and that c^ = c —■^A ; '^^ are 

not sure without further investigation that e^ is nearer than c to 
the real value of the root. In the preceding example we first 
ascertained that there was a root between 2 and 2*2 ; then we 
assumed 2*1 as a first approximation and deduced 2*0946 as a 
new approximation. But we are not sure as yet that 2*0946 is 
nearer to the root than 2*2 ; if however we put 2*1 for x we 
find that f{x) is positive, and thus the required root must lie 
between 2 and 2*1, and now we know that 2*0946 is nearer than 
2*2 to this root. But we do not know even now that 2 09 4 6 is 
nearer to the root than 2*1. If we put 2*0946 for f(x) we find 
that f{Qc) is positive, and this shews that the root lies between 
2*0946 and 2 ; thus 20946 is nearer to the root than 2*1. 

222. Fourier has ^ven a rule by which we are saved the 
trouble of such repeated examinations as we have exemplified in 
the preceding Article; this rule guarantees the success of New- 
ton's method when certain conditions are satisfied. Fourier's 
supplement to Newton's method depends upon a property of the 
first derived function of a given function, which we will now 
prova 

223. If a and 5 are any two quantities, some quantity X inter- 
mediate between a and h exists, such that 

/(6) -/(«) = (ft -«)/W. 

For let F{x) denote /(»)-/(a)-f5| {/(ft) -/(»)}; then F{x) 

vanishes when x = a and also when a? = 5. Therefore by Art. 102 
the equation F'(p^ = must have a root between a and 6. And 

F\x) =/'(«) ^ > hence some quantity X intermediate be- 

tween a and h must exist, such that /YX) - / «^w _ q ; there- 
fore /{h)^/{a)^{b--a)/\\). 
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224. Suppose that b is greater than a ; then /(b) is algebrai- 
cally greater or less than /(a) according as/'(\) is positive or 
negative, li f\x) is positive between x = a and a; = 6, then f\>) 
is necessarily positive, and if f\x) is negative between x^a and 
a? = 6, then f'Q^ is necessarily negativa 

Hence we have the following result; if /\x) is constantly posi- 
tive through any interval, /(x) increases with x through that 
interval, and if /\x) is constantly negative, /(x) decreases as x 
increases through that interval. By the increase or decrease of 
/(x) we mean algebraical increase or decreasa We may however 
state our result thus ; if /\x) retain the same sign through any 
interval, then as x increases through that interval /{x) increases 
numerically when it has the same sign as /'{x), and decreases 
nwmericaUy when it has the contrary sign. 

22/). We shall now enunciate and prove Fourier's rule. Let 
flo^ = be an equation which has one root and only one between 
a and )3; and suppose that the equation /'(x)=^0 has no root 
between a and ^, and also that the equation /'\x) = has no root 
between a and P ; then Newton's method of approximation will 
certainly be successful if it be begun and continued from that limit 
for which /(x) and /'\x) have the same sign. 

It follows from our suppositions that /(x) changes sign once 
and only once between a and jS, and that /\x) and /"{x) do not 
change sign between a and p. We will suppose ^ — a to be 
positive. 

(1) Suppose that /(x) and /'\x) have the same sign when 
x=a. Take a for the first approximation ; then Newton's second 

approximation is a-'^^— {• I^* a + A- denote the true value of 

/(v 

the root; then /(a + A) = 0. Now by Art 223, we have 
/{a + h)-/{a) = hf\k), where X lies between a and a + h; thus 

h = - i57T\ » *^^ *^® *^® TBhiG of the root is a - ^,;*( . We have 
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then to shew that a-"^^ is nearer than a to the true value 

of the root. Since h is necessarily a positive quantiiy, /(a) and 
/'(A.) are of contrary signs, and /(a) is of the same sign as /^\o)t 
and therefore /\^) and /^\a,) are of contrary signs. Hence /\x) 
decreases numerically as x increases between a and /3, by Art. 224, 

so that /'QC) is numerically less than /\ol)} therefore — '^- ( 

is a positive quantity which is numerically less than the positive 

quantity —'QjA' This shews that Newton's second approxima- 

tion is nearer to the true value of the root than the first approx- 
imation. 

Let ttj = «— 777-T > t^en /(ttj) and /"(*i) ^^^® *^® same sign, 
and the approximation can be continued from a^. 

(2) . Suppose that /(x) and /''{x) have the same sign when 
x = fi. Take )8 for the first approximation, then Newton's second 

approximation is ^ - ^7^'r . Let fi + h denote the true value of 

the root; then /(fi-\'h) = 0. Now, by Art. 223, we have 
/(fi + h)-/{P) = h/^{k)y where X lies between P and 13+ h; thus 

^ = — 4^7TT • We have then to shew that fl— >}^\ is nearer than 

P to the true value of the root. Since h is necessarily a negative 
quantity, /{P) and /'(A.) are of the same sign, and /(/S) is of the 
same sign as/"(/8), and therefore /'(A) and /"(/8) are of the same 
sign. Hence /'(x) increases numerically as x increases between 
a and /S, by Art. 224, so that /'(A.) is numerically less than/'()8). 

Therefore 77^ is a positive quantity which is numerically less 

than the positive quantity 777^. This shews that Newton's 

aeoond appixiximation is nearer to the true value of the root than 
the first approxinaation. 



:* i ■■ 
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letp^ = P-y^; thcn/08J and /"O^ J have the same sigii, 
and the approximation can be continued from P^* 

226. The preceding Article shews that the conditions given 
bj Fourier are sufficient to ensure the success of Newton's method 
of approximation. When these conditions are satisfied^ and the 
approximation is b^un and continued from that limit for which 
f(x) and /''(«) have the same sign, we obtain a succession of 
values, which continuously increase up to the real value of the 
root or HiTniTiiah down to it, according as the limit from which we 
start is less or greater than the true value of the root. We will 
now briefly shew that Fourier's conditions are necessary. 

If we start with an assumed value c, Newton's second ap- 
proximation corrects this by adding - 77r(> while the true value 

of the root would be obtained by adding — 7^7:- Hence* the 

permanence of sign oi f'{x) is necessary in order that we may be 
sure that f'{c) and /'(A,) have the same sign ; if these quantities 
do not have the same sign the Newtonian correction has the wrong 
sign, and Newton's second approximation is further from the true 
value of the root than the first approximation. 

The permanence of sign of /"(«) is necessary in order to en- 
sure that y'(X) is numerically less than f\c), K this is not the 
case the Newtonian correction is numerically greater than the 
true correction, and thus, supposing the correction to be of the 
right sign, the true value of the root lies bettoeen Newton's first 
and second approximations. In this case Newton's second approxi- 
mation Tnay be nearer to the true value of the root than the first 
approximation, but is not necessarily so. 

227. In the example of Art 220, it may be shewn that the 
equation /(x) = has only one root between 2 and 2*1, and that 

equations /'(«) = and /"(a;) = have no roots between these 
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limits; also f{x) and /"(«) are both positive when 05 = 2*1. 
Hence the Newtonian approximation will certainly succeed if it 
be begun and continued from the limit 2*1. 

For another example take the equation a*— 7a; + 7 = 0, say 
/{x) = 0. It may be shewn by trial that the equation has one 
root between 1*3 and 1*4 ; the equations /'(«) = 0, and /"(a) = 0, 
have no roots between these limits; also /(x) and /"(«) are 
both positive when a; =1*3. Hence the Newtonian approxima- 
tion Will certainly succeed if it be begun and continued from the 
limit 1-3. 

228. We will now shew how to estimate the rapidity of the 

approximation. Suppose c to be the approximate value of the 

root which has been obtained at any stage of the process ; then 

f(c) 
the true value of the root is c - jrrk > so that the numeiical value 

f(c) 
of the error at this stage is tAtt , which we will denote by r. 

f(c) 
The next approximate value will be c-jrAi ^^^ ^^^ ^^® ^^" 

merical value of the error is 4rrk - "^tttj t^^t is, r ^ ^ {,,/. ^ . 

And by Art. 223, we have /'(c)-/'(X) = (c-X)/"(/x), where 

UL lies between c and X : thus the error is -^ — ^j^r^ -' Now X 

lies between c and the real value of the root, so that c — X is less 

than r ; hence the error is less than 'i,. \i . Let the greatest 

value which f"(x) can take between the limits considered be 
divided by the least value which f'(x) can take, and denote the 
quotient by y ; then the error is a fortiori less than qr\ 

For example, in Art 220, the root lies between 2 and 2*1. 
Thus to find q we divide the value of 6a5 when a; = 2*1 by the 
value of 3a5"- 2 when x=2i therefore g's 1*26 ; and as ^ is nearly 
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unitj, the number of exact deciinal places in the apjgoYiinatimi 
will be nearly doubled at each st^ 

229. The student who is acquainted with the elements of the 
applicati(A of the IKfierential Calculus to the theory of curves, 
will find it easy to illustrate geometrically Foorier^s rule for cm- 
ducting Newton's approximation. 





Suppose PQR to be a part of the curve determined by the 
^nation y =f{x). Then we may be supposed to know OM and 
ON, and to require the value of OQ ; that is, we require to know 
the point where the curve cuts the axis. 

At the point P it is obvious that /(a;) is negative if Oy be the 
positive direction of the axis of y ; and /"(«) is also negative at 
P, fflnce the curve at P is convex to tlie axis of so. Draw the 

tangent FT; let OM=a, then MT = -'jr^., as is known by the 

Differential Calculus; so that, starting from M the Newtonian 
approximation proceeds to T, And as T fells between Jf and Q 
it is obvious that the method succeeds in this case, and that Uie 
approximation can be continued from T, 
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At the point B we ha,ye /{x) poedtive and/^'(a;) negative. 
Draw the tangent BS; then, starting from N" the Newtonian ap- 
proximation proceeds to S, and S and N are on opposite sides of Q. 
Moreover there is no security that QS is less than Qj^, and there 
is no security that the approximation can be continued from S, 
Thus the approximation cannot be begun firom iT. 

The student may easily illustrate by figures the condition that 
/'(x) and f"{x) should retain an unchanged sign between the 
limits considered. 
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230. We shall now explain the method of approximating 
to the numerical value of a root of an equation which was in- 
vented by the late Mr. Homer. 

Let /(a;) = be any equation ; then y (a + 05) = is an equation 
the roots of which are less by a than the roots of the first equation. 
The equation /(a + sc) = becomes when developed, 

/(a) + <(«) + a.-^ + a^ +...+«- -^ = 0. 

Now the essential part of Homer's method consists of a pro- 
cess by which the coefficients of the last equation may be syste- 
matically and economically calculated ; we have already observed 
that such a process will be useful ; see Arts. 11 and 214. 

231. Suppose, for example, that 

f{x) = Aai' + Bx^-^Ga?+Da?-¥Ex + F] 
then /(a) =^a' + Bo" ^ Ca"" + Da' + Ea + F, 
f\a) = bAa'' + iBa* + 3Ca' + 2Da^E, 

\f\a) = 10ia» + 6^' + 3Ca + D, 
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We liave thus shewn Homer's process of forming the coeffi- 
cients of the equation /(a + jc) = when the equation is of the 
Jl/ih degree ; we will hereafter prove that this process is applicable 
whatever may be the degree of the equation. At present we 
proceed to explain the use of the process in approximating to the 
root of an equation. 

232. Suppose, for example, that we have an equatiou with a 
root lying between 300 and 400 ; form a second equation the roots 
of which are less than those of the first equation by 300, so that 
the second equation has a root lying between and 100. By 
trial let the greatest multiple of 10 which is contained in this 
root be found ; suppose it to be 70 ; form a third equation the 
roots of which are less than those of the second equation by 70, 
so that the third equation has a root between and 10. By 
trial let the greatest integer which is contained in this root be 
found ; suppose it to be 2 ; form a fourth equation the roots of 
which are less than those of the third equation by 2, so that the 
fourth equation has a root lying between and 1. By trial let 
the greatest number of tenths which is contained in this root be 
found ; suppose it to be 8 tenths ; form a fifth equation the roots 
of which are less than those of the fourth equation by -8, so that 
the fifth equation has a root lying between and '1. By trial 
let the greatest number of hundredths which is contained in this 
root be found ; suppose it to be 7 hundredths. 

Now suppose that '07 is exactly a root of the fifth equation; 
it follows that 372-87 is exactly a root of the first equation. 

Next suppose that -07 is not exactly a root of the fifth equa- 
tion ; then it follows that an equation exists the roots of which 
are \ess than those of the first equation by 372*87, and which 
has a root lying between and '01. Thus the first equation has 
a root which Hes between 372-87 and 372-88. 

Thus we see how by a series of operations of the kind given 
in Art. 231, we either arrive at the exact value of the root of 
an equation, or we may approximate to it as closely- as we pleasa 
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233. In the preceding Article we have stated that certain 

numbers must be found hy trial; we shall now shew that we 

can easily guide ourselyes in these trials. Let /(a;) = be the 

proposed equation, and suppose that by one or more operations 

we have derired the equation which has its roots less than those 

of the proposed equation by e, that is, suppose we have formed 

the equation f{c + a?) = 0, and suppose that this last equation 

has a small root. Then c is an approximate value of a root of 

f(cS 
the original equation ; hence by the preceding chapter c — Trr\ will 

is an approximate value of the number which we want in order 
to continue the operation. 

234. Example. Let /(a:) = 2aj'-473«"-234aj-711. It 
will be found by trial that /(200) is negative and /(300) positive, 
so that the equation /(a?) = has a root between 200 and 300. 
We proceed to diminish the roots by 200. 



-473 
400 


-234 
- 14600 


-711 (200 
- 2966800 


-73 

400 


- 14834 
65400 


-2967611 


327 
400 


50566 





727 

Hence the equation which has its roots less than those of 
/(aj)=0 by 200 is 2a;» + 727iB» + 50566a;- 2967511 = 0; so that 
/(200) = - 2967511 and /'(200) = 50566. 

//200^ 
Hence " '^Aoqax ^ ^<^™ ^^^^ ^^- ^® ^^^^ proceed to dimi- 
nish the roots of the equation just given by 50. 

T.B. 10 
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2 727 50566 -2967511(50 

100 41350 4595800 



827 91916 1628289 

We thiis find that 50 is too large a number, for wb have 
/(250) = 1628289 a podtive quantity, while /(200) is negative; 
so that the root we 'are seeking is less than 250. In &ct, in 
guiding ourselyes in the manner explained in Art. 233 we are 
liable to select too large a number for trial, especially in the early 
part of the operation ; a similar failure occurs sometimes in the 
ordinary process of extracting the square root of a number. 

We shaU then try 40. 

2 727 50566 -r- 2967511 (^40 

80 32280 3313840 



807 82846 346329 

Thus 40 is also too large, for /(240) is positive. 



We shall then try 

2 727 
60 


30. 


50566 
23610 


787 
60 


74176 
25410 


847 
60 


99586 



2967511 [30 
2225280 



-742231 



907 

Thus /(230) = - 742231 a negative quantity, so that 30 is the 
right number. 

Hence the equation which has its roots less than those of 
/(«) = by 230 is 2x^ + 907«' + 99586a; - 742231 = 0. 

Here /'(230) = 99586 so that - i||S = 7 approximately. 
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We proceed then to diminish the roots of the equation just 
given by 7. 

2 907 99586 -742231(^7 

14 6447 742231 



921 106033 

This shews that /(237) = 0; so that 237 i* a root of the 
>riginal equation. 

The whole operation is usually exhibited thus ; 

2 -473 -234 -711(^237 

400 - 14600 - 2966800 



-73 

400 


- 14834 
65400 


-2967511* 
2225280 


327 
400 


5056Q'' . 
23610 


- 742231 1 
742231 


727* 
60 


74176 
25410 




787 
60 


99586 
6447 




847 
60 

907t 
14 


106033 





921 
Here the mark * shews where the first part of the operation 
endsy and the mark t shews where the second part of the opera- 
tion ends. 

235. We will now take an example of an equation which 
has no commensurable root. Lety*(a;) = oj* — 305* — 2a; + 5. It will 
be found by trial that /(3) is negatiTe and /{i) positive, so that 
the equation /(x) = has a root between 3 and 4. The following 
will be the operation for approximating to this root as &t as 
three places of decimala 

10—2 
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-3 
3 


-2 



6 (^3^128 
-6 





-2 


-1* 


3 


9 

7* 


•761 


3 


-•239t 


3 


•61 

7-61 
•62 

8-23t 


•167128 


6* 
•1 


- -0718721 
•068273152 


61 


- 003598848 


•1 


•1264 




6-2 


8^3564 




•1 


•1268 




6-3t 


8-4832 1 




•02 


-050944 




6-32 


8-534144 




•02 


•051008 




634 


8-585152 




•02 




• 


6.36t 
•008 






6-368 




•008 






6376 




•008 







6-384 



^1 



Here to find the second figure of the root we have — ^ , so 

that •! is the nearest number to be tried ; to find the third figure 

— •239 
of the root we have — oIh^ , bo that -02 is the nearest number 



8-23 



figure 
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-.071872 



J so that '008 is the nearest number to be tried. In 



8-4832 
all these cases the number suggested is found to be correct. 

236. As another example take the equation given in the pre- 
ceding Article, and approximate to the root which it has between 1 
and 2. The operation is usuaUy exhibited thus ; 

1 -3 -2 5(1-2016 

1 -2 -4 



-2 


-4 


1000* 


1 


-1 


^992 


-1 


^500* 


8000000 t 


1 


4 


- 4879399 


00* 
2 


-496 
8 


3120601000J 
- 2927060904 


2 


- 4880000t 


193540096 


2 


601 




4 


-4879399 




2 


602 




600t 
1 


-487879700t 
36216 




601 


- 487843484 




1 


36252 




602 


- 487807232 




1 






6030 1 
6 






6036 






6 


• 




6042 






6 




• 



6048 
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The difference between this arrangement and that in Art. 235 
arises from the fact that it is usual in practice to omit the decimal 
points, just as they are omitted in the process for extracting the 
square roots of numbers approximately. The following rule with 
respect to the decimal part of the root will be sufficient. When 
all the whole figures of the root have been found and the decimal 
part of the root is about to appear, annex one cipher to the right 
of the first working column, two ciphers to the right of the second 
working column, three ciphers to the right of the third working 
column, and so on if there are more than three working columns ; 
then proceed completely through one stage of the operation as if 
the new figugre of the root were a whole number. Then annex 
ciphers again as before. 

It will be observed that after the 2 in the root the next figure 
considered as an integer would be approximately given by 

AQQAH ' ^^^ *^ ^ ^^^ ^^^'^ unity ; so a cipher is put in the 

root and we annex another cipher to the first working column, 
two more to the second working column, and three more to the 
third, and proceed as before. The ciphers will serve to distin- 
guish the several stages of the operation, so that the marks * t { 
may be omitted. 

It is obvious that in all the preceding examples the first work- 
ing column might have been shortened by performing in the head 
the easy work which occurs, and putting down only the results, 
but we have thought it clearer to exhibit the whole for the 
student. 

237. After a certain number of figures in the root have been 
found correctly, an additional number may be obtained by a con- 
tracted operation. We will exemplify this by calculating the 
positive root of the equation x^ + Zx' — 2a3 — 5 = 0. We will first 
perform the operation at full imtil five decimal places of the root 
have been determined. 
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1 



3 
1 


-2 
4 

2 
5 

700 

189 

889 
198 


-5 (1-33005 
2 


4 
1 


-3000 
2667 


5 
1 


- 333000 
332337 


60 
3 


- 663000000000 
564352475125 


63 
3 

3 


108700 
2079 

110779 
2088 


-98647524875 


690 
3 


112867000000 
3495025 




693 
3 


112870495025 
3495050 




696 
3 


112873990075 




699000 
5 




699005 
5 




699010 
5 





699015 



The rule for contracting the operation is the following ; strike off 
at every step one figure from the right of the last column but one, 
two figures from the right of the last column but two, and so on. 

We will now resume the example just considered and apply 
this contracted process. 
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1 699015 112873990075 -98647524875 (1-33005873 

55921 90299639432 



11287454929 
55921 


- 8347885443* 
7901261018 


11287510850* 

489 


- 446624425t 
338625624 


1128751574 
489 


- 107998801 


1128752063t 
2 




112875208 
2 




112875210 


■ 



At the point where the full operation terminated we have 8 sug- 
gested for the next figure ; we then reject 5 from the end of the 
last working column but one, and 15 from the end of the last 
working column but two. The first step in carrying on the work 
is to multiply 6990 by 8, and put the product in the next working 
column; the product is considered to be 55921, because we con- 
ceive 69901 multiplied by 8 and the last figure struck off, and so 
55921 is nearer than 55920 to the true value. Then we add 
55921 to 11287399007; the figure in the units' place of the sum 
we take to be 9 by allowing for the rejected 5. The mark * indi- 
cates where the first stage of the contracted operation finishes. 
'Now strike off from the end of the second working column and 
90 from the end of the first working column, so that the first work- 
ing column is reduced to 69. The next figure of the root is 7, and 
this stage of the operation finishes where the mark t is put. 
Strike off 3 from the end of the second working column and 69 
from the end of the first working column. The first working 
column now disappears, but still exercises a slight influence be- 
cause the next figure in the root is 3, and when 69 is multiplied 
by 3 and two figures rejected there remains a 2. 
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Only two working columns are now left ; the remainder of the 
work coincides with the ordinary process of carUracted divisionf 
and it will supply eight more figures in the root. 

11287521,0 - 107998801 (^1-3300587395679825 

101587689 



1128762,1 



112875,2 



11287,5 



1128,7 



112,8 



11,2 



1,1 



-6411112 
5643761 

-767351 
677251 

-90100 
79013 

-11087 
10158 



-929 
902 



-27 
22 

-5 



The approximation may be relied upon up to the last figure, 
at least exclusive of that. For if the «whole operation were 
performed at full, the last working column would present 
a large number of figures on the right-hand side of those here 
exhibited, but those which are here exhibited would retain their 
places without alteration except perhaps the exchange in some 
lines of the last figure for another differing from it by unity. 

238. The root found in the preceding Article is the numeri- 
cal value of the negative root of the equation of — 3a5* — 2a3 + 5 = 0. 
Hence the sum of the roots found in Arts. 235 and 236 should 
exceed the root found in Art. 237 by 3; because the sum 
of the three roots of the equation with their proper signs is 3. 
This will be found to hold approximately; and the student may 
exercise himself m carrying on the approximations to the two 
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poeiiiYe looiB to more places of decimals than we have given, in 
order to verify more clearly the connexion between the sum of 
those two roots and the root calculated in Art 237. 

239. Various suggestions have been oiffered with the view of 
saving labour in the use of Homer's method. With respect to 
such suggestions we may quote the following remarks which occur 
in connexion with one of them. ''But considering that the 
process is one which no person will very often perform, we doubt 
whether to recommend even this abridgment. All such simplifica- 
tions tend to make the computer lose sight of the imiformity of 
method which runs through the whole; and we have always found 
them, in rules which only occur now and then, afford greater as- 
sistance in forgetting the method than in abbreviating it." Penny 
Cydopoedia, article InvoliUion, 

240. In Art. 231 it was stated that it would be proved that 
Homer's method of forming the equation /{a + x) = is uni- 
versally true. We will now consider this point. 

Let f{x)=Po^'^'Pi^~^ +P8^''-^"--^Pn-i^'^Pny 

for X put y + a, and suppose that /(x) then becomes 

we have to prove that q^, q^_^j ••• S'l? %i *"*© foimd correctly by 
Homer's process. It is obvious that qQ=PQ' Since y = x^a the 
following expressions are identically equal, 

and qj^x - a)* + qjioc - a)""* + qj^x - a)""' + . . . + q^^^{x - a) + q^. 

Therefore q^ is the remainder that would be found on dividing 
f{a^ by a; — a j also the quotient arising from this division must be 
identically equal to 

qlx - of-' + q^{x - «)"-» + qj^x - a)-« + . . . + g^_^. 
Then again q^_^ is the remainder that would be foxind on di- 
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Tiding the last expression hy x—a; also the quotient arising from 
this division must be identioallj equal to 

Then again 9,., is the remainder that would be foond on di- 
viding the last expression by »— a ; also the quotient arising from 
this division must be identically equal to 

and so on. 

Thus q^y q^^^, ^u-%9 ^n-s* ••• *^ *^® successive remainders 
whidi occur in dividing, first /(x) by as — a, then the quotient by 
05 — a, then the new quotient by a? — a ; and so on. And by Arts. 
5, 7, and 9 we see that Homer^s process determines these succes- 
sive remainders. 

241. We have thus sufficiently discussed the subject of the 
approximate values of the real roots of equations. There is no easy 
practical method of calculating the imagina/ry roots of equations 
at present known; but theoretically this may be made to depend 

on what has been already given. For suppose a + 6 v— 1 is an 
imaginary root of an equation /{x) = Oj then since the real and 

imaginary parts of /(a + b >/— 1) must separately vanish, we obtain 
two results, which we may denote by P = and © = 0, as in 
Art. 41. Here P and Q will be functions of a and 5, and if we 
eliminate a or & from the equations P = and Q = 0, we obtain a 
single equation involving one imknown quantity; and we require 
recU v€dues of this unknown quantity. Hence we can determine the 
imaginary roots of a given equation if we can form a certain other 
equation and determine its real roots. We shall hereafter shew 
how to form the equation which results by eliminating one of two 
unknown quantities from two given equations. 

We shall in Chapter xxi. explain another method which has 
been used for calculating the imaginary roots of equations. The 
student may also consult Dr Rutherford's essay on the CompleU 
Solution 0/ Numerical Equaiione. 
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XIX. SYMMETKICAL FUNCTIONS OF THE ROOTS. 

242. A function of two or more quantities is said to be a 
syrmnetriccd function of those quantities if the function is not 
altered when any two of the quantities are interchanged. 

Thus^ for example^ a* + 5* + c* is a symmetrical function of the 
three quantities a, b, e; so also is a& + 5c + ca; for each of these 
functions is imaltered when we interchange a and h, or a and c, or 
b and c* 

243. The coefficients of an equation a/re sym/mstrical func- 
tions of ike roots of the eqvMion, 

For by Art. 45, if the equation be »" + p^af"^ + pjxf"'' + ... = 0, 
we have 

— jOj = the sum of the roots, 

Pg = the sum of the products of the roots taken two at a time, 

and so on; and it is manifest that the functions of the roots which 
occur here are symmetrical functions. 

The object of the present chapter is to shew that every rational 
symmetrical function of the roots of an equation can be expressed 
in terms of the coefficients of that equation. We shall begin with 
proving Newton's theorem for the sums of the powers of the roots 
of an equation. 

244. Let f{x) denote ai"+jo,a^"*+jOj,a5""'+ ... +jo^ and let 
a, by c, dy,,. denote the roots of the equation /(a;) = 0. 

Let S^ = a-hb + c-\-d-\- ,,. 

S^ = a'+b'+c'+d'+ ..., 

S^ = a*+b^+c'^+d^+..., 

and so on; thus S^ is the sum of the roots, S^ is the sum of the 
squares of the roots, S^ is the sum of the cubes of the roots, and in 
general S^ is the sum of the m^ powers of the roots. 
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By Art 74 we hare 

•^ ^ ^ 85 — a 05 — 6 « — c 

The diyisioiis indicated on the right-hand side of this identity 
can all be exactly performed by Art. 7 j and we have 

Ax) 

and similar expressions hold for ^^-^ , i^^-^ ,.., 
By addition then we obtain 

Also /'(a) = wo"-' + (w - !)/>,«""• + (n - 2) jp,a:"-'+ . . . 

Equate the coefficients of the same powers of a; in the identity ; 
thus 

iS'j+7ip, = (n-l)/?j or iS^j+2?i = 0, 
and generally 

or ^^+PiS^-x'^p,S^.,+ ... +|^«.i^i+»ip« = 0- 

In this general result m is supposed to be less than n. 

By means of the general result we can express the sum of the 
mf^ powers of the roots in terms of the coefficients and the sums of 
inferior powers of the roots; and thus by repeated operations we 
may express the sum of the m^ powers of the roots in terms of the 
coefficients only, 
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Next suppose that m ia not restrioted to be less than n. 
Multiply the given equation /(x) = by aT"*; ihuB ar~"/(a:) = 0, 

that is, ar+Pjar""'+^^"*+ ... + p^a:?""" =» 0, 

Substitute for x successively a^ b, c,... and add the results; 
thus 

By this theorem we can express the sum of the m*^ powers of 
the roots of an equation in terms of the coefficients and the sums of 
inferior powers of the roots when m is not less than n; and thus 
by repeated operations we may express the sum of the m^ powers 
of the roots in terms of the coefficients. 

2^5. To find the sum of the negative powers of the roots of 

the equaticm /{x) = 0, we may put - for x and find the sum of the 

corresponding positive powers of the roots of the transformed equa- 
tion in y. 

Or we may make m successively equal to n—1, n~-2, n — 3, ... 
in the last result of the preceding Article; and thus obtain 
successively S_ ^ , /SL^ , S_^ , . . . . 

246. The general problem of finding the value of any rational 
symmetrical function of certain quantities may be reduced to the 
problem of finding the value of certain simple functions, as we 
shall now shew. 

Any rational symmetrical function which is not integral will 
be the quotient of one rational symmetrical integral function by 
another; so that only integral functions need be considered. Any 
rational symmetrical integral function which is not homogeneous 
will be the sum of two or more rational symmetrical integral func- 
tions which are homogeneous; so that only homogeneous functions 
need be considered. A homogeneous function may consist of 
different parts in which although the sum of the exponents remains 
the same, the exponents themselves are different; in such a case 
the homogeneous function is the sum of two or more homogeneous 
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fonctions of the sune degree in which the ezpcments are the same 
for all the terms. 

Hence it follows that we need only consider such rational 
symmetrical fdnctions as are integral and homogeneous, and in 
which the exponents are the same for all the terms. 

247. Let a, 5, e, d,.,, denote the roots of a given equation. 

By Art 244 we can express in terms of the coefficients the 

value of 

a"'+6"'+c"+<i"'+ ... 

This function may be said to be of the firU order, since each 
term involves only one of the roots. 

A function may be said to be of the second order when each 
term involves tux> of the roots, as 

Here every permutation is to be formed of the roots taken two 
at a time, and the exponent m placed over the first root and p over 
the second. We shall denote this function by 2a"*6^, as it is the 
sum of all the terms which can be formed like oTl/. 

A function may be said to be of the third order when each term 
involves three of the roots, as 

0-^0*+ a'^c'd^-^ arifd^+ .... 

Here every permutation is to be formed of the roots taken three 
at a time, and the exponent m placed over the first root, p over 
the second, aud g over the third. We shall denote this function by 
'StoTl/c^y as it is the sum of all the terms which can be formed like 
oTl/c'. 

Similarly we may have functions of the fourth and higher 
orders, and may use a similar notation to represent them. 

Since we have shewn how to express the function denoted by 
S^ in terms of the coefficients of an equation it will be sufficient to 
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^ 



tbew that anj €i tbe fbnctions we have to consider can be exproBed 
in terms of such. fanctioDS as S^» 

248. To find the value qf (he gymmdrical Junction of the 
second order 2a"!/. 

We have iS'. = rf'+5*+c?"+ ..., 

S, = c^-^Ii^ + (f+ .... 

By multiplication we obtain 

8^8,= rf"*'+ »-.♦'+ ir*'+ ... 
+ ari/+ oTif +ir4Jf + ... ; 
that is, 8^8, = 8^^, + 2rf"6^, 

and therefore ^'^^ = 8^8,-8^^^ 

This supposes that m and p are nnequaL If we sappoee p 
equal to m the terms in 2a"^ become equal two and two^ so that 
this som may be expressed thus, 22(a5)"* ; and therefi>re 

2^aby = 8J'-8^. 

249. To find the valve of the symmebrieal function of the (hird 
order 2a"l/c*, 

We have 2a-6^ = rf"6' + 6V + rf"c'+..., 

iS', = a' + 5'+c' + ... 

By mnlii|^cation we obtain 

8, Sa*5^ = rf"*»6' + 6-* V + iT^'a' + . . . 

+ (£*}/(? +... 

The terms on the right-hand side form three seta^ which in our 
notolion are dem)ted by 2a-*»6^, Sa'+'ft", %jr}fi^\ thus 
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Substitute for HfiTl/y ^''^^I/, and Sa'+'J" their values from 
Art 248, and we obtain 

Sa-S'C = S,S,S, - S,,,S, - S^„S, - S,,,S^ + 25-.,,;,. 

We have supposed m, p, q all unequal Suppose, however, 
that m=p; then, as in Art 248, we have 

2S(a6)-c' = Sl^, -S^S, - 2S^,,S^ + 2^^,^ 
If m =p = q^ the sum 'SaTl/c'' reduces to 3 . 3 2(a6c)"'; thus 

The method of this and the preceding Article may be con- 
tinued to any extenl^ and thus a function of any order like 
2a'"6' and Sa^ft'c' may be expressed in terms of the coefficients. 
Hence by Art 246, the object proposed in the present chapter 
can be attained. 

250. We have shewn how the function denoted by S^ can 
be expressed in terms of the coefficients ; and thus of course the 
sum of any number of such functions as S^ can be so expressed. 
The following method will, however, be generally more advan- 
tageous in such a case. If ^(x) denote any rational integral 
function of a?, it is required to express in terms of the coefficients 
the sum ^(a) + ^(5) + ^(c) + . .. 

_ , r(x) 1 1 1 

Wehave^ j^ = —-^—^^ —^^ .,, ; 

therefore ^(y>), M ^ M ., ^.^ ... 

/{x) x—a x — o x — c 

<l>(x)-il>{a) <l>(x)-<l>{b) _ ^(«)-.^(c) . 
X — a x—o x—c 

<l>{a) <l>(b) ^(c) 

"t" ■ "T" 7 T ~~~~'^ T . .. 

X — a x—o x — c 

In this identity the integral parts and the fractional parts will 

<h(x) — <b(a) 
be separately equal; also such expressions as — — — — ^-^ are m- 

T, E. 11 
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tegral by Art. 7. I^fc ^{x)f'(x) be divided hy/(x), the process 
being carried on until the remainder is an integral function of x 
of lower degree than /(x) ; let M be this remainder. Then by 
considering the fractional parts of the identity we have 

f{x) x — a x — b x — c 
Molfciply up; then 

+ terms involving lower powers of x than af~^. 
Thus <^(a) + ^(6) + <^(c) + ... is equal to the coefficient of a:""* in E, 

251. As an example of the formulsB of this chapter suppose 
it required to find the sums of the powers of the roots of the 
equation a:* — ic" — 7x^ + a? + 6 = 0. 

^. = -P^ = 1, 

S, = -pA-pA-pA-^P.= 19 + 105- 1-24= 99, 
S, = -pA-pA-pA-pA= 99 + 133-15- 6 = 211, 
-». = -/'.^. -pA -pA -pA= 21 1 + 693 - 19 - 90 = 796, 
and so oil 

, Put - for a; in the given equation; then 

.1,7.1 1 . 
y* + gy'-g2/'-gy+g = 0. 

Thus for the sums of negative powers of the roots of the 
original equation we have 



and so on. 



9 - 1^ 2^ ^^-l*+l-?? 

-» — 6 -'" V 6/" 6 36~36' 



'■\r- 
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These results may be easily verified, as the original equation has 
been constructed so as to have for its roots — 2,-1, 1, 3. 

Again, suppose we require the values of S^y S^ S^ and S^ in the 
biquadratic equation 

S^+p = Oy therefore S^ = —p, 

S^ + pS^ + 2q = 0, therefore S^ =p' - 2^, 

<S, -^pS^-^qS^ + 3r = 0, therefore S^ = -p(p*-2q) ^pq- 3r 

= -^'+3pg'-3r, 

S^-^pS^-\-qS^ + r8^'¥i8=0y 

therefore S^ = -p{-p'+ 3pq - Zr) -- q (p' -- 2q) + rp - is 

= p* - ip'q + irp + 2^^ - 4:8. 

As another example, let a, )9, y, 8 denote the four roots of the 
biquadratic equation a;* + pgf + qoif + nc + « = ; 

let .I = l(ai8 + y8), i? = l(ay + ^8), (? = i(a8 + ^y); 

and let it be required to find the value of the following sym-> 
metrical functions of the roots of the biquadratic equation, 

(1) A + B-^C, 

(2) AB + BC+CA, 

(3) ABC. 

(1 ) il + ^ + C = g (aj8 + ay + a8 + )9y + i88 + y8) = I , 

(2) AB-\-BG + GA=^^{a'Py + a'yB'^.„) = ^%a'Py 

= g {S^'S, - /?,• - 2S^3^ + 2S^ ; by the method of Art, 249. 
Then the values of S^, S^, S^ and S^ may be substituted which 
have already been obtained, and the value of j2a')?y will be 
known. Or we may proceed thus, 



%a'Py = %^^aPyi%l 



11—2 



^fTT" 
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AndaPyS = 8, and 2^=—--^, by Art. 48; 
therefore iL5 + ^(7 + Oil = J (pr - 4«)» 

The values of these two STmmetrioal fdnctions may be found 
by the methods of the present chapter directly ; or ve may ab- 
breviate those methods thus, 

for to find li — ^ ^e have only to obtain the sum of the squares 

a 

1 
of the roots of the equation in y which is formed by writing - for as. 



y 



Thus ABG^^if^fs-iqi). 



The values of the functions of -4, B^ G which have been found 
may be verified ; for A, B, (7, by Art. 189, are the roots of the 
cubic equation in m in Art. 188. 

XX APPLICATIONS OP SYMMETRICAL FUNCTIONS. 

252. In the present chapter we shall give two applications of 
the theory of symmetrical functions of the roots of an equation; 
the first application will consist in forming the equation which has 
for its roots the squares of the difiTerences of the roots of a given 
equation, and the second application will be to prove an important 
theorem in elimination. 

253. To form tke equation which has for its roots the squares 
of the differences of the roots of a given equation. 



••■'*•• ■' 
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Suppose the given equation to be of the n^ degree, and 
denote its roots by o^ 6, c,.... Then the roots of the required 
equation will be (a — 6)', (a — c)', . . .(6 — c)*, . . . ; the number of these 
is the same as the number of combinations of n things taken 2 at a 

time, that is, ^ n(n — 1); and this number will therefore denote the 

degree of the required equ^.tion. Put m for -^n(n — 1), and suppose 
that the required equation is denoted by 

Also let 8^ denote the sum of the r*** powers of the roots of this 
equation. We have only to determine s^, 8^..,8^ and then the 
coefficients of the required equation will be found in succession by 
the formubd of Art. 244, namely, «j+ ^^ = 0, 8^+ q^8^ -♦■ 2q^ = 0, and 
so on. 

Let ^(») = (»-a)*'-f (a-6)*'+(iB-c)*'+..., 

then 2«, = ^(a) + ^(6) + ^(c) + .... 

Now let S^, S^ S^4,. denote the sums of the powers of the roots 
of the given equation; thus 

Put for X in succession a, 5, c,... and add; thus 

The terms on the right-hand side which are e^distant ftom 
the beginning and end are equal; therefore by rearranging and 
dividioyg^ by 2 we obtain 



,^=nS^-2rS,S^,+?r^^^ S,S^_,- ... 



1 . 2r(2»-l)...(r+l) ^, 
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Now S^f S^... can be expressed in terms of the coefficients of 
the given equation; thus 8^ can be found, and then finallj the 
coefficients of the required equation. 

254. The last term of the required equation, namely that 
denoted by q^ in the preceding article, may be calculated in another 
way. Let the given equation be denoted by /(») = 0, so that 

f{x) = (oj — a){x — h){x — c) . . .. 

Then /' (x) = (x-'b) {x — c) ... +(aj-o)(iB— c) ... + ...; 
thus /\^) = (a — ft) (a — c) . . ., 

/'(6) = (ft-a)(6~c).... 

Hence q^=f{a) f(b) f{c),... 

Kow let o, )9, y,... be the roots of the equation/' (a;) = 0; then 

/» = w(aj-a)(aj-^(aj-y)...; 
therefore f{a) f{h) f{c) ... 

= w>-a)(a-i8) (a-y) ... (ft-a) (5^)8) ... (c-a) .... 

But (a-a)(5-a)((J-.a)... = (-l)V(a)..., 

and so on; 

thus /'(«)/'(ft)/'(^) = ^"(-ir-V(a)/08)/(y) ... 

= ^V(a)/08)/(y)..., 
for (-!)•(-» =1. 

Now /(a)/(j8)/(y)... is a syrnmiebical function of the roots 
of the derived equation /'(a;) = 0, and may therefore be calculated. 



^ 



255. In Art. 1 09 we have explained one use which we may make 
of the equation whose roots are the squares of the differences of 
the roots of a proposed equation; namely, we may thus determine 



"XVcV 
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the sitnatioii of the real roots of the proposed equation. But 
Sturm's theorem now answers this purpose more readily. However 
the equation which has for its roots the squares of the differences 
of the roots of a proposed equation will sometimes on inspection 
give information respecting the number of imagvrwry roots in the 
proposed equation; for it is obvious that if this •new equation can 
have negative roots the proposed equation must have imagma/ry 
roots ; and if the new equation has no negative roots the proposed 
equation has no imaginary roots. Also if the new equation has 
imaginary roots the proposed equation must have imaginary roots; 
it will not however follow 'that if the new equation has no 
imaginary roots the proposed equation has nona For example, 
the proposed equation might be a biquadratic equation with roots 

sfc \ tj— 1 and »fc \L J— I; in this case the new equation will only 
have real negative roots. 

256. We shall now shew how to eliminate one of the unknown: 
quantities from two equations containing two unknown quantities, 
by the theory of symmetrical f unctiona 

Let the equations be 

and q^af + q^x*~^ + q^af + ... +q^ = 0. 

The coefficients Po»Pi»Pa»---> S'o* Q'p ^a>'" *^ supposed rational 
int^ral functions of a quantity y^ and a; is to be eliminated. 

Suppose that from the first of these equations the values of x 
could be found in terms of y; let these values be denoted by 
€ky by c,.... . Substitute them in the second equation, and we obtain 
m equations for determining y^ namely 

g,6-+gr^5-» + g,5-»+ ... +i7, = 0, 



80 iliat all admissible values o{ y are contained among the roots of 
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these eqtiations. And conyersely dxij root of any one of these 
equations is an admissible value of y. For suppose, for example, 
that the first of these equations has a root fiy and suppose that 
'when (3 is put for ^ in a that the yalue is a; then a; = a, ^ = /3 will 
satisfy the two original equations. For these values obyionsly 
satisfy the second equation; and the first equation is satisfied hj 
x = a, whatever j may be, and is therefore satisfied when we take 
x = a and give to y in a the value fi. Hence it follows that by 
multiplying together the left-hand members of the above equations 
in y and equating the product to zero we obtain the final equation 
in y. INTow in this product no alteration is made by interchanging 
any two of the quantities Oy 5, c,..., so that the product is a 
symmetrical fumction of these quantities, and the value of it can 
therefore be expressed in terms of the coefficients PoiPiypgt"- of 
the first equation. Thus we shall finally obtain a rational integral 
equation in y, and this equation has for its roots all the admissible 
values of y and no othera 

257. For a particular example, suppose that the first equa- 
tion is a cubic in Xy and the second a quadratic in a;, so that we 
have to eliminate x from the equations 

p^a^+p^x^-^-pjc+p^^O, and g'o*' + S'lfl? + $', = 0, 

where th^ coefficients are supposed functions of y. Here with the 
notation of the preceding article we have 

(^'.a' + g'^a + g,) (^,5" + gr^6 + gj (g/ + ^jC + gj = 0, that is, 
q; + q^^ahc + g>Vc" + qo'q^'h' + q^'q,%i'b'c + q.'q^'iab 

Alsoa6c = -^, oVc"=^, 

Po Pi , 




» Po\Ps p.y 

P^ P. 



'A ..,. .cr 
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Po P» P» 

P' 
Sa'6 = oJcS ^= -^ (?^ - 3) , by Art. 48. 

And by substituting these values we shall obtain the equation 
which results from the elimination of x. 

258. If we elin/dncUe one unknoum qtiantity between two 
equaiiana of the deigreea m imd n respectively^ the degree of the 
reeuUing equation will not exceed nuu 

Let the equations be 

^0^ + fi'i^"'* + 2^'*+ + fl'.^ ^ ; 

the coeffidentB in these equations are supposed to be frinctions of 
y. Moreover it is now supposed that the sum of the exponents 
of X and y in the same term is never greater than m in the first 
equation, and never greater than n in the second equation; 
80 that p^ and q^ may be of the degree p in y, but not higher. 
Now suppose that x is eliminated by the method of Art. 257 ; the 
first member of the final equation in y tiien consists of a series of 
terms, each of which is the product of m &ctors, and is of the 
form q/jf^ x qp*'* x q^^ x ... And as we know that the series 
of terms forms a eyrnmetricdl fonction of a, 5, c, ..., the aggregate 
of the terms with the exponents just indicated will be 

2rM* ' • • Sa*"'6*''c*"* . . . 

Now the degree of qjqjjt ••• is not higher than r + « + < + ..., so 
that we have only to shew that the degree of Sa*"'^*"*^""**.. is 
not higher than r^ — r + r^ — « + 7^ — < + ..., and then it will follow 
that the degree of the product is not higher than rrm. The re- 
quired result follows from two observations. (1) From the formulae 
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of Art 244, it can be aliewii that Sf does not involvd h 
powers oty tlian yr. (2) ¥zom the process of Arts. 248 and 
it will follow that the value of ^^i^<f ... will involve p< 
and prodncta of S^, S^, S^...S^^^^r^__; and in each 
the sum of the sabscript letters attached to the symbol 
\+li + r+ ... 

Hence we oonclnde that in the final equation in y no pov 
y higher than y~ will occnr. 

259. The preoeding Article gives the limit which tiie d 
of the final equation in y cannot surpasB j it ma.j howev 
particnlar cases fitll short of this limit 

Hie theorem may be extended and the following general ] 
obtained; if between any number of equations invoMnj 
same uamber of unknown quantities all thoee quantdtie 
eliminated except one, the degtee of the final equation o 
exceed the product of the d^rees of the origin^ equations. 
Serret's Coun ^Algibn Superiean. 



XXL SUMS OF THE POWEBS OF THE ROOTl 

360. By Newton's method, which is explained in Art 
the sums of the powers of the roots of an equation may be 
auceetgivdy ; we shall now explain a method by which the an 
any assigned integral power of the roots of an equation m 
obtained independently. 

Ijet a, b, e, ... denote the roots of an equation /{x) = 0, » 
we have /(a:) = (as -a) (a; -6) (as -o) ...; and suppose the eqi 
of the n* degreo. Then 



=('-D('-30-3-- 



*»,;. 
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Take tlie logariihm of both sides, and then expand the loga- 
ritlmiB on the right-hand side ; thus 

log-^' = --(a + 6+c+...) 



1 S 

Thus on the right-hand side the coefficient of -= is — » ; 

x m 

8 1 

hoice we have -s = the coefficient of — in the expansion of 



— logT^r^ in descending powers of x, 

m 

This supposes m positive ; if the sum for anj negative int^pral 

power is required we can change x into - and find the sum for the 

If 
corresponding positive power of the roots of the equation in y. 

261* For example, find the sum of the m^ powers of the 
roots of the equation mf—px ■\-q=0. 

The complete coefficient of -^ may be obtained hj selection 

fix) 
firom the various terms in the value of - log -~ in which this 

power of X can occur ; these terms written in the reverse order 
are 

fn\x Q?) fi»-l\« P) m^2\x^PJ 
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The coefficient of -r, is therefore 

-P f— 1 P 5? + ^^ TO 'P V- •• 

m^ m — 1 1 ^ ^ m-2 1.2 ^ ^ 

Thus >S^=ii"'-.7np"-*^+^^^^J^V^V- ••• 

^,, nt(7yi-r~l) (^ - 2r + 1) „,^^^ , 

...+^— i; I i' y -1- .... 

Suppose ^ = 1, then the quadratic equation is a reciprocal 
equation, and its roots are of the form a and -; see Art 133. 



Thus we have » + -=», and also 

O' +-^=P -^^ + 1.2 ^ 

, -._w*(w~r-l) ... (w-2r + l) __-- 
+ (-iy— i ^y^;-^^ -V +••• 

X 

We have thus obtained a general expression for a** + -;^ in 

terms of powers of a + - ; see Art. 138. 

262. Again, let it be required to find the sum of the m*^ 
powers of the roots of the equation of — 1 = 0. 

/ix)_l 1 1 1 

Here the coeffident of -^ is zero tiuleas m is a multiple of n, 

and then the coefficient is — : so that /8L = unless 9i» is a multi- 

m "• 

pie of riy and then S^n. 
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This result is often useful, and we will give three applioations 
of it in the following three Articles. 

263. We will shew how to find the sum of selected terms of 
a given series. 

Suppose if>{x) = a^ + a^x + aje* -^^ ... ad infinitum^ and let it be 
required to find the sum of the series 

ajd* + a^^^aT*" + a^+g, «"**** + od inJmUum, 

Let a, j3, y,... denote the n^ roots of unity, that is, the n roots 
of the equation a?" — 1 = 0. Multiply both sides of the given 
identity by a"""*, and then change x into ax; thus 

Similarly, 

and so on. 

Add together the n identities which can thus be formed ; then 
on the right-hand side we obtain n times the required series, 
by Art 262 ; thus 

264. Again, by means of Art. 262 we can prove the following 
theorem ;'the expression (x + yY — aT — y* is divisible by «:"+ a^+y* 
if 91 be an odd positive integer not divisible by 3, and it is 
divisible by (a:* + ajy + y^* if » be a positive integer of the form 
6m +1. 

Let IfOfP, be the three cube roots of unity, that is, the three 
roots of the equation a^ - 1 = 0. iThen the product of these roots 
is 1, that is, aj9 = 1, by Art. 45 ; and 1 + a"* + ^ = 0, provided m 
be not a multiple of 3, by Art 262. 
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Thus «* + ay + y* = (aJ-oy)(aj-)8'y). 

Hence (a;+y)"-a^-y is divisible by si? + xy + f^ provided 
it vanishes when x=ay, and when x = fy; and it is divisible 
by (aj* + a^ + y*)*, provided its derived function n(x + y)"~' — waf "* 
also vanishes when x = ay, and when x = fy. 

When a? = oy we have 

(a!+yy-x--y- = y"{(l+a)--a--l| = y-|(-/3)"-a--l}, 

and this vanishes when n is an odd int^er which is not divisible 
by 3. 

Also^ when x = ay, 
»(aj+y)--*-7ia^-*=wy*-^f(l + a)--»-a--»j = ny--'|(-i3)--»^ 

this vanishes if n — 1 is an even int^er and a multiple of 3, 
because a'= 1, and fi^=l. And if n— 1 is an even integer and 
a multiple of 3, it follows that n is an odd integer and not divisible 
by 3, so that {x -{- y)' — a^ — j/* also vanishes. 

The same results would be obtained by putting py for x. 

Comptes JRendus Yol. ix. p. 360. 

265. The last application we shall make of Art 262 is to 
prove the following theoreuL 

Let S denote the sum of the series 

n-3 (7^-4)(n-5) (n-g)(n-6)(n-7) 
^ 2 ■*■ [3 [4 "*"••• 

. , (n-r-l)(r^-r--2)...(n-2r+l) ^ ^ 

3 
Then i8^= - if n is an odd positive integer divisible by 3, 

^ = if n is an odd positive integer not divisible by 3, 

iS= — if n is an even positive integer divisible by 3, 

2 
S = -i£ n is an even positive intq;er not divisible by 3. 
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In Art. 261 put xy for q and a? + y for ^, so that S', = a^ + y"; 
thus^ if n is a positive integer, 

{71 — 3 
(a? + y)—' ^- ay (« + y)-* 

^ <"-'>|"-'> (ay)'(a:^yr-...]...(l). 

Let \y a^ P, denote the three cube roots of unity ; put x = ay, 
then the right-hand member of (1) becomes 



na 



(l+a)/{(l+ar-!^^(Ua)-+<i^!^)a-(Uar'-...}. 



But aP = 1, and therefore )8* = a^ = a ; also a + )8+l=0, so 
that — j8 = a + 1 j thus a = (a + 1)*. Hence the right-hand member 
of (1) reduces to 

w(l+a)y |1 — ^ — + 13 --'"U 

that is n{-P)YS. 

Also when a; = ay the left-hand member of (1) becomes 
y-|(l+a)--a--lj, thati8,y-|(-i8)"-a"-lj. 

Therefore (-/?)•- a" -1 = w (- i3)"iS' (2). 

If n is an odd' integer divisible by 3, the lefl-hand member of 
(2) is equal to - 3 by Art 262; and therefore -3 = -w/S"^=-WaS'j 

therefore S = -• 

n 

If n is an odd int^er not divisible by 3, the left-hand member 
of (2) is zero by Art. 262 ; and therefore S=0. 

If 7» is an even integer divisible by 3^ the left-hand member of 

(2) is — 1, and the right-hand member is nS ; therefore S= — . 

If n is an even integer not divisible by 8, the left-hand mem- 
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bar of {2)ia/5"-o"-l, that ia 3^, aioce a" + j8*+l=0j 

2/3" = nfirS, and therefore S= - . 

It is to be observed that.the seiiea denoted by S consiafa 
Jiniie number of terms ; in &ct ifn-2)»or 2m +1 there i 
terms in the series. 

Orelle's McUh^natical Journal, ToL xx. p. 321. 

266. It has been proposed to make use of the values c 
sums of the povers of the roots of an equation in order t 
proximate to a root of the equation ; we will give an ac 
of this method drawn from MutpbT's Treatise on the Thee 
AlgeiiraiUal Equations. 

Let a, h, c, ... denote the roots of an equation; suppose 
all real and a numerically the greatest We have 

'S-*, a-*' + 6"*" + c""+... 



y^ 



^, a- + 6- + c-+... 

Thus if m be taken large enough the right-band membe 
be made to approach as near as we please to a, that is, to the 
of the numerically greatest root. 

267. We may now examine how far the result of tike 
ceding Article is modified by the presence of ijnagiaiuy i 
Let/3 + y^/^and ^--ynZ-lbea pwr of conjugate imog 
roots ; their sum ia 2^ and their product is /S" + y*, wbioli J 
square of their modtdta; see Algebra, Chap. Xiv, 

Now )3iYN/^ = /i^-=^s/^V 

- = COB A and ^ = sin fl. 
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f 

thus /x is the modulus. Then the conjugate roots may be put in 

the form /i (cos O^J —iBinO); and hj De Moivre's theorem the 
sum of the m"* powers of the two roots is 2/li"' cos viO, 

Thus if the numerical value of the greatest real root be great- 
er 
er than the greatest modulus of the imagiuary roots, -^ will 

tend to a limit as m is indefinitely increased, namely, to the 
numerically greatest root ; but if there is a modulus of the ima- 
ginary roots greater than the numerically gi^eatest root, there will 

be no limiting value of -~^ . 

268. Example, af — 2x — 5 = 0. Here the series S^y S^, 5,, . . . 
is 0, 4, 15, 8, 50, 91, UO, 432, 735, 1564, 3630, 6803, 15080, 

31756,64175,138912,287130,598699, By dividing each term 

by the preceding, we observe a tendency to a limit a little greater 
than 2, so that we may conclude that there is a real root a little 
greater than 2. The example however is not a very favourable 
one for the method ; for since the product of all the roots is 5, 
and the real root is rather greater than 2, the product of the 
other two roots is nearly 2*5. These two roots are imaginary by 
Art 172, and as their modulus is the square root of their product, 
the modulus is greater than 1 '5 ; thus the modulus is not very 

or 

small compared with the real root,, and so the expression —j^-^ 
approaches slowly towards its limit. 

269. We may obtain the product of the two numerically 
greatest roots in certain cases, by a method similar to that in 
Art. 266. 

For iS'^ = a"' + 6"' + c"'+ ..., 

T. E. 12 
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Therefore S^ S^^^ - S^^^ = oT IT {a - hf + oT c"'(a - cf 

+ 5'"c'"(6-c)"+... 
We will denote this by w^, so that 

..=.-.-(.-^,.{..-(iz|)'.i:(ir|y....}. 

Hence by proceeding as in Arts. 266 and 267 we may obtain the 
following results. 

(1) If all the roots are real -^^^ can be brought as near as 

m 

we please to the product of the two numerically greatest roots by 
increasing m sufficiently. 

(2) If there are real roots numerically greater than the 
modulus of any imaginary root, there is a limiting value of 

-=^ii, namely the product of the two greatest of these roots. 

(3) If there is a modulus of imaginary roots greater than the 
square root of the product of the two numerically greatest real 

roots, there is a limiting value of — =^^* , na'mely, the square of that 

m 

modulus, that is, the product of the corresponding imaginary roots. 

(4) Thus the only case in which -^^^^ can fail to have a limit 

is when there is one real root, and only one, numerically greater 
than the greatest modulus of the imaginary roots. In this case 
that real root can be found by Art. 267. 

270. We may also obtain in certain cases the sum of two 
roots of an equation by a similar method. 

From the values of S. S ,,. S ^,, and S .,, we shall obtain 

+ 6"c-(6 + c)(6-c)'+...; 



1 

I 
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we will denote this by v^. Then u^ having the meaning assigned 
in the preceding article, we shall find that there is a limit of 

-2. in the cases named in the preceding article, and that this limit 

m 

is the sum of the numerically greatest roots, or the sum of the two 
imaginary roots with the greatest modulus. 

271. Thus in cases (1), (2), and (3) of Art. 269 we can get 
the product of two roots by Art. 269 and their sum by Art. 270 ; 
and in cases (1) and (2) we can get the sum of two roots by 
Art. 270 and the greater of them by Art. 266. 

272. Example, a;* + a;' + 40;" - 4a; + 1 = 0. 
Here we obtain the following values : 

for the terms aS'j, aS^,... 

-1,-7, 23, -3,-116, 227, 202,-1571,... ; 
for the terms u^, ^j, • • • 

-72, -508, -2677, -14137,-74961,-397421,...; 

for the terms v^, v,,.-- 

164, 881, 4873, 25726, 136382,... 
Here no definite limit is obtained by dividing each term in the 
series S^, S^,... by its predecessor; we are therefore sure of the 
existence of imaginary roots. By dividing each term of the series 
Wj, Wg,... by its predecessor, we obtain quotients which indicate 
6-301... as the value of the product of two roota By dividing 
each term of the series v^, v^,... by the corresponding tenn of the 
series u^y u^,... we obtain quotients which indicate — 1*8 19... as 
the sum of these two roots. From these values we can obtain 
approximate values of two imaginary roots. 

Since the sum of all the four roots of the equation is — 1, and 
their product is 1, the sum of the remaining two roots is '819... 

and their product , — ; these two roots are therefore also ima- 

ginary. 

12—2 



i 
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Thus we shall find in this example that the modulus of the 
first pair of imaginary roots is about five times as great as the mo- 
dulus of the other pair. Hence with the notation of Art. 270 we 
shall find that in taking u^ = a"* 6"* (a — b)' and neglecting the other 

terms, the error is about — of the whole quantity; and hence we 

can judge of the accuracy of our result. For example ; we have 

given above the values of u^ as far as u^ and u^y so that we can 

depend upon having found the product of the roots with an error 

/l\th 
of only about ( ^ j part of the whole. 
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273. Suppose that we have to solve two simultaneous equa- 
tions involving two unknown quantities ; there are certain cases 
in which the solution can be readily efiected. Suppose that x and 
y denote the unknown quantities ; then if one of the equations 
involves aT and no other power of x, we can immediately find aT 
from this equation in terms of y and substitute it in the other 
equation ; we shall thus obtain an equation involving y only, and 
the roots of this equation may be found exactly or approximately 
by methods already explained. 

Again suppose that the equations are represented by -4 = and 
J? = 0, and that A and B can be readily decomposed into factors ; 
suppose for example that A=UU' U" and B = VY\ Then all the 
solutions of the proposed equations are obtained by solving the 
simultaneous equations C/'=Oand F= 0, C/'=Oand F'=0, £^'=0 
and r=0, U'=0 and r=0, £^''=0 and F=0, 27''= and F'=0. 
Thus the solution of the proposed equations is made to depend 
upon the solution of other equations of lower degrees. 

It may happen that one of the factors of ^4 is identical with one 
of the faictors of B ; for example, suppose that U and F are iden- 
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ticaL Then any yalues of x and 7/ which satisfy the equation 
17=0 will satisfy the simultaneous equations A = and B=0, 
Thus if U involves both x and y, we can assign any value we 
please to one of the unknown quantities and determine the cor- 
responding value of the other, and so obtain as many solutions as 
we please. If U involves only one of the unknown quantities we 
can satisfy the equations A = and ^ = 0, by giving to that un- 
known quantity a value deduced from the equation U=0, and any 
value we please to the other unknown quantity. 

274. We have already shewn how by the aid of the theory of 
symmetrical functions we can eliminate one of the unknown quan- 
tities from two equations, and so obtain a final equation which 
involves only the other unknown quantity. We are now about to 
explain another method of performing the elimination, which 
depends on the process of finding the greatest common measure of 
two algebraical expressions. 

275. Let the two simultaneous equations be denoted by 

A {^> y) = ^ ^^^ fai^f y) ~ ^* Suppose that x = a and y — p are 
values which satisfy these equations; then the equations /^(aj, )8)=0 
and f^{x, j8) = are satisfied by the value a; = a. Hence f^ {x, P) 
and f^{xy P) must have a common measure; this common measure 
must be such that when equated to zero it furnishes the value a, 
and also any other value or values by which in conjunction with 
y = P the proposed equations are satisfied. 

Suppose then that we arrange /^(aj, y) and/j(ic, y) according to 
descending powers of a;, and proceed in the usual way to find 
their greatest common measure, carrying on the operation until 
we arrive at a remainder which is a function of y only, say <^(y). 
Then no values of y will be admissible except such as make 
^(y) = 0; for unless <^(y) vanishes f^{x, y) and fj^x, y) have no 
common measure and therefore do not vanish simultaneously. 
It is not however true conversely that every value of y which 
makes <t> (y) vanish is necessarily admissible. For it may happen 
that in the process the coefficients of some of the powers of x are 
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fractions involving y in their denomimUora ; and a value of y 
which satisfies the equation <^(y) = may make some of these 
denominators vanish, and thus introduce infinite or indeterminate 
quantities. Suppose, for example, that we have 

Then if q is an integral expression it will not be rendered 
infinite by any finite value of y, and any value of y which makes 
<^(y) vanish, combined with the corresponding value of x deduced 
from the equation /^(a;, y) = 0, will make/j(fl3, y) vanish. But if q 
is a fraction, involving y in its denominator, q may be infinite 
when <^(y) vanishes, and /^{x^ y) will not necessarily vanish when 
^(y)=0 and/g(aj, y)=0. The same exception may occur when we 
carry on the process in the usual way, and inti-oduce factors which 
are not functions of x in order to avoid fractional coefficients. 
Suppose, for example, that we multiply f^ (x, y) by a quantity c in 
order to avoid the fractional coefficients which are functions of y ; 
and suppose we now have 

<^A {^y y) = ^Ai^y y) + ^(y)- 

If we find y fi!*om the equation <^ (y) = 0, and then x from the 
equation y*^ (a;, y) — 0, the values so obtaioed must necessarily make 
c/j (aj, y) vanish ; but it does not follow that f^ (aj, y) vanishes, for 
it may be that the value of y which has been taken makes c vanish. 

Hence we require a rule which shall point out the admissible 
solutions, and to this rule we shall now proceed. We shall 
suppose that in finding the greatest common measure the usual 
precautions are taken to avoid fractional coefficients. We may 
assume that in the equations which we shall denote by -4 = and 
B = 0, neither A nor B contains any factor which is a function of y 
only; for such a feictor can be separately considered and all the 
solutions found which depend on it. The method we are about to 
explain is due to MM. Labatie and Sarrus; we shall give it from 
the Algebra of MM. Mayer and Choquet. 

276. Let the two simultaneous equations be denoted by 
^ = and ^=0; we will suppose that neither A nor B has a 
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&ctor which is a fxinotion of y only, and that B is not of a higher 
degree in x than A. Let c denote the £Etctor by which A must be 
multiplied in order that it may be divided by B', let g be the 
quotient and rR the remainder, where r is a function of y only. 
Let Cj denote the factor by which B must be multiplied in order 
that it may be divided by J?; let q^ be the quotient and r^R^ the 
remainder, where r^ is a function of y only. Proceed in this way, 
and suppose, for example, that at the fourth division we have a 
remainder which does not contain x, and which we may denote 
by r,. Thus we shall have the following identities : 

cA =qB +r R; 
c^B =q^R +r^R,, 
c,R =q,R, + r^R,y 

Let d be the greatest common measure of c and r, let d^ be the 

cc 
greatest common measure of —^ arid r,, let d^ be the greatest 

cc c 
common measure of jy and r^ let d^ be the greatest common 

cc c c 
measure of -rVV ai^d r . We shall now prove that the solutions 
dd^d^ 

of the equations -4 = and J? = will be obtained by solving the 
following systems : 

-%0 and B =0, 



(1) 



d 



1 = and R =0, 



^ = and J?^ = 0, 



d 



d. 



= and R^ = 0; 



(2) 



that is, we shall shew in the first place that all the solutions 
obtained from (2) do satisfy the equations A=0 and -5 = 0, and in 
the second place that all the values of x and y which satisfy the 



^i 
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equations ^ = and ^ = aie included among the solutions 
obtained from the system (2). 

Divide both members of the first identity (1) by d; thus 

5^ = l^^5^ <3)- 

C T 

Now, by hypothesis, -y and -^ are both integral functions of y; 

thus i^ is also an integral fimction ; but by hypothesis B has no 

factor which is a function of y only, and therefore d must 
divide q. 

The identity (3) shews that the values of x and y which satisfy 

T C C T 

the equations ;^ = and -5 = make -j A vanish ; but -j and -j by 
hypothesis have no common factor, and therefore these values 
make ^ vanish. Hence all the solutions of the equations ;^ = 
and -5 = satisfy the equations -4 = and .5 = 0. 

Again, multiply both members of the identity (3) by Cj, and 
substitute for c^ B its equivalent obtained from the second of the 
identities (1); thus 

The expression ^ , ^ is integral, for r and q are divisible by 
dy moreover this expression is divisible by d^, for d^ divides --} 

Cv 

and Tj and does not divide E. Divide by d^ ; then, for shortness, 
putting M for ^ and Jf , for ^ i > > we have 



d ' dd^ 



^A=M,R^'^MR, .(4). 
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^ c 

Multiply both members of the second of the identities (1) by -3 ; 

thus 

Since d, will divide -/ and r,, it will divide -V ^ I but B is 

CO 

not divisible by d^ and therefore -^- must be. Divide by d^ ; then, 

C CO 

for shortness, putting N for -^ and iT^ for -~- , we have 

^^B = N,R.^.NR, (5). 

The identities (4) and (5) shew that all the values of x and y 

T CC CC 

which make -^ and B vanish, make -7-7 A and -r\- B vanish : but 
cfj dd^ dd^ 

CC 7* 

-TV and -^ have no common factor, and therefore all the solu- 

T 

tions of the equations ~- = and i? = satisfy the equations 
^ = and 5=0. 

Again, multiply both members of the identity (4) by c^, and 
substitute for c^R its equivalent from the third of the identities 
(1); thus 

By hypothesis d^ divides the first member of this identity, and 
also divides r^ ; it must therefore divide I q^M^ + -^ M\ i?^, but 

c X 

B,^ is not divisible by d^\ therefore q^^-^ -V ^ is divisible by d^. 
Denote the quotient by Jf^; thus 

^A=M,Ey^M^E, (6). 
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Multiply both members of the identity (5) by c^, and substitute 
for c J? its equivalent from the third of the identities (1) ; thus 



cc 
Id 



fB=(^q^N^^'-^N)R,^r,N^R, 



We may prove as before that the coefficient of B^ is divisible by 
d^, and denoting the quotient by i\r^ we have 

5^/=^A-^^A (7). 

The identities (6) and (7) shew that all the values of x and y 
which make -^ and E^ vanish, make the first members of these 

cc C 7* 

identities vanish ; but -ry-f- and -f have no conmion factor, and 

therefore all the solutions of the equations ;f = and i?j= satisfy 

the equations -4 = and B=0. 

In the same way as before if we multiply both members of 
the identities (6) and (7) by c^, and substitute for c^R^ its equiva- 
lent from the fourth of the identities (1), we obtain 

^^A=M,ByfM, (8). 

cc^c^c^ ^ ,^ ^ r 



1 3b 2> o 

where M^ and N^ are integral functions of x and y. The identi- 

ties (8) and (9) shew that all the solutions of the equations -f- = 

and R^=0 satisfy the equations ^4 = and -5 = 0. 

"We have thus proved the first part of the proposition, namely, 
that all the solutions obtained from the system of equations (2) 
do satisfy the equations -4 = and -5 = 0; we have now to shew 
that all the values of x and y which satisfy the equations -4 = 
and B = are included among the solutions obtained from the 
system (2). 



ELIMINATION. 187 

The identity (3) may be written 

NA-MB = '^E (10). 

Multiply (4) by B and (5) by A and subtract ; thus 
{M^B--I^^A)E-i-{MB-NA)'^' li^ = 0, 
and therefore by (10) 



and therefore 



K^-^A-^R^ (11)- 



dd 

1 

Multiply (6) by B and (7) by A and subtract ; thus 

{Mfi - N^A) R, '+ {M,B - F^A) ^ i?. = 0, 
and therefore by (11) 



and therefore 



(M,B-ir^)R,.^^R^R,= 0, 



Mfi-N,A^-:^-R, (12). 



dd.d. 



12 



Similarly from (8) and (9) we deduce 

^»^-^»^=5S ^''^- 

The identity (13) shews that all the values of x and y which 

V V ^ ^ 

make A and B vanish make -^ -f -7- -r vanish : so that one of the 

a Or a d 

1 8 3 

T T T T 

factors -}, -f, :f , and -f must vanish. Hence the equations 
d d^ d^ d^ 

T T T T 

supply all the admissible values of y. 
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Suppose then that x = a and y = )8 are yalues which satisfy the 
equations -4 = and £-0, 

First suppose that /3 ia & root of the equation ;;= ; then it is 
manifest that the values x = a and y = P satisfy the equations 

3=0and^=0. 
a 

T 

Next suppose that j3 is not a root of the equation ;t= 0, but is 

a root of the equation -r = : since -^ does not vanish when y = j8, 
it follows from (10) that the values a? = a and y-^ make B, vanish, 

T 

and so they satisfy the equations ;t = and -R = 0. 

1 

Next suppose that j3 is not a root of the equation ;,= 0, nor of 

the equation ;»- = 0, but is a root of the equation ;^ = ^ j since 

-^-^ does not vanish when y = )8, it follows from (11) that the 
values x = a and y = j3 make B,^ vanish, and so they satisfy the equa- 
tions ^=Oandi? =0. 
d 

a 

Next suppose that ^ is not a root of any of the equations 

- = 0, -f = 0, -# = 0, but is a root of the equation -^ = ; since 
d ttj d^ eig 

»■ O" A* 

- -J. -|^ does not vanish when y = j3, it follows from (12) that the 
dd^ d^ 

values x — a and y=)8 make jK^ vanish, and so they satisfy the 

T 

equations ;t = and R^ = 0. 

8 

This proves the second part of the proposition. 

The equation -^-T--f-f=0 which gives all the admissible 

» »1 », «3 

values of y may be called the final equation in y. 
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277. Examples. 

(1) a;»+3yx' + (3y'-y + l)a; + y»-2/" + 2y = 0, 

a* + 2yx + y* - 2/ = 0. 

Here we have x + 2y for the first remainder, so that r = 1, and 
y' — y for the second remainder, which is independent of x. The 

T 

only solutions are those furnished by -^^ = and -R = 0, that is, by 
y' — y = and 05 + 2y = 0. 

(2) a' + 2yaj' + 2y (y - 2) a; + y* - 4 = 0, 

aj" + 2yiB + 2y"-5y + 2 = 0. 

The first remainder here is (y — 2) (a; + y + 2) ; so that r = y — 2 
and E=x + y + 2'y. the second remainder* is y* — 5y -^ 6, which is 

independent of x. The solutions are those furnished by -^ = 

and ^ = 0, that is, by y - 2 = and a^ + 2ya3 + 2y* - 5y + 2 = ; 

and those furnished by -^ = and -R = 0, that is, by y* — 5y + 6 = 

and a; + y + 2 = 0, 

The Jmal equation in y is (y — 2) (y* — 5y + 6) = 0. 

(3) a' + 3ya;* - 3«» + 3y'a; - 6ya;- a; + y'- 3y*-y + 3 = 0, 
of- 3ya;'+ 3a;"+ 3y»a;- eyx-x-y'^^ 3y' + y- 3 = 0. 

The first remainder is 2 (y — 1) (3ic* + y'— 2y — 3) ; the second 
remainder is 8 (y* - 2y) x ; and the third is y* — 2y — 3. The solu- 
tions are those furnished by 

y - 1 = 0, and x^- 3ya;*+ 3a5*+ 3y*a? - 6yx -x- /+ 3y'+ y - 3 = 0, 

by y»-2y = 0, and 3a;" + y"- 2y- 3 = 0, 

and by y' - 2y — 3 = 0, and x = 0. 

The Jmal equation in y is (y- l)(y'- 2y)(y'-2y-3) = 0. 
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(4) (y-2)a;'-2a; + 5y-2 = 0, 

Here we multiply the left-hand member of the first expression 
by y to render the division possible without introducing fractional 
coefficients. Thus c = y. The first remainder is (3y — 1 0) a; + y* + 6y. 
In order to carry on the division we now multiply ya^ —5x-hiy 
by 3y— 10, and perform the following operation: 

(3y-10)a; + y + 6y}(3y-10)ya^-(3y-10)5a; + (3y-10)4y|yx 

(Sy - 10) yx" + (2/' + 6y) yx 

-(y" + 6/ + 15y - 50)x + 12y* - ^Oy 

We may either regard the terms in the last line as forming the 
second remainder, or we may continue the operation of division as 
the remainder is not of a lower degree in x than the divisor ; if we 
adopt the latter plan we must again multiply by 3y — 10, which 
will give rise to the same remainder as if we had originally multi- 
plied by (Sy— 10)'. Thus we continue the operation as follows : 

-^+6y'+l5y-50){Sy-l0)x+{l2y'-i0y){3y-l 0)|-(y'+6y'+15y-50) 

^{y'^6y'+l5y-50)(3y-10)x-(y'+6y'+l5y-50){y'+ey) 

2/*+ 1 2y V87y-200/+l OOy 

We have here a remainder independent of a:, which is the 
value of r^ ; B,ndd^ here =y; so that the solutions are those 
furnished by 

y* + Uy' + 87y»- 200y + 100 = 0, and (3y- 10)a; + y'+ 6y = 0. 

278. The following remarks may be made on the process of 
Art 276. 

L We may always take c such that c and r have no common 
fsLctoT. For if c? be the greatest common measure of c and r the 

division of -^A hjB can be effected without introducing fractional 

coefficients, as appears from the identity (3); thus c is not the most 
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simple factor whicli can be used as a multiplier of A before divid- 
ing hj B. Hence by choosing the most simple factor we can make 
d=l. 

Similarly we may take c^, c^,.--! such that c^ and r^ shall have 
no common factor, and that c, and r, shall have no common factor, 
and so on. 

Hence on the whole we may take c, c^, c^, C3,... so that c?= 1, 

that d^ is the greatest common measure of c and r^ that d^ is the 

cc 
greatest common measure of -^ and r^, that d^ is the greatest com- 

cc c 
mon measure of -=-^,' and r,, and so on. 

da 

II. Suppose that the remainder independent of x which has 

been denoted by r^ is zero ; then B^ is a common measure of A 

and B, Hence the solutions of the equations ^ = and ^ = 

consist, (1) of an infinite number of values of x and y which may 

be deduced from the single equation i?g = 0, (2) of the finite 

number of values of x and y which may be obtained by solving 

A B 

the equations w- = and ^- = 0. But since r^ = it follows from 

8 8 

the identities (1) of Art. 276 that B^ divides B and B^, Divide 
the identities (3), (4), (5), (6), (7), (10), (11), (12) of Art 276 by 
B^ ; we thus obtain new identities in which A^ByB, B^ and B^ are 

replaced by -^ , -j^- , ,.- , -p^- and -' . By means of these identi- 

S 8 8 9 8 

ties we can prove, as in Art. 276, that all the solutions of the 

A B , 

equations -r>- = and >»- = will be obtained by solving the 

8 9 

following systems : 

r B 

^=0 and j^- = 0, 

-} = and ^- = 0, 

^=0 and § = 0. 
»8 iJ?, 
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m 

For example, suppose * 

and aj'-yas*- (^ + 6y + 9) 03 4-y + 6y* + 9y = 0. 

Here the first division gives 2 -j ya:^+ (3y + 4)a; — (y' -l-Sy* + Ay) > 

for the remainder, so that we may take y 

Ii = yx' + (37/ + 4.)x-{y' + 3f + 4y). 

To perform the second division multiply the dividend by y, 
and after one step in the division multiply again by y in order 
to continue the division. We then obtain 8(^ + 3y + 2)(a3 - y) 
for the remainder r, B^, Divide B by x — y and the quotient is 
ya; + y* + 3y + 4, and there is no remainder. 

Thus the solutions of the proposed equations consist, (1) of an 
infinite number of values of x and y which may be deduced from 
the single equation x — y = 0, (2) of the finite number of values 
of X and y which may be obtained by solving the equations 

2^4- 83/ + 2 = and ya; + y + 3y + 4 = 0. 

III. The demonstration in Art. 276 implicitly supposes that 
the values of x and y are finite; ib is however possible to have 
infinite solutions of an equation. Suppose for example that 
(y — 1) 03* — 2a3 + y* = ; then so long as y is not equal to unity the 
two values of x furnished by this quadratic equation are finite. If 
y approaches indefinitely near to unity one value of x increases 
indefinitely; see Algebra, Chapter xxii. Thus when y= 1 we may 
say that x has an infinite value. 

We have not included such infinite values of x and y in our 
investigations in Art. 276; these can be easily discovered indepen- 
dently. If, for example, we wish to ascertain whether an infinite 

1 
value of 03 is admissible, we may put -7 for a:, then clear of frac- 
tions, and suppose a/ = ; we have now tvx) equations in y, and if 
they have a common root or roots, such root or roots combined with 
an infinite value of x may be said to satisfy the proposed equations. 
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XXIIL EXPANSION OF A FUNCTION IN SERIES. 

279. Suppose we have an equation connecting two unknown 
quantities x and y. If we could solve the equation so as to obtain 
the values of y in terms of x, we might expand each value of y in 
a series proceeding according to powers of x. We are now about 
to explain s method for efifeoting these expansions of the values of' 
y in series, without having previously obtained the values of y in 
finite terms. 

The method in its complete form is due to Lagrange; it was 
suggested by a process given by Newton which is called Newton's 
Farallelogram. For the history of the method, and for full infor- 
mation respecting it, the student may refer to Memoirs by Professor 
Do Morgan in the first volume of the Quarterly Journal of MatJie- 
matica and in the ninth volume of the Cambridge Philosophical 
^transactions ; from these memoirs the brief account of the method 
which we shall give has been derived. An account of Newton's 
Parallelogram will also be found in the translation of Newton's 
work on Lines of the Third Order by C. R. M. Talbot, published 
in 1861. 

280. Let the equation be denoted by 

^/+ J?/ + ...+Ay + ... +5'/ = 0, 

where -4, -fi, ...JT, ...aS', are all functions of x. We suppose 
a, j3, . . . /f, . . . o- to be arranged in descending order of algebraical 
magnitude ; and throughout the investigation such words as greater 
and less, greatest and least, are to have their algebraical meaning. 

Let A be of the degree a, that is, suppose ocf* the greatest power 

of x which occurs in -4; let B be of the degree h, , K oi the 

degree k, , S of the degree s. Our object now requires the 

solution of the problem given in the next Article. 

281. It is required to determine all the ways in which t can 

be taken so that two or more out of the following series of terms 

may be equal and greater than any of the rest : 

a + af, h + Pt, k + Ktj « + o^. 

T. E. 13 
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iiiat be contiaued imtU the term s + trtia used in 
oft. 
Iww all the Buitablo Talaet of t may be found. 
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Lnd V Tanishea vben a) is infinite. Substitute 

a the proposed equatioa involving x and y; thus 

M,)(w+ vy-^-jf^^w +5,x«+ ^/+ - 

ifl is to bold for all values of te it must hold when x is 

1 tbia will not be the case if the highest power of x 

I term. In other words, the sum of the ooe£S.~ 

e highest power of x miiat vanish. At this point the 

Eon of the precediog Aaticle finds its application. 

nposition r is the greatest admissible value of t, and we 

r the part of the expressloa on the left-hand side of the 
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By proceeding in this way, we shall obtain the highest power 
of X in each value of y. 

Next use one of the pairs of corresponding values of t and u 
which have been determined ; put y = x^^ + U), and substitute 
this value of y in the original equation involving x and y. We 
thus obtain an equation connecting x and Usjid known quantities. 
We then apply the method to determine the highest power of x 
in the values of U, and thus we obtain the second terms in the 
expansions of the several values of y in series proceeding accord- 
ing to descending powers of x. And this process may be con- 
tinued to any extent we please. 

283. There is nothing in the preceding method which re- 
quires the given exponents a, A . . . c, a, b, ,..8, to be integers ; 
they will however be such when we apply the method to deter- 
mine the^r^^ terms in the case of equations of the kind considered 
in the present Treatise. 

We will now apply the method to an example. 
Suppose we have the equation 

y\a^-3x) + y'{af + 2af)-y{4.x' + 3)-h3x'= 0. 

The set of terms p^, .... is, in the present case, 

a — p a — y ^ ' 

3_2 5-2 6-2 

J — ^ , J — r , J — X . The second and third of these are equal to 

1, which is greater than ^, which is the value of the first term. 

Thus T=l. Hence we put y = x(u+ U), and substitute in the 
proposed equation. The highest power of a; is then x% and the 
term involving it is 



x4{u+Uy^i{u+U) + 3\ 



The coefficient must vanish when x is infinite ; this gives 

It is obvious that t^ = 1 is a solution, and as the derived func- 
tion 4tt'— 4 also vanishes when u=ly the root 1 is repeated. 
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Divide «^* - 4w + 3 by (w - 1)* ; the quotient is w* + 2w + 3. Thus 
the other values of u are furnished by the equation u' + 2i6 + 3 = 0, 

and they are — 1 =»= v — 2. We infer then that the proposed equa- 
tion will only furnish two real values of y in terms of x, and that 
X is the first term in each of these values when they are expanded 
in series according to descending powers of x. 

We may now put 05(1 + U) for y in the proposed equation, and 
proceed to find the values of U ; we will resume this example 
presently. 

284. The following inferences may be drawn from Arts. 281 
and 282. 

(1) If a + a, 6 + )S, ..., k + Ky,,.y 8 + a- are all equal, the 
quantities t, t', t", ... are all equal to unity. 

(2) If of the quantities a + a, 6 + )8, ... , ^ + /f, ..., s-hor, 
two or more are equal and greater than all the rest, then unity 
occurs among the set t, t, /', ... For it is obvious that ^ = 1 is 
a suitable value in the investigation of Art. 281, since this value 
makes two or more of the terms there given equal, and greater 
than all the rest. 

These two inferences involve the theory of the rectilinear 
asymptotes of algebi-aical curves. 

In the remainder of this Article we suppose that a, /3, y, ... 
are all integers, and that o- is zero. 

(3) The first equation for u in Art. 282 will have a — k roots, 
the second will have k — v roots, and so on ; thus on the whole we 
get a values for the first term of y, as should be the case, since 
the proposed equation is of the degree a in y. 

(4) Suppose that the degrees of all the functions of x from 
K to N inclusive are equal and higher than ai\y of the others. 
Then out of the values of y there will be a — k which begin with 
a positive power of a5, and k — v which begin with the zero power 
of oj, and v which begin with a negative power of x. For the 
K — v values of y which begin with the zero power of x arise 
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from tlie fact that by hypothesis the value ^ = makes all the 
following terms equal and greater than any which follow them, 
k+ idy l-hXty ... n-¥vt. The a — K values of y which b^in with a 
positive power of x arise from positive values of t, and the corre- 
sponding values of u obtained relative to the exponents dy fi, ... k. 
The V values of y which begin with a negative power of x arise 
from negative values of ty and the corresponding values of u ob- 
tained relative to the exponents v, ... cr, where o- = 0. 

(5) If A, B, ... S, are all of the same degree except If, and 
Jf is of a higher degree than the rest^ there are a — ft values of y 

in which the highest power of x has the positive index , 

a — fi 

and ft values of y in which the highest power of x has the nega- 

tive index — . 

A* 

285. A remark should be made respecting the equation in U 
which is obtained when the second terms in the values of y are 
required; see Art 282. Suppose we assume y = af(u+ U), where 
u and t are known, and substitute this value of y in the proposed 
equation. We thus obtain an equation in U of the same degree 
as the original equation in y. However in general only some 
of the values of U will be admissible. For, by supposition, U 
vanishes when x is infinite, and so we must reject any valae of U 
which commences with a positive power of x or with the zero 
power of X. These rejected values of U must belong to the other 
values of y with which we are not at the moment concerned, since 
by supposition we are seeking only that particular value of y 
which commences with tiaf, or those particular values which so 
commence if there are more than one, where u and t have known 
values. 

286. Let us now resume the example in Art. 283. We have 
to substitute x{u + U) for y, and make u=l. We shall thus ob- 
tain the following result after dividing by x, 

U\^...)-¥ U\ia^...)+ U'(6x'...)- Cr(10x*...)-2x* = 0. 
Here in the coefficients of the powers of U we have only ex- 
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^^ • 

pressed the highest powers of x. Form the fractions according to 

Art 282 j thus we obtain 

5-5 5--5 4-5 £-5 
4-3» 4_2' 4-1' 4-0' 

Here the first two terms are zero, and are algebraically greater 
than the others ; but a zero value is to be rejected as explained in 
the preceding Article. We therefore proceed in the manner of 
Art 281, supposing that r = 0, and that we have to find r. 
Thus we form the fractions 

4-5 4-5 

2-1' 2-0' 

Of these the second, which is — ^, is algebraically the greater. 
Accordingly we put U = ux~\ and to find u we obtain the equa- 
tion 6w* —2 = 0, so that u = — ^ . Thus the first term of CT" is 

-r-^ or — ,-=r. Therefore, as far as we have (rone, we have 
J3x J3x ® 

287. The nature of the values of U may be seen by examin- 
ing the formation of the general equation in U, Let us first put 
afu for y and then change u into u+ U. When we put aht for y 
the left-hand member of the proposed equation will take the form 

X, (w) a"' + X, (w) aJ*** + Xa (w) a?"*^ + ... 
where n^y n^, n^ -" are supposed in descending order of magnitude. 
Denote this expression by ^ (u) ; then the equation in U will be 
^ (u + U) = 0. We wiU suppose the exponents of y in the pro- 
posed equation positive int^ers. The equation in U may be 
written 

where ^^ stands for -p ^'^ (u), and similar meanings belong to 

[a 

^«.i9 ^a-8' "* ^ow if no special value wer6 assigned to Uy the 
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^ 

^ 



coefficients of the several powers of TJ in the above equation would 
be functions of x^ all of the same degree, namely n^. Thus by 
Art. 284 the values of TJ would all commence with the zero power 
of 05. But if u be such that Xi (^) = 0, the function ^ is of a lower 
degree in x than the function ^^ ; hence one of the values o? TJ 

begins with a negative power of x, namely, with x~^^^'^. And 
this is the value of TJ which we are seeking, because Xj W = is 
the equation from which «^ is to be found according to our process. 
If however the equation Xj (w) = has equal roots, we obtain more 
than one suitable value of TJ, Suppose, for example, that the 
particular root which we have selected occurs ybwr times; then 
^^ will be of the degree n^ in a:, while <^3, <^g, <^j, <^, will only be of 
the degree n^. Hence, by Art. 284, there will be four suitable 
values of ?7, each commencing with x raised to the negative 

power — J (^1 — Wjj). * 

"We have here supposed that Xa(^) *^^ ^^ derived functions 
do not vanish for the value of u which is considered. 

288. In what we have hitherto given we have investigated 
values of y proceeding according to descending powers of x. Thus 
if we illustrate our results by geometry, and suppose curves traced 
corresponding to the values of y in terms of a;, the first term of 
the series which we have found for a value of y will exhibit the 
nature of the curve at a great distance from the origin. 

But the method may also be applied to find the values of y 
proceeding according to ascending powers of oj, so that the first 
term in a value of y will exhibit the nature of the curve close to 
the origin, when the curve passes through the origin. 

In order to apply the method to find the values of y proceed- 
ing according to ascending powers of x we need only make the 
following changes. We must suppose a, )5, . . . o- arranged in ow- 
cending order of algebraical magnitude; and A^ must vanish when 
X vanishes and not when x is infinite, so that of must be the lotoest 
power of 05 in -4 and not, as before, the highest power ; a similar 
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change of meaning must be made in B^ and 6, and in the remain- 
ing similar quantitieB. 

Then when ^ fs + oo the following quantities are in cucending 
order of magnitude, a-k-at, h + pt^ ...k + Kt, ^..a + ct. 

As before, the greatest value of ^ is to be foimd from the 
equations 
a + at = b -\- pt, a + at = e'{-ytf ... a-h ai = k'{- Kt, ...a + at^s + a-t. 

XXIV. MISCELLANEOUS THEOREMa 

289. In the present Chapter we shall collect some miscel- 
laneous theorems of interest and importance, which will exemplify 
many of the principles established in the preceding pages. 

To prove that the following equation has no imaginary roots, 

A' B' C K' ^ ^ 

x — a x—o x—c x — k 

If possible suppose that p + qs/— lis & root ; then p — q \/- 1 
is also a root. Substitute successively these values for x and sub- 
tract one result from the other ; thus 

and this is impossible unless ^ = 0. 

Or we may prove the theorem thus. Denote the left-hand 
member of the proposed equation by <^ (a;), and suppose a^h^c^ ... it, 
in ascending order of algebraical magnitude. When a; is a little 
greater than a the first term of <^ (a;) is very large and posi- 
tive, and by taking x sufficiently near to a we may ensure a 
posUtve value for <^ (x). When a; is a little less than h the second 
term of ^ (x) is very large and negative, and by taking x suffici* 
ently near to 6 we may ensure a negative value for <^ (x). Thus 
^ (x) changes sign for some value of x between a and b. Similarly, 
4>{x) changes sign for some value of x between b and c; and 
so on. In this way we may shew that the roots of the equation 
tf>{x) = are all real and imequal. 
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The form in which the equation if>{x) = is presented, enables 
us to recognise more easily the property we had to prove. But 
our result will not be affected if we clear the equation of fractions, 
so as to bring it to the standard form ; that is, in fact^ if instead of 
^ (a;) = we consider the equation 

^ (x) {x— a) {x — b) (x — c) ... (x — h) = 0. 

290. Required the values of the n quantities x^y x^, x^y.,.x^ 
from the following n equations, 

ajj + ajj + ajg + ... + 05^ = 0, 

a^x^ + a^x^ + a^x^-h ... +a^a;^=0, 
a^'Xj^ + a/a3g + a^x^ + . . . + ajx^ = 0, 



a;'\ + a;-\ + a;-\ +..,-^a; \ = 0. 

Multiply these equations respectively by c^_j, <J^_j>---<58> ^Jj, l» 
where c^_j, c^_^y...c^, c^, are at present undetermined, and add the 
results. Assume c ,, c -»...c„, c,, such that the coefficients of 
ojj, a;3,...aj^, vanish; then 

From the assumption with respect to c^_j, c^_j,.--<'a» ^i» ^* follows 
that a^y a^y...a^ are the roots of the equation 

«"""* + Cj«""* + c,«""' + ... + c^_^z + c^_j = 0. 

Therefore the left-hand side of this equation is identically equal to 

(«-«,) («-a8)...(«-aJ. 

Hence substituting a^ for z the equation which determines x^ 
may be put in the form 

aJi(»i-«i)(»i-»a)-K-0 = ^- 

Thus x^ is known ; and the values of a;^, a?3,...a;^, can be deduced 
by symmetry. 
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291. Keqnired the values of the n quantities x^ y^z^... fi:t>m 
the following n equations, 

X y z - 



k^ — a k^ — h k^ — e 



X y z 



+ — ^^— + -— — + -1 



k^-a k^-h k^-c 



X y z . 

+ -,-^ + := + ... = 1. 



k^ — a k^ — h k^ — e 

We may regard the n quantities k^^ k^^.^.k^ as the roots of the 
single equation 

X y z . 



k—a k—b k—c 

which is of the n*"* degree with respect to k. Assume k = a-'t; it 
will follow that a — k^, a — k^y a — k^y,,, are the values of the roots 
of the following equation in t, 

t t + o — a t-i-c—a 

Multiply by the product of the denominators so as to put this 
equation in the usual form ; thus 

where the term independent of <, that is A^, is a;(6 — a) (c — o) . . . 

Therefore, by Art 45, 

(»-*J(a-*J(a-*J ... = (- l)"a:(6-a)(c-a)..., 

thatia, ^^_(a-y(«-^.)(«-^.)... 

(a — 6)(a — c)... 

From this expression the values of y, z^.,, mAj be deduced by 
symmetrical changes in the letters a, 6, c,... 

Grunert's Archiv der McUhenuUik und Fhysik, YoL xxiil p. 235. 
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292. To prove that the sum of the products of the n quanti^ 
ties c, c", c',...c", taken m at a time is 

(c*-l)(c''-'-l)...(c''-"^'--l) ^^^ 

(c-i)(c--i)...(c--i) ' : 

Assume 

(a; + c)(a; + c*) ... (a? + c") = a:"+^jaj""*+ ... -^p^^iOS + p^ (1). 

Then by Art. 45 we have to find the value of p^. In (1) change 

X into - and multiply by c" ; thus 
c 

(« + c^ (a; + c') ... {x + c""^^) = a" +;?jCaj""* + ... +^^_,c"~*a; +^„c"...(2). 

From (1) and (2) we obtain 

(a? + c"+0 (a;" +;?,x"-* + ... +i?._,a: +;?J 

Equate the coefficients of as""""^* in the two members of this iden- 
tity; thus 

therefore i^*=JP«-i— ^^"sr^j^ — ^ (3). 

And ;?j = c + c' + ... + c*=— ~ ; then by means of (3) we can 

determine successively p,, p^^p^y-' j and thus we shall arrive at 
the required value for p^. 

293. Let there be n quantities a, 6, c,... ; let 8^ denote their 
sum, *^_j the sum of any n — \ of them, and so on; and let S 
denote 

(O' - S {?,.,)' + 2 (»..,)' -...+(- 1)- 2 (».)'. 

Here S(0' denotes the sum of such terms as (*^)' formed by 
taking all possible selections of m quantities out of the n quanti- 
ties a, &, 0,... Then we shall shew that S=0 if r is less than n. 
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and that ^S^ is divisible hj ahc,,. if r is equal to n or greater 
than n; and in particular that 

S=i\nahc,..^ when r—Uy 

lw + 1 
and S= ^ (a + 6 + c + ...) ahc, . ., when r = n + 1. 

We may separate S into two parts, one part in which a occurs in 
every term and another part in which a does not occur at alL We 
may write the former part thus, 

(0'-S.(*...)' + S. (»._.)'- ... +(-l)-a', 

and the latter part thus, 

- S,(.._.)' + S. (*. J' -...+(- 1)-' 2. W, 

where Sj indicates certain of the terms formerly included under 2, 
and 2g indicates the remainder. Now suppose a = 0, then S 
vanishes] for we have in this case 

(0'-s>...)'=o, 



Similarly, we may prove that S vanishes when 6 = 0, and when 
c = 0, and so on. Thus we conclude that aS' is in general divisible 
by each of the quantities a, 6, c,... and therefore by their product. 
But the product will be of n dimensions, and therefore if /S' be of 
less than n dimensions it must be identically zero. And as aS' is 
of r dimensions it follows that S vanishes when r is less than w, 
and is divisible by ahc, when r is not less than n. 

When r = 7i we have therefore S = \abc,,,y where X is some 
numerical quantity which is to be determined. To determine X 
suppose that a, 6, c,... are all equal to unity; then S becomes 

that is ]ny by Algebra, Chapter xxxix 
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Next^ suppose r = w + 1. Then S is divisible by ahc. . . ; and as 
S IB of 71 + 1 dimensions, it must have a factor ijrbich is of one 
dimension and symmetrical with respect to a, (, c... j this factor 
must therefore be a + 6 + c + . . . 

Hence S = fiahc. . .(a + 6 + c + . . .), where /& is a numerical quan- 
tity which is to be determined. To determine fj, suppose that 
O) 6, c,... are all equal to unity; then >S^ becomes 

and this must equal fin. Hence by Algebra, Chapter ttytt, -we 

U + 1 
have ft = ~^~~ - . 



294. Let [c\ denote c (c - 1) (c - 2) . . . (c - r + 1), whatever e 
may be ; then will 

For suppose that a is a positive integer ; then we know that this 
theorem is true for any positive integral value of h, for it follows 
by equating the coefficients of a:" in (1 + a;)*'*"* and in (1 + a;)* x (1 + xf. 
Hence since this is true for more than n values of ( it is iden- 
tically true by Art. 39 ; that is, when a is a positive integer the 
theorem is true for all values of b. Then since it is true for any 
positive integral of a, it is true for more than n values of a, and 
therefore by Art. 39 it is true for all values of a. 

Thus we are able to prove the proposed theorem, by assuming 
the Binomial Theorem for a positive integral index and also the 
Theorem of Art. 39. The theorem is sometimes called by the name 
of Vandermonde. The theorem is required in Euler's proof of the 
Binomial Theorem for any index, and as is well known, is there 
established by an appeal to the principle of the permanence of 
equivalent forms. 
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295. Let ^ (x) = be an equation which has a root a, so that 
we may suppose ^ (x) = (a? - a) ^ (x) ; then 

<k{x) 



X 



-H)h^)' 



log^=log(l-|) + log^(«) 



-(l-*-^^-'-)-'^*'«^^*> 



.kix) 



Suppose that log ^ ^ can be expanded in a series inrolving posi- 

tive and negative powers of x, and that log ^ (x) can be expanded 
in a series involving only positive powers of 05 ; then assuming the 
identity of the two members of the equation we obtain this result, 

1 <h (x) 

— a = the coefficient of - in the expansion of log ^-^-l . 

X X 

296. The theorem of the preceding Article is given by 
Murphy in his Theory of EqyMionB and illustrated by examples ; 
see his pages 77 — 82. The demonstration of the theorem is 
imperfect, since the infinite series may be divergent; but the 
theorem is of some importance. It had been noticed before Mur- 
phy drew attention to it ; see De Morgan's Differential and Inte- 
gral GcdcvluSy pages 328 and 644, and also the Philosophical 
Magazine for June 1848, page 421 ; according to the latter work 
the theorem was given by Lagrange in 1768. 

297. For example, required a root of the equation 

a;" + caj-6 = 0. 

X X 



log^ = logc-.log(l--+— ) 
= logc-«-^^-3^- •••* 



where « = 



•1-1 



ex Q 



cx\ h) 
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1 
We have now to pick out the terms involving - ; we shall obtain 

such a term from z, from a^'^^ from «*''^*, and so on. Henoe 
shall find for the root the series 

*__?L 2/1 h''-' 3n {Sn - 1) 6'""' 

- ^»+i+ 2 c»"+^ 2.3 ^s^i"*" — 



298. Let <l>(x) = be an equation of which a^, a^,...© , are 
roots, so that we may suppose 

<^(a;) = (a;-aj(a;-a^)... (a;-aj^/r(a;); 

''"^=('-S)0-°i)-('-%)*(-)- 

Take the logarithms of both sides ; then, as in Art. 295, we infer 

that — (aj + a,+ ... +«„) is equal to the coefficient of — in the 

sc 

expansion of log ^-~- . See Murphy's Theory of EquatvonSy pages 

82 and 83. 



299. We shall now give some theorems relating to the decom- 
position of a rational fraction into other fractions, which relativelv 
to the original fraction are called partial fr actions. 

Suppose that ^(a;) is a function of x of the w**" degree; let the 
roots of the equation <l>(x) = be all unequal and let them be 
denoted by a, h, c,.,.k. Let \l/(x) be a function of a; which is of the 
{n-iy^ degree or of a lower degree. Then the following relation 
will be identically true, 

il/{x) ABC K 

^{x) x — a x — b x — c x — k' 

provided proper constant values be assigned to A, £, C,...Jr. 
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For in order that this relation may be identically tnie it is neces- 
my and sufficient that the following should be identically true : 

^(«)=^iM+5^)+C7iM+ +jr^) 

^^ ' x—a 05 — 6 m—c as— Aj 

The members of this equation are not of a higher degree than 
that expressed by n — 1, hence the relation will be identically true 
if n values of x can be found for which it is true; see Art. 39. And 
by properly choosing Ay B, C,...K the relation can be made true 
for the n values a, h, c,...k, of x. For suppose x^iciy then all the 
terms on the right-hand side vanish, except that which involves 
A'^ and we obtain 

that is, by Art. 74, 

}l/{a) ^ Iff/ (a). 

This determines A ; and similar values will be found for 

300. Next suppose that ^ (x) is not of lower degree than ^(a;). 
By common division we may obtain 

where J^{x) and /(x) are integral functions of x, and /(x) is of a 

f(x) 

lower degree than <f>{x). We may then decompose -A~i into 
partial fractions in the manner shewn in the preceding Article. 

Since we have 

tl;{x)=<l>{x)F{x)+/{x); 
it follows that \l/(x) and/(a;) have the same value when ff>{x) vanishes. 

Hence \he partial fractions corresponding to ^rj-\ , when determin* 

ed by the method of Art. 299, can be found without previously 
T. E. 14 
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dividing ^(aj) by <l>{x); we miist however not omit the part F{x) 

if we wish to obtain the complete value of -^-7— ( . 

<t>{x) 

301. We have in the two preceding Articles given separately 
the decomposition of a rational fraction when its denominator has 
710 repeated /actors, on account of the simplicity of the result; it 
is however only a particular case of the general investigation to 
which we now proceed. 

302. Suppose that ^(a:) is a function of x which involves 
repeated factors; for example, let ' 

^ (^) ~Po{'^ " ^y (^ "" ^y {x — cf... {x — k)f 
and let ^(a;) be any other function of a?. Then the expression 

ij/ (x) 

■jj-( may be resolved into the following parts. (1) Any factor 

K 

x — Jc which is not repeated will give rise to a single term ^. 

(2) The £su3tor {x — aj will give rise to the series of terms 



(a? — a)' (x — aj ^ (x — aY * a; — a' 

A similar series of terms will arise from each of the other 
repeated factors. (3) There will also be an integral expression, 
if \l/{x) be not of a lower degree than <t>{x). 

For suppose <^(aj)= (aJ-a)''x(^)i *^®^ "^® ^v® identically, 
whatever A may be, 

tj^^_A_ ^ il/(x)-Ax(x) ^ 
<l){x) {x-ay <t>(x) 

Now let A be determined by the equation \l/{a)'-A x(a) = ; then 
ij/ {x)—Ax (x) vanishes when x = a, and is therefore divisible hjx-<k 
Therefore with this value of A we may put 

and therefore 

xl/{x)^ A ^ xl;^(x) 
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In the same way we may decompose the last fraction and 
obtain 

By proceeding in this way the required result is established* 

303. It is easy to shew after the manner of Art. 37 that there is 

only one mode of decomposing ^) ! into an integral function, and 

a series of partial fractions each of which involves only one distinct 
factor in its denominator. Hence we infer that the restUt obtained 
must be the same in whatever order the operations are conducted, 
that i% whatever fsictor we first consider. 

Practically the best way to determine the numerators of the 
partial fractions will often be the following. Put x — a-^h; thus 

^(x)__ \f/{x) _ l/r(a + A) 

now expand by some algebraical method ^^^ in powers of h, 
and according to the notation already used the result must be 






That is, A^ must be the coefficient of A" in the expansion of 
^^-7 =^ accordinff to ascending jwwers of A. 

Similarly, the numerators of the other partial fructions may be 
determined. 

304. In the next Articles we shall give some theorems relative 
to limits of the roots of an equation ; they were communicated to 
the writer by Professor De Morgan, in a letter dated Feb. 6, 1868. 

14—2 
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305. The following theorem relative to limits of the roots of 
an equation will be found to include two of those which are given 
in Chapter vn., and to add something to them. 

Let/(a;)=j?j,a^+^jaj""*+ ... +^^_jaj + ^^; then we proceed to 
investigate a superior limit to the positive roots of the equation 

/(«)=o. 

Let a be equal to the coefficient of the first term, or to any- 
thing less ; let ( be equal to the least of the positive coefficients 
which immediately follow, and precede 2Jij negative coefficient, 
or to anything less ; let c be equal to the numerical value of the 
numerically greatest negative coefficient, or to anything greater. 
Suppose that a^'^'^ is the first term with a negative coefficient. 
Then f{x) is certainly positive when the following expression is 
positive, 

aoi^-\-h{ar~^+ ... + af"*) - c (a:""*"* + ... +a; + l), 

that is, when the following expression is positive, 

^ ^af-af-* aj^-*-l 

aar + b = c =— : 

x—\ a;— 1 ' 

that is, supposing x greater than unity, when 

|a(a;- 1) + 6| af -(6 + c)aj""* + c 
is positive, that is, a fortiori^ when 



|a(a;-l) + 6|a*-(6 + c) 



is zero or positive. 



(1) Take 6 = 0, and let c be the numerically greatest native 
coefficient ; then f{x) is positive if a (aj - 1) - c is zero or positiYe, 



c 



that is, if a; = 1 + - or anything greater. See Art 87.' 



a 



(2) Take 6 = 0, and let c be the numerically greatest negative 
coefficient ; then f(x) is positive ifa(aj— 1)0?* — cia zero or poa- 



x=l + 
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tive, and therefore a fortiori if a(x-l)^^-c is so; that is, if 
(-y^ or anything greater. See Art 89. 

(3) Put zero for a; then /{x) is positive if ^^-(ft + c) is 

zero or positive, that is, if a;= ( 1 +t )* or anything greater. This 

is a new limit, which may be less than that in (2) when ( can be 
taken greater than p^, 

(4) If a is not greater than h we have /(x) positive if 

<a (x— 1) -\- a> a^ — {a + c) 

is zero or positive, that is, if «= ( 1 + -V"^* or anything greater. 

This furnishes a less limit than that in (3) whenever b can be 
taken not less than p^. 

(5) Suppose that ( is not less than c; then from (3) we 
obtain 2^ as a superior limit. 

(6) Suppose that a is not less than c; then from (2) we 



obtain 1 + 2^*^ as a superior limit. 

(7) Suppose that neither a nor b is less than c ; then from 
(4) we obtain 2*"^* as a superior limit. 

306. We shall now give another theorem on the limits of 
the roots of equations. It depends on the mode of calculating 
the value of an expression of the form ax* + bair~^ + co(f'~'+ ... for 
an assigned value of x, which we have explained in Art. 5, J£ 
denote that assigned value the calculation determines successively 

a$, aO-^b, {aJd + b)e, {aO ■¥ b) -¥ c, 

Let f(x) = be the equation. Arrange f{x) in groups, each 
group consisting of all the positive terms which come together 
followed by all the n^ative terms which come together before 
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the next positive term. Thus, writing only the signs, supposing 
we have the succession^ 

+ + + - + + + — + , 

then they wiU be arranged in groups thus, 

( + + ), ( + -), ( + + ), ( + )> +• 

Let the first group involve the powers of x from of to atT"' 
both inclusive. Suppose the factor of removed by division. 
Take on trial as a value of x, and calculate the value when 
x = of the quotient after division by af""'. If the result is 
positive denote it by A^, and put A^~^ at the head of the next 
group. Suppose this group to extend to the term involving of. 
After A^~^ has been prefixed to the second group divide Jby of"', 
and find the value of the quotient when x—0. If the result be 
positive denote it by A^^ and put A^~^ at the head of the next 
group ; and so on. If all the resxdts be positive up to the last, 
d is a superior limit of the positive roots. The number ^ to be 
tried may be selected by one of the easier rules, remembering 
that it is not likely a number will be required much higher than 
the superior limit found from considering only the first group. 

For example, take an equation of the 18*** degree. We will 
write down coefficients only, in groups, 

(7 + 4 + 3 - 80 - 100) + (20 - 100) + (3 + 2 + 1 - 40 - 1000 - 1000) 
+ (70 - 8000 - 2000) + (1000 - 400 - 4000). 

Here from considering only the first group we see that 2 is 
too small j we will try 3. We proceed to calculate the value of 

7a;*+4aj"+3a;'-80a;-100 
when a; - 3. 



\ 



7 


4 


3 


-80 


-100 


7 


25 


78 


154 


362 


Thus A^ = 362. 
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We proceed to calculate the value of 

362aj'+20a;-100 
when a; = 3. 

362 20 - 100 

362 1106 3218 

Thusui, = 3218. 

We have next to calculate the value of 

3218a;' + Sx' + 2aj* + re" - 40a^ - 1000a; - 1000 
when a; = 3. 

It is however sufficiently obvious now that we shall obtain posi- 
tive results to be denoted hjA^ A^, and A^; so that 3 is a superior 
limit of the positive roots. 

In this example the rule of Art. 90 would give 1 + ■... , 

which is more than 70; and the rule of Art. 89 would give 

- 78000 , . , . _ ^ , 

1 + / — =— , which IS more than 11. 

The followiug is a brief statement of the theorem. Divide 
the whole expression into successive positive and integer lots, 
A^ — Bq-\-C^— !>,+ .,.; p, q, r, «, ... representing the last expo- 
nent of X in each lob. Divide A^ — B^ by a;', and ascertain a 
value of a;, say X, which makes the quotient positive ; let Z be this 
quotient. Divide Ix^ + 0^ — 1), by of, and ascertain a value of x, 
say fi, which is perhaps not greater than X but must not be less 
than X, which makes the quotient positive ; let m be this quotient. 
Continue the process with 7naf-\-E^ — F^, and so on to the end. 
The last value of x used is greater than any root of the equation ; 
and the first value of a;, namely X, is very often the last also. 

307. We shall conclude the present Chapter by demonstrating 
a remarkable theorem given by Cauchy, the object of which is to 
ascertain how many roots real or imaginary lie within assigned 
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limits ; in fact, the theorem proposes to effect with respect to the 
roots in general what Sturm's theorem effects with respect to the 
real roots. 

308. Take any rectangular axes, and let x, y be the co-ordi- 
nates of any point. Let fl>{z) be any rational function of z\ 
then <l>{x + y sf—l) can be expressed in the form p-hq sf— 1. A 
point whose co-ordinates are such that p and q simultaneously 
vanish, will be called a radical point. Describe any contour 
ABCD ; then the number of radical points which lie within this 
contour will be given by the following rule. Let a point move 

round this contour in the positive direction, and note how often - 

passes through the value and changes its sign; suppose it to 
change k times from + to — , and I times from ~ to + ; then the 

number of radical points which lie within the contour is ^ (^ — ^ 




X 



It is to be observed that the contour is supposed to be so 
taken that no radical point lies on it ; also if any imaginary root 
of the equation ff>{z)=0 is repeated two, or three, or more times, 
we consider that we have two, or three, or more radical points, 
although these points coincide. By movement in the positive 
direction we imply that a radius vector drawn from a fixed point 
within the contour to the moving point passes over a positive 
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angle equal to four right angles, while the moving point passes 
round the contour. 

The theorem is proved by first considering the case of an in- 
finitesimal contour, and then the case of a finite contour. 

309. Take any point G, which is not a radical point, within 
the contour, and describe an infinitesimal contour including G. 
Suppose that the moving point passes in the positive direction 
round this infinitesimal contour; we have then four cases to 
consider. 

(1) Suppose that neither j? nor q vanishes within or on the 

contour. Here - does not change sign at all during the circuit ; 

so that the rule asserts that there is no radical point within the 
contour, and this is true because jp and q do not vanish. 

(2) Suppose that q does not vanish within or on the contour, 

but that 'p does. In this case — may change sign as the moving 

point passes through a position for which 'p vanishes. But at the 
end of the circuit p has resumed its original sign, and thus there 
must have been the same number of changes from + to — as from 
— to +. Hence h and I are equal, and the rule asserts that there 
is no radical point within the contour, and this is true because q 
does not vanish. 

(3) Suppose that p does not vanish within or on the contour, 

but that q does. In this case - never vanishes, so that the rule 

9. 

asserts that there is no radical point within the contour, and this 
is true because p does not vanish. 

(4) Suppose that both p and q vanish within or on the con- 
tour. If they do not vanish simultaneously we may divide the 
space bounded by the contour into other spaces, for some of which 
jP alone vanishes, and for others q alone vanishes ; thus we obtain 
two or more contours instead of one, and these fall under the 
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cases (2) and (3). We have then only to consider the case in 
which p and q vanish simultaneously, so that there is a radical 
point within or on the contour. And we may suppose the coil- 
tour so small that there is only one distinct radical point within 
it, and none on it. 

Let a, h be the co-ordinates of this radical point ; and put 
a? = a + r cos 0, and y=h + r sin ; thus 

x + y tj— l=a + b si— 1 + r(cos + tj — 1 sin tf), 
= a + h nj— 1+v, say. 

Suppose now that the equation <^ (5?) = has the root a+hj—l 

repeated m times ; then <^ (a + 6 v — 1 + v) takes the form 
cw'" + Cji?"^* + CjjV"'*"' + ..., where c, c^, c^, ... are certain imaginary 
expressions of the standard form ; so that we may suppose 

c = h (cos a + v — 1 sin a), c^ — h^ (cos a^ + V— 1 sin a^\ . . , 

Hence, by De Moivre's theorem we shall obtain 

p _ h coa {m0 + a) + h^r cos {{m+ 1)0 -^a^}+h^7^ cos \(m-\- 2)0 ■ha^}-\-... 
q " Asin(m6'+a)+Ajrsin{(w+l)^+aj}+Aj,r*sin{(m4-2)^+aJ+... 

"We may suppose r so small that the number of changes of sign 

P 
shall be unaffected by r ; that is, we may proceed as if - = cot {mO+aj, 

And as mO increases from one multiple of tt to the next 
multiple of ^, there is always one passage through zero accom- 
panied by a change of sign from + to — . Thus we have k = 2m, 

and 1=0 ; so that « (^ — = ^^> according to the rule. 

310. The theorem is thus proved for an infinitesimal contour; 
and we shall now consider the finite contour A BCD. Let the 
contour be divided into an indefinitely large number of infini- 
tesimal contours, these contours being so taken that no radical 
point falls on any of them. Then the number of radical points 
within ABCD can be found by making a point describe all these 
infinitesimal contours, and adding together the numbers furnished 
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bj the role, which we m&j denote bj ^^ (^ - Q. Bat the same 

result will be obtained if wo omit all the interior lines of division^ 
and retain only the botmdarj A BCD. For each point on any 
interior line of division belongs to tioo contours, and is therefore 
trayersed by the describing point twice and in contrary directions; 

80 that, if in one case there is a change in - from + to — , there is 

a change in the other case from — to +, and on the whole the 

number ^2 (A? — /) is unaffected. Hence the interior lines of 

division may be omitted, and the moving point constrained to de- 
scribe the contour ABCD alone. 

Thus the theorem is proved. 

311. We can now immediately deduce the theorem that an 
equation of the n^ degree must have n roots. Suppose the contour 
ABCD to be a circle with the origin as centre and an indefinitely 

large radius. The value of ■- will now depend only on the term in- 
volving the highest power oizin. 4>{z)', and if we suppose that term 

tobe^(cosa+v— Isina)^?*, we8haUhave- = cot(ntf + a). Thus we 

1 
shall obtain k = 2?i, and ^ = 0; so that ^{Je — l) = n. 

312. We have drawn the figure in Art. 308 so that if from any 
point within the contour a radius vector is drawn in one direction 
it meets the contour in only one point. The figure however need 
not be so restricted ; it may be such that a radius vector drawn in 
one direction may meet the contour any odd number of times. 
Hence as a point moves round the contour the radius vector drawn 
to the moving point from any fixed origin within the contour will 
not always revolve in the same direct] on« By the positive direc- 
tion of movement of the describing point we must understand that 
fat which, although the vectorial angle may not be always increas- 
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ing, yet on the whole the positive angle 2fr is gained in the 
circuit. 

The demonstration will not be affected b j the admission of the 
kind of figure here contemplated ; for the infiniiesimal contours 
may still be supposed, if we please, ovals which have only one radius 
vector drawn in any definite direction firom a fixed origin. Or if 
we do not adopt this restriction we must observe that at the end 
of Art. 309, as 6 now does not always increase, there may be more 

values of 6 for which - vanishes, than we contemplated; but if so, 

there will be exactly as many more changes from + to — as from 
- to +. 

313. We have supposed throughout that there is no radical 
point on a contour considered If there be, no change is made in 
our investigations except at the end of Art. 309 ; and here instead 
of having the range 2fr for we have only tt, so that m occurs 
instead of 2m as the number of changes of sign. 

314. Cauchy's Theorem is given in the Fenny Cydopasdiaf 
Article Theory of EqTiations^ in Mr De Morgan's Trigonomet/ry 
cmd Double Algebra^ and in Mr De Morgan's Memoir to which 
we have referred in Art. 32; from these sources the present 
account of it has been derived. 



XXY. INTRODUCTION TO DETERMINANTS. 

315. We now propose to give some account of the theory of 
determinants, a branch of Mathematics of comparatively recent 
origin, but already of great and rapidly increasing importance. In 
the present Chapter we shall consider some particidar examples and 
illustrations which will enable the student to form a conception of 
the nature and properties of determinants; in the next Chapter 
we shaU prove the principal general theorems of the subject, and 
in the last Chapter we shall give some applications to the theoiy 
of equations. 
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316. Consider the simultaneous equations 
from these equations we obtain 



ab-ah' ^ 



a b^ — a b 

1 a «M 

The common denominator dji^ — a^h^ is called the determincmt of 
the four quantities a^, 6^, a,, b^, and is denoted by the following 
symbol, 

The numerators of the values of x and y are also determinants ; 
and we may exhibit the values of x and y thus. 






x = 









y 






317. The determinants here considered are all said to be of 
the second order, because they consist of terms each of which is the 
product of two quantities. The quantities a^, b^, a,, b^ which 
occur in the determinant fl^i^a — ^a^j are called the constUiients of 
the determinant; the products a^b^ and a^b^ are called the ele- 
ments of that determinant. Thus a determinant of the second 
order consists of two elements involving four constituents. In 
the symbol used to denote this determinant the constituents are 
arranged in a square forming two rows or two colivmns, 

318. We shall now indicate some properties of determinants 
of the second order. 



Since we have 






= a b — a b = 



6,. K 



it follows that the determinant is not altered by changing the rows 
into columns. 
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319. The following identities may be easily verified. 















Thus in the determinant, if the two rows or the two columns are 
interchanged, the sign of the determinant is altered, but not its 
value; if both these interchanges are made, the determinant is 
unaltered. 



320. We have 









P^iy P\ \ 



= P 






Thus if each constituent in one row or in one column is multiplied 
by a given quantity, the determinant is multiplied by that 
quantity. 



321. We have 






= 0, 






= 0. 



Thus if two rows or two columns are identical, the determinant 
vanishes. 



= 




+ 




+ 




+ 





322. It may be proved by developing the determinants that 
a^ + a/, \ + h; 

Thus the determinant, each of whose constituents is the sum of two 
terms, is equivalent to the four determinants which can be formed 
by taking instead of each column one of its partial columns. As 
a special case, suppose a/ = h^ and a/ = 6^ ; then the second of the 
above four determinants vanishes by Art. 320, a?id we have 






a , h 

fi' 9 






+ 



6.. *; 
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323. By Art. 322 we have 






I 1 ' 1 8 

**2 1 9 **a § 









6,5., a a 

6»fl , a a 
ar'if a a 



= a d 



0f . A 

*^8» *^a 



^,^a 



b , b 
a' a 






«.» ^a 



+ ^i«s 



^> «a 



l)y Art. 320. By Art. 321 the first two of the four determinants 
just written vanish. And by Art 318 # 



^a> «a 



»ai *a 



Thus we have left 



• (' 


<^A-P 


>s) 




that is 




X 




Therefore 






-..A 


V 


«.. ^ 




o,a, + 6,^„ o,a,+ 6,^. 




".» P» 


/\ 


»i. ^ 




»,«,+ 


6, A. « 


»". 


+ M. 



I'hus the product of two determinants of the second order is a 
determinant of the second order. 

As a particular case, suppose the constituents a,, )8,, a^,, /} to 
be respectively equal to the constituents a^, 6^, a^, b^; then we 
find that the square of the determinant 



»a> K 



is equal to the determinant 
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324. We will now proceed to determinants of the third order. 
Consider the simultaneous equations 

ajOj + 6, y + Cj« = c?, , a^x + h^y + c^z = d^, a^x + h^y + c^^z = d^^; 

from these equations we obtain 



x = 






and similar expressions for the values of y and z. 

The denominator of the value of a; is called a determinant of 
the third order, involving the nine constituents a^, b^y c^, a^, h^, c,, 
fl&g, ftg, Cgj the determinant consists of six elements, each element 
being the product of three constituents. This determinant is de- 
noted by the following symbol, 

%y \y ^8 
Since the value of this determinant is 

we may express it in terms of determinants of the second order, 
thus, 



a. 






+ a. 



\y ^8 



+ a 



8 



hy <^» 



The numerator of the value of x is also a determinant of the 
third order; we have only to change a^, a^, a^ into d^, d^j cf, 
respectively in the symbolical expressions already given for the 
denominator, and we obtain symbolical expressions for the 
numerator. 

"We shall now see that determinants of the third order have 
the same properties as determinants of the second order. 
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325. Suppose a^ = 1, a^ = 0, and a^ = 0; then we Lave 



1; 

0, 
0, 


6.. 


c,. 


= 





Thus the determinant of the third order reduces in this case to 
a determinant of the second order. The values of b^ and c^ have 
no influence on the value of this determinant^ and we may if we 
please suppose them zero. 

Hence we see that when we have any relation holding among 
determinants of the third order we can deduce the corresponding 
relation for determinants of the second order bj supposing certain 
constituents to vanisL 

326. It may be shewn by developing the determinants that 



a. 



= a. 






+ a« 






+ a. 









+ b. 






+ e. 






that is, 



»i> K ^i 




».» K ^1 


^ 


»a> Ky ^3 





Thus the determinant is not altered by changing the rows into 
columns. 

327. The following identities may be easily verified, by 
expressing the determinants of the third order in terms of deter- 
minants of the second order and developing : 



»i> Ky ^i 




«.» Ky ^a 


= — 


«8> Ky <^B 





Ky ».> «s 
Ky »8> ^B 



K ^ay «. 



Thus if two columns are interchanged the sign of the determi- 
nant is altered but not its value, and therefore if this operation is 
T. E. 16 
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performed twice the detenninant is unaltered. Hence, by Art. 326, 
if two rows are interclianged the sign of thjB determinant is altered 
but not its value, and therefore if this operation is performed twice 
the determinant is unaltered. 

Hence too it follows that if two columns are interchanged and 
also two rows the determinant is unaltered; so that 

«8> Ky ^z 



8 






Kf »a> ^B 



328. As in Article 320 we may prove that if every consti- 
tuent in one row or in one column is multiplied by a given 
quantity the determinant is multiplied by that quantity. 



329. It is easy to shew that 
a^, 63, 6, =0 and 






= 0. 



Thus if two rows or two columns are identical the determinant 
vanishes. 

330. It is easy to see that the determinant 
is equivalent to the sum of the three determinants 



«.. 


K 


c, 




«,. 


K, 


c. 




»»> 


K> 


«a 


> 






and a similar result would be obtained if each constituent in the 
first column consisted of the sum of four terms, or of the sum of 
five terms, and so on. Again, if each of the constituents 6^ 6,, h^ 
is replaced by three terms, each of the above three determinants 
becomes equivalent to the sum of three determinants; and so on. 
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In ttis way the following determinant may be seen to be equivalent 
to the aum of 27 determinanta : 

I a, + a/ + a", &, + &,' + b", c, + c,' + e" j 

"■i + ^t + "■it \ + ^t' + Vi "t + "/ + <'i" 

I ftj + a,' + ttj", 6j + J,' + 6g", e, + c,' + c," | 

The 27 determinants are to be formed by taking instead of 
each column one of the partial columna; thus for example three 
of these determinants will be the three which are given above. 

331. Ab a particular case of Art. 330 wa will take the follow- 
ing determinant : 

I a,aj + J,y3, + c,y,, a|<>, + 6,j3, + c,y,, Oi", + 6,^, + c,y, 1 
a,a, + 6,^, +c,y,, a,a, + 6,^, + c,y,, a,a, + 6,^, + c^y^ 
I a,o, + 6,;8, + c,y, , a^o, + 6,;3, + c,y„ os.a, + &,/3, + (!,y, | 

It will be found that of the 27 determinants of which this may 
be ooQBidered the sum, all except 6 T&nisli by Arts. 328 and 329. 
Tor example, we liave for one of the 27 determinants, 
[ o,o„ a,o,, h,P, I 0,0,^3, 1 o,, o„ h, I 

a^o,, a,a,, 5,^, that i^ a,, a,, 5, 

I by Art. 328 ; and this determinant vanishee by Art. 329, One of 
Libe six determinants whidi remain is 




aj3,yj I a„ b^ e, I 



that is, 



iterminante which remain is 
i,^, I tliat is, «„ c„ J, 

",. 6„ e, by Art. 327. 
a , b , e. 
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The result is that the six determinantB which do remam 
oonstitate 



{s O^.y. - Ar.) + «. 08.7. - Ava) + «. O^iT. - ^#yi)} 



«8» Ky ^8 



that is, 






»8> i^a* ^8 



Hence we see that the product of two determinants of the 
third order can be exhibited as a determinant of the third order. 
If we suppose a^ 6^, ... respectivelj equal to a^ P^, ... we obtam 
a determinant of the third order which is equivalent to the square 
of a determinant of the third order. 



332. We have now given sufficient examples of the nature 
and properties of determinants to enable the student to form a 
conception of the subject. We might have confined ourselyes to 
determinants of the third order, because hj Art 325 the pro- 
perties of determinants of the second order can be immediately 
derived from the corresponding properties of determinants of the 
third order, but the method we have adopted will be of service to 
the beginner. In the next Chapter we shall give general demon- 
strations applicable to determinants of any order. 

It will be observed that we introduce the subject of determi- 
nants by considering the forms obtained in solving certain simul- 
taneous equation& The student thus may see at once that the 
expressions called determinants do naturally present themselves 
in mathematica. It is however more convenient in treating the 
general theory to give an independent definition of a determinant, 
and this we shall do in the next Ohi^ter. It will prepare the 
student for that definition if we here consider the determinant of 
the third order in this new light. 
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333. The value of the determinant 



a 



i» 



^, 



is ah c — aJc -{-ah c ^ab c + a.b,o. — d.hjc,, 

I as **1 8 « ^ *^8 8 I 8 18 8 18 8 8 1 

The first element here is afi^c^i which is the product of con- 
stituents situated diagonally in the square symbol denoting the 
determinant. The other elements may all be deduced from the 
first element in a way which we shall now explain. The suffixes 
1, 2, 3 are to be attached to the letters a, &, c in all the different 
ways in which permutations can be made of these suffixes ; and 
the sign + or — is to be prefixed to any element according as it can 
be deduced from the first element by an even number or an odd 
number of mutual interchanges of two suffixes. Thus the second 
element given above is afi^c^ ; this can be derived fix)m the first 
element by interchanging the suffixes 2 and 3, and so according to 
the rule it is to have the sign — prefixed. The third element is 
^8 ^8^1 > ^^^ ^^^'^ ^® derived from the second element by interchang- 
ing the suffixes 2 and 1, and therefore it can be derived from the 
first element by two interchanges of two suffixes, and so according 
to the rule it is to have the sign + prefixed. Similarly the remain- 
ing elements with their proper signs may be determined. 

334. The following examples are particular cases of determi- 
nants of the third order, which l^e student may verify : 



(1) 



(2) 



(3) 



a, h, g 
hh,f 

1> ^x^ Vx 
1> «8» Va 
li 3^8* Vz 

1, ^i + a,, ttja, 

1, 6, +6., hX 
1, <J, + c„ c,c. 



^ahc-af*^hg*-6hf-¥2fgh. 



=a;jy,-a;j^, + a?,y,- aj,y,+ a?,y. - x^y^. 



= (»i- Wi-0(<5,-».)+(».-*i)(V^iX<'8-«i)- 
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1, y.'P 

- r> 1, « 

A -a, 1 



l+a*+)3' + /. 
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335. Let there be n symbols a^, a,, ... a^; then one (^ these 
symbols will be called higher than another when it has a greater 
suffix, so that for example a^ is higher than a, or a^ a^ is hi^er 
than a, or a, or a, , and so on. 

Now suppose that permutations are formed of these symbols j 
then whenever in a permutation the higher of two symbols pre- 
cedes the other there is said to be a disa/rrangefmemJL Thus, for 
example, in the permutation a^^p^ there are four disarrange- 
ments, namely a^a^, a^a„ afl^^ and a^^. 

336. The permutations of the symbols a^, a,, ... a^ may be 
divided into two classes, those in which there is an eetn number 
of disarrangements and those in which there is an odd number. 

337. When in any pemwAaiion two sf/mhols interchange their 
places while the others remain unchanged the number of disarrange- 
ments is increased or diminished by an odd number. 

Let g and h denote two symbols of which h is the higher. 
Let A denote the group of symbols before g and h, let B denote 
the group between g and Ar, and let C denote the group after 
g and Ar ; so that the permutations which we have to compare may 
be denoted by AgBJcC and AkBgG. Then the difference of the 
numbers of the disarrangements depends upon the symbols which 
constitute the groups gBk and JcBg, Let B consist of P symbols 
and suppose that P^ of them are higher than g and P^ of them 
higher than Jc. Then in the group gBk, besides the disarrange- 
ments in B itself there are P—P^-^P^ disarrangements ; for g is 
higher than P — P^ of the symbols in By and there are P^ symbols 
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in B higher than k. In the group JcBg, besides the disarrange- 
ments in B itself there are j3 - )8, + j5j + 1 disarrangements ; for h 
is higher than P-P^ symbols in B, and there are j8j symbols in 
B higher than g^ and k is higher than g. Therefore the difference 
of the numbers of the disarrangements is 

that is, 2 ()8j — )8,) + 1 ; thus this difference is an odd number. 

338. By repeated interchanges of two symbols all the permu- 
tations of a set of 71 symbols taken all together can be deduced 
from a given permutation. In this mode of deriving the permu- 
tations we shall, by Art. 337, obtain alternately permutations with 
an even number of disarrangements and permutations with an odd 
number of disarrangements. The whole number of the permu- 
tations of a set of symbols taken all together is an even number ; 
hence it follows that there are as many permutations with an even 
number of disarrangements as there are with an odd number of 
disarrangements. 

339. Let there be n^ quantities arranged in the form of a 
square, thus 



»mi> «ma> »»,8V.a,., 



Here for any quantity a^^j, the first suffix, r, indicates the row, and 
the second suffix, k, indicates the column in which the quantiby 
ttr^ t appears. 

The above symbol is used to denote the determinant of the n' 
x[uantities occurring in it ; these quantities are called constUuenta 
of the determinant. The value of the determinant is found by 
taking the aggregate of a certain number of elementSy each element 
being the product of n constituents. The first element is the pro- 
duct of the constituents a^^j, fl^„ «^8»-"*»ti.> ^^<^ ^^ ^ *^® 
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diagonal drawn from the upper lefty-hand comer of the square to 
the opposite comer; we shall call this diagonal the diagonal of the 
square, for we shall only have occasion to refer to this diagonal. 
All the other elements are to be derived from the first element 
^1. i^2.a^8.3"-^m» ^y permutations of the second suf&xes, the first 
suffixes being left unchanged. The sign + or — is to be prefixed to 
each element of the determinant according as it is or is not of the 
same class as the first element, the class being determined by the 
number of disarrangements in the permutations of the second 
suffixes ; see Art. 336. 

340. The above determinant is said to be of the w"' order 
because each element is the product of n constituents. The num- 
ber of elements is the same as the number of the permutations of 
n things taken all together, that is \n ; half of these elements will 
have the sign + prefixed, and half of them the sign — prefixed. It 
will be seen from the mode of formation of the elements, that each 
element involves one and only one constituent out of each row or 
each column in the symbol which denotes the determinant. 

341. Instead of the above symbol for the determinant, it is 
sometimes denoted by S±a, ,«„ o^« -•••^ ; that is, the first ele- 
ment is written and the symbol S ± put befo're it to indicate the 
aggregate of elements which can be derived from the first element 
by suitable permutations and adjustment of the signs + and — . 
The constituents of the determinant may be denoted in various 
ways ; thus sometimes (i, k) is used instead of a^,., and in this case 
we must remember that (i, k) and {k, i) in general denote different 
quantities. In examples of determinants of low orders, we may 
find it convenient to avoid double suffixes, and use the same letter 
for all the constituents in one column, distinguishing the con- 
stituents by single suffixes; this notation was adopted in the pre- 
ceding Chapter. 

342. The other elements of a determinant are derived from 
the first element by permutations of the second suffixes while the 
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first suffixes remain uncbanged ; these elements may however be 
derived in a different way, namely, by permutations of the first 
suffixes while the second suffixes remain unchanged. For su^^pose 
that a, P, y,'"V represents a certain permutation of the n numbers 
1, 2, 3y,..n; then ai,a^a,/3^t,y-^i»,v ^ ^^ element of the determi- 
nant which arises from the first element by changing the second 
suffixes 1, 2,...n, into a, j3, y,...v, respectively. This element may 
however also be derived fix)m the first element a, ,a, „...« if 

It I a* a mm 

the second suffixes are left unchanged and the first suffixes are 
suitably changed, namely, a to 1, )8 to 2, y to 3,...v to w. In these 
two modes of derivation there is the same number of interchanges 
of two suffixes, and therefore the same sign is obtained to prefix to 
the element by the rule in Art. 339. 

343. The valtie of a determiruint is not altered if the miccessive 
rows a/re ckamged into successive columns; that is, 






««.!> «».«>•»„. 






^1 -t ^o 9'.. a 



Ml n 



For it is obvious from Art. 340, that the elements in these deter- 
minants are of equal value; and they have the same signs, as 
appears from Art. 342. 

344. If two rows or two columns a/re irUerchanged, the sign of 
the determinant is changed. 



For let Ji denote the given determinant, i?' that which arises 
from the interchange. Then the elements in H and -R' are the 
same as to value, and we have only to examine their signs. The 
first element in J^ can be derived from the first element in iS by 
interchanging two of the second suffixes, and thus these elements 
have contrary signs in the two determinants. Then an element 



234 



PEOPERTIES OF DETEEMINANTS. 



in R which arises from the first element in i?' by m interchanges 
of the second suffixes will be deducible from the first element in R 
by m + 1 interchanges, and therefore it will appear in R and R 
with contrary signs prefixed. 

345. IfiAJOo rows or two colv/m/na a/re identical, the determinant 
va/niahes. 

For by interchanging two rows or two columns, a determinant 
is changed from i? to — i? by Art. 341. But if two rows or two 
columns are identical, the interchange of these rows or columns 
can have no influence on the determinant, so that R = — R; and 
therefore R = 0, 

346. When all the constituents except one of a row or of a 
coht/mn vanish, the determinant reduces to the product of that con- 
stituent a/nd of a determina/rU of tlie neoet inferior order. 

Consider, for example, the determinant 

«I> ^> Ci9 ^1 

ajj Ky ^a» ^a 

«8> Ky ^a> ^8 
0, 0, c,, 

By three successive interchanges of single rows we can bring 
the row which contains c^ to be the highest row ; and by two suc- 
cessive interchanges of single columns we can bring the column 
which contains c^ to be the first column. Thus, by Art. 344, 



■ ~4 — - - - 




-1 J 


»!> &i> Ci9 <^i 


= (-l)»x 


c„ 0, 0, 


a,> K9 c,, d^ 




Ci9 »!> \i ^i 


%J ^8» ^8» ^8 




^89 *a> Ki ^2 


0, 0, c„ 




^8> ^a> Ky ^8 



The first element of the determinant on the right-hand side is 
enjbjd^, and the other elements are to be derived frt>m this by 
permutations of the suffixes. But c^ is the only constituent with 
the suffix 4 which is not zero, and thus c^ will be a &ctor of eveiy 
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element wHch does not vanish, and the other factor will 1^ de- 
ducible from afi^d^ by permutations of the suffixes 1, 2, 3. Thus 
the original determinant reduces to 



(- ^)\ 



a„ &,, d^ 



This mode of demonstration applies, whatever may be the 
order of the proposed determinant. 

The negative sign which arises in this example from (— 1)* 
may if we please be removed by interchanging two rows or two 
columns in the determinant of the third order. 



34:7. The top row of a determinant of the n^ order can be 
brought to the bottom by w— 1 successive interchanges of two 
rows ; and similarly, the first column can be brought to the end 
by w — 1 successive interchanges of successive columns. Each of 
these is called a cyclical interchange, and it is sometimes conve- 
nient to effect any proposed interchange of rows or columns by a 
series of cyclical interchanges, for the sake of greater symmetry in 
the arrangement of rows and columns. In the preceding example 
we may bring c^ to the place which we want it 'to occupy by per- 
forming three successive cyclical interchanges of rows and two 
successive cyclical interchanges of columns. Thus- we obtain for 
the original determinant the following forms successively : 



(-1)" 



(-1)" 



«.. 


K 


«.. 


K 


0, 


0, 


«.. 


h> 


0, 


«4. 


*.. 


«1. 


K 


«.. 


K 


C.. 



«,»«'. 


(-!)• 


«.. <^. 




c„ 




«.. <^. 


9 



»8> Ky ^sy ^8 


(-!)• 


0, 0,c,, 




«!> Kf ^1» ^1 




»,> K* ^a» ^8 


9 



0, 
d » (I 



(-!)■• 



c„ 0, 0, 


(-l)X 


<?i» ^i> »,> ^ 




c»9 ^,, a„ K 




^8J ^8» ^a» ^8 


9 



0, 0,c„ 

»8> Ky ^8> ^8 



d % cb % 

d m d • h 



236 



PBOPERTIES OP DETERMINANTS. 



348. A ddermincmt ccm always be expressed 
determinaiU of a/ny higher order. 



For example, by Art 347, 

1, 0, 0, 



»3» K ^8 



8, a., &8» ^8 



1, 0, 0, 0, 
ft, 1, 0, 0, 

^9 8, a,, 6„ c. 



where j3, y, 8, /a, v, p, <r, are any qtiantitiea. Similarly, we may 
carry on this process to any extent. 

349. Let i and k denote any two suffixes ont of the set 
1, 2, ... n; let E denote the determinant S^^Oi.i^SkS ••• ^nl 
and let ^^1^ denote the coefficient of a^;^ in E, Then each of the 
expressions 

and ai.<-4i,» + fl^t,i-^M"^ ••• + «is<-4s»i 

is equal to i^ or to 0, according as { and Is are equal or unequal. 

For every element of B contains as a fitctor one out of the 
constituents a<^i, a^„ a<,8, ••• ^«,«> which form the i*^ row. 
And since A^^ ^ denotes the coefficient o£ at^^ inEfWe have 

Similarly, we have 

In the first of these expressions for E, put ai^i = (h,\9 
«i,i = ^ai ••• and so on; thus we obtain the value of a determi- 
nant with two rows identical, which is zero by Art. 345. 

Similarly, in the second expression for E put ai,i = a|,i» 
^< = ^s,fe9 ••• a^<^ so on; thus we obtain the value of a determi- 
nant with two columns identical, which is zero by Art 345. 
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350. If ewry eanatUuent in one row or one column is muUi- 
pUed by a given guoaUiUyy the detemwnani ie muUiplied by thai 
qvuxntity. 

For i?=o<^i -4<^i+a<^,ii<, J +... +a<,»ii<,„; and if every term in 
the t*"* row is mnltiplied by p we most put ^<^ ^ for a^^j, /?«<, t ^or 
a^ „ and so on ; thus we obtain p times the former result for the 
new determinant. 

Similarly, we may prove the theorem in the case in which all 
the constituents of a column are multiplied by a given quantity. 

351. If each of the conetititents in one row or one column is- 
the sum of m terms, the determinant cwn he considered as the sum 
of m determinants. 

Suppose, for example, that each constituent of the i^ row is 
the sum of m terms ; and suppose that 

«<,,=l>i + 5'i + **i + - 



Then i= a,.i-^i + a<,8-4<^8+. ..+»<,!• A» 

+ 

Thus H may be considered as the sum of m determinants 
which have £ot their t^ rows respectively 

Pif Pb* ••• P»9 
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352, We shall now shew how the coefficient of a^ ^ in a de- 
terminant can be itself exhibited as a determinant. In order to 
obtain those elements of a determinant which involve a certain 
constituent a^j^, and those alone^ we may suppose all the consti- 
tuents in the i^ row to be zero, except a^^^; then putting 1 for a^^j 
we shall obtain the required coefficient. 

Thus, . 



-^Uk — 



a 



j.i> 



• •• Gf- 



%k-l9 



a 



Uhy 



a 



i,*+i 



<h. 



0, 0, 1, 0, ... 



a. 



'n,19 



a, 



'n,k~l9 



a, 



n,ky 



a. 



'n,k^lf 



a. 



n, n 



Thus Af^ 4 is here exhibited as a determinant of the w* order. 
We may, without influencing the value of -4^^, put for each 
constituent in the k*^ CQlumn except that which is 1. 

By Art 346, or Art. 347, we may exhibit J^ j^ as a determi- 
nant of the (n — 1)*** order. Thus, adopting the method of Art 
347, we make i — 1 cyclical changes in the rows and k—1 cyclical 
changes in the columns. Therefore 



-4v4 = CX 



^i+uk+if '" ^<+i.«> ^<+i.i> ••• ^<+l.*-l 



^n*k+l9 ••• ^iM«» 



a 



i.*+i» 



... ^, 



!.»' 



^ml9 "' ^mk-l 



where € = (- 1)(*-»+»-»)(»-^) = (^ l)(*+**(-»). 

353. By the aid of Arts. 349 and 352 we can express any de- 
terminant of the n*^ order as the aggregate of n terms, each of 
which is the product of one constituent and of a determinant of 
the (»-l)"* order; the determinants of the {n-l)*^ order may 
themselves be similarly treated ; and the process continued to any 
extent Por example^ 
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\a 



l9 



la, 



9' 



Z9 



a 



49 



K <^i> ^1 




h ^ c m d 

^a9 ^8> "'a 


-^ 


^«> ^a> «a 


+«, 


d m Of » 

q9 *^at ''a 




«a» ^> ^a 


Ky ^29 ^a 




&8» ^»> ^8 




<?8^ ^8» ^8 




^8» ^8» ^8 




«a» ^» <^3 


K9 ^29 ^a 




64, C^, £^4 




C4, d^, a^ 




d^, a^, &^ 




a^y &4> ^4 


64, C4, d^ 






















^8»^8 


+ ^a 


^8,&. 




c^, c?4 




C?4, 64 




^a»«a 


+ ^a 


»8»^8 


+ ». 


c?4, a^ 




a4>.C4 





\9 C, I I 






^A%9 \ 
h9 ^4 



+». 




+ 6. 


+6. 




+ <'. 



^8» «8 I ) 

d^y a^ I / 

«8» ^8 I ) 
»4> K I / 



354. We now proceed to an important part of the subject, 
that which relates to the multiplication of determinants. 

Let there be two given sets of symbols, namely, 

^1, i> ••• ^i,p> 



and 






From these let a third set of symbols be formed. 



^», i> ••• ^»,«> 



these symbols being determined by the general relation 



Let R denote the determinant S * c,, j c,, , . .. c 
now prove the following results : 



St n 



We shall 
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(1) Suppose p less than n ; then B = 0. 

(2) Suppose p = n; then E is equal to the prodact of the two 
determinants which consist of the two given sets of ajmbola in the 
order they occupy. 

(3) Suppose p greater than n ; then E is equal to the sum of a 
set of products of pairs of determinants, each pair of determinants 
being formed by taking any n columns out of the first givmi set 
of symbols for one determinant, and the corresponding n coluoms 
out of the other given set of symbols for the other determinant 

The first element of iS is Ci^iC^^ ... o^., and the value of 
this is 

where in the first fiictor 2 denotes a summation with respect to f, 
in the second factor 2 denotes a summation with respect to «, in 
the third &tctor S denotes a summation with respect to ty and 80 
on ; and all these summations extend firom 1 to p, both indusiye. 
Thus the product may be obtained by taking the sum of the 
values of the expression 

when Ty 8, t, ... take all integral values from 1 tojp. 
We may denote this sum by 

The other elements of E are derived from the first element by 
permutations of the second suffixes and prefixing the proper sign. 
Now from the general value of (?<^t it follows that by changing the 
second suffixes of the symbol c, no change is made in the suffixes 
of the symbol a, but the first suffixes of the symbol b are changed, 
and these alone. 

Hence we obtain a result which we may denote thus, 

-K = Sr.t.«,...(»i,,»j,ta«.«...S*6i,,6it.*a^«—)- 
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.JQbre ^'^^h^^rK^Kf* constituteB a detenniiuuit of .the n^ 
fftifir^ which is formed from the second given set of symbols bj 
t^kixi^ 4)eFtaiu columns, fmd the S jrefers to changes of the £rst 
^iVlSzes ; -see Art. 3^2. 

We shall denote this determinant hj Q. Now, in the first 
place, suppose p less than n. The suffixes r, a, t, ,., are r^ in num- 
ber, and none of them can exceed p ; hence it follows that there 
must be always two or more of them which have the same value. 
Thus Q always vanishes, by Art. 345 ; and therefore JR vanishes. 

Secondly, suppose p = n. Then the system of suffixes rsC ... 
can be a permutation of the n symbols 1, 2, ... n; and they can 
be nothing else without making Q vanisL And by taking in 
succession different permutations the sign of Q will change, but 
not its value, by Art. 344. Thus the value of E reduces to the 
product of the determinant formed out of the second given set of 
symbols, by the sum of all the elements denoted by 2 s*' ^j, j a,, , . . .a^,, 
where 2 refers to changes of the second suffixes. Therefore when 
p = n, 



i? = 



(Xf. , • • . . (t, . 

1,1' l,n 



III 1 ' II, » 



*1.1V..^,. 



iMl' Ufa 

Lastly, suppose p greater than n. Then the system . of suffixes 
rst... can be any combination of n numbers that can be formed 
out of the p numbers 1, 2,...^; and the number of such combi- 

\P 
nations is -, — r= — . Let Q have the same meaning as before, then 
hilp — n 

let P denote what Q becomes by changing h into a. Hence, as in 
the second case, we shall obtain FQ for one term in JR, which arises 

b 

from the selection of a definite combination out of the -. — —^ — 

^nlp — n 

possible combinations. Therefore when p is greater than n we 

, \p 

-nave JR = 'ZPQ, where 2 refers to the summation of , — ; terms 

\n\p--n 

^rising from aU the possible combinations^ 

T. £• 16 
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355. Bj the second case of the preceding Article we see that 
the product of two determinants of the order n can be exhibited 
as a determinant of the same order. Similarly, ihe product of 
three determinants of the order n can be exhibited as a determi- 
nant of the order n; for we can first exhibit the product of two of 
them as a new deteiminant of the order n, and then the product 
of this new determinant and the third of the original determi- 
nants can be exhibited as a determinant of the order n. Thus 
we see that the product of any number of determinants which 
are all of the same order can be exhibited as a determinant of 
that order. 

Hence generally the product of any number of determinants 
of any orders can be exhibited as a determinant of the same order 
as that of the determinant of the highest order among the factors. 
For by Art. 34:8, all the other determinants may be made to be of 
the same order as that which is of the highest order; and then 
the product of these determinants of the same order can be ex- 
hibited as a determinant of that order. 



356. Suppose we wish to form the product of the two dete^ 
minants 



^l.lV^l,n 



^thlf"-^n,n 



and 



^i,ij"'Oi^( 



&«.iv&, 



n,n 



By Art. 343 we may change the successive rows into successive 
columns in either or both of these determinants' Thus, if we 
denote the product by 



^1,1>*"^1, n 



^mij'»'C| 



mil 
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we may form the new constituents in four ways, for we may 
adopt either of the following laws throughout, 



or c<.4 = 
or (?<,4= 
or c<,4 = 






357. Let J^j^ denote the coefficient of a^^^ in a determinant JL 
The system of symbols 



•^»,i> •^•.iv-^ 



n,% 



is called the reciprocal of the system of symbols 



<*%!> ^mij-'-^n- 



358. ^A« determinant of a syetem which ia tlie reciprocal of a 
proposed system of n* symbols isihe{TL- Vf" power of the determi- 
na/rU of the proposed system. 

If we multiply the determinants 



and 



we obtain for the product 






^•,1>* ••*«,« 



^,1>'"^» 



'%W»^«,» 



16^2 
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wliere 4J^4=-4<,iafc,, + -4<,a«k,a+ ... -f-i^^a^,^ Hence by Art ^ 
the constituents of the last detenuisiuit have the i^ue H or Q 
according as i and k are equal or unequal Thus this determinant 
reduces to its first element Ci,i(?,,,...c^^^, that is, to HT. Therefore 



therefore 






E=iir 



-^fulf""^ 



it,n 



= 1^ 



-1 



359. Suppose we have a determinant of the w*** order, and in 
the square symbol denoting it suppose m columns and m rows 
destroyed ; the remaining symbols may then be supposed moTed 
close up so as to form a new square symbol which is a determinant 
of the order oi — m. This determinant is called a pa/rUal determi- 
nant or a minor determinant, with respect to the original determi- 
nant. The symbols common to the m rows and columns will form 
a square symbol which is a determinant of the order m. This is 
also a partial determinant or minor determinant. The two 
partial or minor determinants are said to be complementary to 
each other. 

360. Let H denote a determinant of the order ^%. A .pftrtial 
determinant of the reciprocal system of the order tn is nam^cally 
equal to the product of ijT"' and the complementary of the corre- 
sponding partial determinant of the original systeuL 

Let^ ^,...r, 8y... denote one permutation of the n numbers 
1, 2,...n; and let i, k,...u, v,.., denote another permutation. And 
suppose /, g,... and t, k,... to be groups of m numbers each, while 
r, 8y... and u,v,... are groups of n — m numbers each. Thus 



is a partial determinant of the reciprocal system of the order 
w; we shall denote it by S. 
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N«w 






= €i2 



where c is + 1 or — 1 according as the permutations ^ 5^, . . . f , *, . . • 
and ij ky ,,,tt^ V, ... belong to the same class or to different classes. 

We now propose to obtain the product of these two deter- 
minants. The determinant S may be raised to the order n bj 
inserting additional constituents; see Art. 948. Thus we may 
put for S the following determinant, 

A A A A 

where the constituents denoted by the letter B with suffixes are 
all supposed zero, except those which stand in the diagonal, which 
are all supposed equal to unity. 

Now form the product of S and €R, which will be a new deter- 
minant of the order n. Let the constituents of this new determi- 
nant be denoted by the letter c with two suffixes, the first of which 
indicates as usual the row and the second the colunm. By 
Art. 356 there are four ways by which we may determine the 
constituents in the product of S and eS; we shall select the firsts 
of these, according to which c^^ is obtained by multiplying respec- 
tively the constituents in the p*^ row of S by those in the q^ row 
of eR. Thus 
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Therefore by Art. 349, we have Cj,j, c^a,'"C^^ all equal to B, 
while all the other constituents in the first m rows of the determi- 
nant which is the product of S and eS are zero. 

For the first term in the {m + 1)* row, we have 

because all the symbols denoted by £ with suffixes which occur 
here are zero except £r,n3 ^^^ tliat is \mity. For the second term 
in the (m + 1)*** row we have similarly 

Proceeding in this way, we find that the {m + l)^ row in the 
product of /S^ and eE is the same in the (m + 1)*** column in eff. 

Similarly, the (m -H 2)*^ row in the product is the same as the 
{m + 2)*^ column in eff. 

The determinant then which is equivalent to ScR reduces by 
Art. 346 to the product of HT and the following determinant of 
the {n — m)^ order. 



a. 



r,«> 



v9 



a, 



'«,u9 






Thus S^cir 



-1 



^r,u9 ^r,«> • 



361. The following exani^les may be verified by the student 
In examples (4), (5), and (6), we have determinants of which the 
constituents are themselves determinants. 



(1) 



0, a, )8, y 

^. y,. 0, a, 



= a»a/+y3'^,»+yV.*-2aa.)8/J,-2aa.yy - 2/3/3,yy. 
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(-2) 



(3) 



0, 


Ol 


A 7 


«. 


0, 


7,. A 


A 


-71. 


0, O, 


r. 


-i8,. 


-o., 


9, 


«. 


A 7 


ih 


^, 


7i. A 


A 


-71. 


«. «. 


r» 


-A. 


-a„ tf 



= K-^^, + 7y.)' 



+ K-)8A + yy,)' 



(4) 





c, fl' 




g, a 










g,<* 




/A 
ttfh 




= a 





(5) 



■ 


g; a 




f,c 










f.h 




h,9 




=h 


ayh,g 




a, h 




h, b 






Kh,f 




h, b 






g>/ 






g> A 



(6) 







Kg 




Kb 


K g 




c, g 
g,a 




g, a 

f.h 


K b 

gyf 




9, a 




a, h 
K b 



= the square of 



». 


K 


g 


K 


h, 


/ 


g. 


/, 


C 



(7) 






c, d 



h, c 



€by d 


+ 


c, a 


b, d 


»1> ^, 


<^v «i 


b ,d 



=:0. 
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XXVIL APPLICATIONS OF DETERMINANTa 

362. Suppose we have to find the values of n unknown quan- 
tities x^f x^,.,.x^ from the following n simple equations, 



Let E denote the determinant S^^a^^iC^^, ... d^^; atid let A^^^ 
denote the coefficient of a<, ^ in B, Then the Values of the unknown 
quantities will be given by the formula 

where k may have any value between 1 and n both inclusive* 

Por let the given eqiiationfii be multiplied respectively by 
Ai^ia ^,,l,...J,^|,; and add the residts. The coefficient of o:^ is 
then 

^hk-^hk + ^i,k^i,k + ... + a^fc-4»,jk, 
which is equal to ^ by Art 349. Th^ coefficient of at, is 

which is zero by Art. 349. 

We may write the formida which gives x^ thus, 

where S is also a determinant, namely the determinant which is 
obtained &om E by removing the k*^ column of B and substituting 
for it the dolumn formed of t^^, Uj^,,,.u^, 

363. Suppose that the determinant B vanishes; then the 
values of the unknown quantities become infinite. This indicates 
that the given equations are inconsistent; see Algebra, Chapter zv. 
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364. Suppose that «,y u^, ... u^ Taniahy and tliat R akd 
Taniahes. The method of Art 362 gives for the unknown quan- 
tities the indeterminate form ^ . In this case we may take n—l 

of the given equations, and these Irill be sufficient to determine 
the ratios' of n — 1 of the unknown quantities to the remaining 
unknown quantity. 

These ratios can ho'W^ever be at once assigned. For we shall 
have 

where i is any integer not greater than n. 

For since ^ ±= 0, we have bjr Art 349, for all integral values 
of i and k between 1 and n, 

and thus when a;,, x^ x^,,, are taken in the ratios assigned above, 
^ehat^ 

»in^ + »in«t + <h.%^ + = 0. 

By taking n—l of the given equations, and supposing 
u^y u^, ...u^ all zero, we shall obtain in general a single definite 
value for the ratio of each o£ n—l of the unknown quantities to 
the remaining unknown quantity. Hence it follows that when 
^ 2= the ratioif 

are independent of u 

365. If u^, u^.,.ii^ all vanish &nd M deed not vanish the 
system of equations in Art 362 has no solutions, except we suppose 
ajj, x^j,..x^ all zero. The condition ^ = is thus necessary in 
order that the unknown quantities may have values which are not 
zero. 

366. For example, in order that the equations 

rtjOj + hjf/ + c,« = 0, 
ajc + 6^ + c^ 3= 0, 
ajc + 6^ + c j« = 0, 
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s 

may admit of solutions whicH are not zero we must have 






= 0. 



If this condition is satisfied the equations may be satisfied bj 



X \ y : z :\ 



or X 



y 



m m 



K «. 


• 
• 


"* 


«. 


• 
• 


«.. K 


K «. 




«.. 


«. 




«,. ^ 


K «. 


• 
• 


«.. 


». 


• 
• 


«.. *. 


K «. 




«.. 


«i 




«.. *. 


^. «i 


• 
• 


«.. 


«. 


• 
• 


«i. *. 


K> «. 




«.. 


». 




».. ^ 



or oj : y : « 



These three forms of solution coincide by Art. 364. 

367. From the given equations in Art. 362 we have deduced 



Let p denote the determinant 2±-4i.i-4,,, ... -4^»; and let 0^1 
denote the coefficient of ui^^j in p. We may from the above equa- 
tions find the values of w^, w^, ... w^; and by proceeding as in 
Art. 362 we shall obtain the general result 

pWj = 2?|a5iat,i+aJaat,,+ *.*+x^aj,A. 
By comparing this result with the given equation in Art. 362, 

we have, since the values of Uj^ must be identical, 



-^ ot>.< _ 



= a 



%i 
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But p = i?"' by Art 358; thus 

368. We now proceed to applj determinants to another 
problem, that of forming the product of all the differences of 
given quantities. 

Let n quantities be denoted by a,, a,, ... a^. Let P denote the 
product of the differences obtained by subtracting each of these n 
quantities from aU those which follow it, so that 

P = (aa-ai)(a,-ai)...(a,-ai)(o,-aJ(a^-aa)...(a^-a,_j). 

Then P may be exhibited as a determinant of the order n. For 
consider the determinant 



1, a,, ttj ,...aj 
1> ^s» ^a>"-0'a 



a-1 



h O-nf O- •« 



a-1 

a 



This determinant is a rational integral function of the quantities 
a^, aj,...a^; and it vanishes when any two of these quantities are 
equal, by Art. 345. It is therefore divisible by the product 
which we have denoted by P, Also both the determinant and 

the product P are of the d^pree — \ ^ in powers and products 

of ttj, a^,...a^; therefore the quotient when the determinant is 
divided by P is some numb^. And this number must be unity, 
as we see by comparing the first element of the determinant with 
the product of the first terms of the binomial factors of which P 
is composed. 

369. The determinant of the n^ order consists of \n terms. 
The product P prior to simplification and cancelling would in- 

volve a much larger number of terms, namely, 2 * . Thus the 
determinant is an advantageous form for the product on account 
of the saving in terms, 
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370. We have 



7^= 



1> <*i> «i'> 
1> «,' S*> 



«-i 



1, A • <K ,...<X 



*-l 



1> «i> o,'>---o, 
1, a 



■-1 



a> **a>"***s 



^ <*«J O— <*•""* 



Now the product of these determinants can be exhibited as a 
single determinant; adopting the last of tiie four methods given in 
Art. Z&6f we have 



8. 



•f 



*1> *8> ••• '«-! 



*i.-l» *•> ^n+iv'to-t 



where »^ = Uj' + a^' + ... + aj. 



371. Suppose for example that a^, a,y^...a^ are the roots of an 
equation of the n*^ degree; then P* is the product of the squares 
of the differences of the roots. Thus the product of the squares 
of the differences of all the roots of an equation can be exhibited 
as a determinant, the constituents of which are known in terms of 
the coef&cients of the given equation, for 8^ can bo expressed in 
terms of the coefficients. 

372. Suppose we have to find the values of the n unknown 
quantities x^, Xg,,.,x^ from the equations 

OJj +;», + JBj + ..• + 05^ =* 1, 
Xja^ + x^fi^ + x^a^+ ... +aj^tt^=<, 
x^a^^-^x^aJ' + x^a^'+.^.+x^aJ^e, 



a;,a,"~* + aJ,o/"* + aJ.a,*'* + ... + aj.a.*^' = r~*. 



« a 



The values of the unknown quantities will be determined by the 
formula 



x,= 



(ai-a<)K-a<) — K-i-a«) (a«+,-«<) ... («,-af>* 
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For by Art 362 








M'-Si 


where E = 


1, 


1, 1, ...1 








o,, o,, ...a. 




< 


<-'i 






and S = 


1, . 


■ ••X| Xy Ay a * * X 








1 
1 

1 




«;-V 


/»••-* /■"** W"^> /• 


• • 



Now let the ^ column in ^ be placed first, and the t*** column in 
She placed first; see Art. 347. Then let the two determinants 
be changed into products of differenoes by Art. 368 ; and by can- 
celling common factors in the numerator and denominator we 
obtain the value of Xt in the form assigned above. 

373. The method of determinants may also be used to obtain 
the resulting equation when certain quantities are eliminated 
from given equations. Suppose we have to eliminate x from the 
equations /{x) = and <f> (x) = 0, where 

^ (a;) = fij, + ij as + h^. 
We may proceed thus, 

/(a) = a^ + a,aj + ajif + a^ijf + 0, 
xf(^ = + a^x + a^a:* + a^cc' + a, a*, 
^ (a?) = ^0 **" ^,« + ^,35* + + 0, 
x^ (a;) = + h^x + ft^a;" + h^of + 0, 
a*<^ (a?) = + + \q? + 6,aj' + J^a;*.- 
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Let E= a^y a^, a^, a^, 

0, a^y ^1, a,, ^a 

^0^ ^, ^, 0, 

0, K, 6,, 6., 

0, 0, 6,, 6„ 6. 

then since by supposition /(x) = and ^ (re) = 0, and therefore also 
x/{x), Xfji {x), and rc"*^ (x) are all zero, it follows by Art. 365 that 
^ = is the necessary relation which must hold among the coeffi- 
cients o{/{x) and ^(a). 

374. We have given a particular example in the preceding 
Article, as the general investigation to which we now proceed 
will thus be more intelligible. Let 

/(x) = Oq-^ a^x + a^x^ + ... + a^a^ = 0, 
<fi {x) = 5^, + \x + 6,05"+ ... + 6^a^= 0; 

and suppose we have to eliminate x between these equations. 
We have 

f{x) = a^ + a^aj + a^aj* + . . . + a^aT, 



a?. 



f{x) = 



a»aj + a,fic*+ ... +a_ ^aT-^-a^aT^ 



+1 



m-l 



x*~^f{x) = «o^"' + a, a^ + . . . 



ar-*<^(a;) = 



6^ar"* + 5.ar+ ... 



Let R denote the determinant of the order m-^-n which has for its 
first n rows 

^o> ^i> ^s»-a,»> 0, 0, 0,... 
0, a,, aj,...a^^,, a^, 0, 0,... 
0, 0, ^ov .»„.„ a^_p a^, 0,... 
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and for its next m rows 

0, 6^, ftj,...ft,_,, ft,, 0, 0,... 
0, 0, 6o>-ft.-s> ft«-,> ft«> 0,... 



then 2? = is the necessary relation among the coefficients in order 
that /{x) and ^ (x) may simultaneously vanish. 

The relation B = has been called the resvUant or the dimi- 
narU of the proposed equations /(x) = and ^ (as) = 0. 

375. The terms in the quotient obtained by dividing one 
algebraical expression by another may be exhibited as deter- 
minants. 

Let ^(a;) = a^ar + ajar"* + ajar""+ ... + a^a5'""'+ ..., 

il/{x)=:b^ixr + b^ixr~^ + h^af*~'-\- ... +6^3^"''+ ... ; 

and let the quotient of ^ (x) divided by ij/ (x) be denoted by 

Then will 



^r^ 



1 



K^' 



Ky 0, 0, 0,. 

^, ^0. 0, 0,. 

^, ^, ^, 0, 

^8> K9 ^» ^0» 



«0 



.a. 



u» b • b (t 

This may be shewn by trial to be true when r = 0, or 1, or 2 ; 
and it may be proved generally by induction. We will suppose, 
for example, that q^, q^, q^, q^, and q^j are admitted to be properly 
found by this law, and we wish to prove that q^ is so also. 

By multiplying ^(x) by the quotient and equating to ^(a;) we 
find 

%=2oK'^9^K + 9s\ + 2^K'^qA + 9s^• {!)> 

and we have to shew that the value which we thus obtain for ^ 
agrees with that found by the determinant. Let £ denote the 
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determinant^ then 



-R6.=P 



6„ 0. 0, 0, 0, a, 

6., b„ 0, 0, 0, <», 

*t> *i» ^» 0, 0, a, 

6». 6„ 6„ ^0, 0, a, 

*4' *»» *«> ^» ^» »4 

*.» *4> ^s> *«» *i> <*« 

" 6? { ~ ^*** * ^*^* " '^'^'' ■" ^•*' " ^'^' ■" ^•''* }' 

where S^, S^f 8^,8^,8^,8^, are determinants which arise from E 
by suppressing the last row always an4 op^ .qoliivui 0ucce6fl(i.vely. 
Thus 



^.= 



0, 0, 0, 0, a, 

6„ 0, 0, 0, a, 

ft,, fto> ^* ^» % 

Ky K' fto» ^' ^3 

^8' ^2* ftl> fto> «4 



a„ 0, 0, 0, 

«i, fto» 0, 0, 

«a» fti» fto. 0. 

^BJ ft.J ftl> fto> ^ 

^4» fta» ft«» fti> K 



by Art. 344. Then by repeated use of Art. 346, we obtain a b^* 
as the value of the determinant; thus 






Again 



K) <»o> 



b„ 0, 0, 0, o, 
6., 0, 0, 0, a, 

*3» *i> K' 0, a, 
*4» *»> *i» ^«» "4 
by Art. 344. iNow it may be proved as in Art. 346 that 



0, 0, 

6„ a„ 0, 0, 

\, «,. &.. 0, 

^,> »3> ^. ^o» 

^4» *.» *«» *i» *o 



6„ «., 0, 0, 

6„ a„ 0, 0, 

6., »., 6., 0, 

^> «.» ^. ^. 

ft«. <»«. ft,. *i, ^, I 






J., 0, 
6,, 6„ 
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Thus i^.s- 



therefore 



^.= 



tlierefare 



Similarlj 



and 



thos 






J„ 0, 

»., K, 



i„ 0, 0, 0, a, 

i„ J„ 0, 0, a, 

J„ i., 0, 0, a, 

*.» *t» *.» 0, o, 

*4« *i> *i> *•» «4 






K=-iK: 



K 0. ». 



V 



=-?.. 









■B*.=-?A-?A-?A-yA-?A+». (2); 



Itenoe ve see that R found from (2) agrees in value with q^ foond 
from (1) ; which was to be proved. The method which we have 
used with respect to j*, is general, and thus q^ has the value above 



376. We will finish with two examples. 

(1) Let there be a determinant of the order » + 1 in which 
all the constituents are eqtial to unity except those which form 
the diagonal series, and these axe 1, 1 + a,, 1 + a,, ... 1 4- a, ; the 
value of this determinant is a^a, ••.<>,• 



T.E. 
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For if any one of the quantities a^, e^,) ... a^ vanishes the 
determinant vanishes, because it. then has two rows identical ; 
thus the determinant is divisible by a^a^ ••• ^,* -^d the quotient 
of this division must be unity, as v^e see by considering the first 
element of the determinant., 

(2) Let there be a determinant of the order n in which all 
the constituents are unity except those which form the diagonal 
set, and these are 1+a^, 1 + a,, ... 1 + a^ ; the value of this deter- 
minant is 

For if any one of the quantities a^ a^, ...a^ vanishes the 
determinant reduces to a case of the first example ; and the term 
a^a^ ... a^ is found by considering the first element of the deter- 
minant. 

Qua/rterly Joumcd of MoAh&maiics^ Vol. L page 364. 
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EXAMPLES. 

r 

I. 

1. Find the quotient and remainder when 

iB* + 7«* + 3a;' + 17aj* + lOaj - 14 
is divided by as— 4. 

2. Expand (a + a;)" in powers of os, and then obtain ikejlrat 
derived Jmiction of (a + a?)". 

3. Shew that the equation aj'+3a5" + aj-6 = 0, has one root 
and onlj one between 1 and 2. 

n. 

1 . Find a root of the equation «* = + «/ — 1. 

2. Find a root of the equation a;' ^ - ^/ - 1. 

III. 

1. Form the equation whose roots are 1, 1, 1, — 1, — 2. 

2. Form the equation whose roots are 1 tt J — 2 and 2 ak n/ — 3. 

3. Form the equation of the eighth degree one of whose roots 
^J2 + J3 + .J^. 

4. Solve the following equations in each of which one root is 
given. 

. (1) aJ»-a:» + 3aj+5 = 0; 1-2n/^. 

(2) a;*+4aj' + 6«" + 4aj + 5 = 0; n/^. 

(3) aj*+aj"-25a:" + 41aj+66 = 0; 3 + n/^. 

(4) a;* + 2a;»-4a:»-4aj + 4 = 0; J2. 

(5) a;*-2a'-5a»-6aj4.2 = 0; 2^ ^3. 

(6) a?-a;'-8aj*+2aj" + 21a«-9a;-54 = 0; ^2 + >/^. 

17—2 
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5. Solve the equation a^-aj* + 8«'-9aj- 15 = 0, one root 
being ,^3, and another 1—2 <s/ — 1. 

6. The equation as'-4a^ + a; + e=0 has oneroot = 3; find e 
and the other roots. 

7. .Find the stun of the reciprocals of the roots, the sum of 
the squares 6f the roots, and the snm of the squares of the reci- 
procals of the roots of a^- 6aj* + 40as" + 60ic'-a5- 1 = 0. 

8. The equation a* - 21a:' + 1 Bex' -546aj + 580 = 0, has roots 
of the form o, j8, a + j8 + (a-^/s/-i; solve the equation. 

9. Find the sum of the cubes of the roots of a given equation. 

10. Eorm the equation the roots of which a, ^, y, S, are 
i(l + ^3-b^/V3), lmdl(l-^3-b^/r273); 

and thence prove that 7^- + 3- + ... = 0. 

ap ay 

11. If a, &, c^ ••• are the roots of an equation, find the valae 

12. Assuming that the arithmetic mean of any number of 
positive quantities is greater than their geometric mean, shew 

that if p* — 2p^ is less than np/, the equation has impossible 
roots. 

13. If a,byCf,,, are the roots of an equation, shew that 

(i-A+;>4-...)'+(Pi--P.+A--)'=(i+«*)(i + 6")(i+0 • 

IV. 

1. Transform each of the following equations into another 
the roots of which are formed by adding to the roots of the origi- 
nal equation the number assigned. 
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(1) aj»-3aj*-«» + 4 = 0; 1. (2)af + x + l = 0;^ 

(3) aj» + 4a»-a:»+ll = 0; -3. 

3. Transform each of the following equations into another 
wanting the second term. 

(1) a?-3aj" + 4aj-4=0. (2) flj»-6aj*+ 12aj + 19 = 0. 

(3) a;*-8iB"+5 = 0. (4) a»+5aj*+ 3a? +»"+«- 1=0. 

3. Transform each of the following equations into two others 
each wanting the third term. 

(1) a? + 5aj" + 8aj-l = 0. (2) a;»-6a» + 9«-10 = 0. 

(3) aj*-8iB»+18a:'-15a;+14=0. (4) aj*-18aj'-60aj*+a;-2=0. 

4. Transform the equation a? + 2a? + jaj + ^=0 into another 

with int^[ral coefficients, and unity for the coefficient of the first 
term. 

5. BemoYe the second term and solve the equation 

aj"-18«' + 157a: -510-0. 

# • 

6. Transform each of the following equations into another 
whose roots are the squares of the differences of its roots ; and 
discuss the nature of the roots. 

(1) a:' + 7a;-l = 0. (2) «»-6aj + 6 = 0. 

T. Transform aj* — 12a:" + 12aj — 3 = into an equation whose 
TOots shall be the reciprocals of those of the given equation; and 
then diminish the roots of the transformed equation by unity. 

8. Shew that the equation x^ + sc^ — Sx—lSssO has two real 
roots of contrary signs, and that it cannot have more real roots ; 
and that they lie between — 2 and 3. 

9. The roots of the equation a?+pa:^ + qx-^r=0 are denoted 
by a, b, c; transform the equation into others which have the 
roots assigned in the following cases. 
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(1) a*, 6", c*. (2) 5 + c, c + a, a + 5. 

fo\ JL JL ^ a^ iL A ^ 

^"^^ 6 + c' c + a' a + y ^^ he' ca' ab' 

(5) Vc\ea\dfh\ (6) J(Jca), J{kb\ J{kc). 

(7) ^(h + C'-a), -(c + a-6), -(a + 6-c). 
a 5 c 



(8) 



6 + c' c + a' a + 6* 



w if+c-a' c + a-ft' a+ft — c* 
(10) 6c+-, ca + ^, a6 + -. (11) 6"+c", c*+a", a*+6*. 

(^^) c'*'6' a'*'c' 6'^a' ^^"^^ "6^' "7a^ ' "^^gr- 

(14) 6-c, c — 6, c— a, a— c, a— 6, 6— a. 

10. The roots of the equation x^ + qx'\-r = are denoted by 
a, h, c; transform the equation into others which have the roots 
assigned in the following cases. 

<•) (^)' (^J- (^y- 

(2) ha -{-cic, ch + ha, ac + ch. 

11. If a, hy c denote the roots of a;^-6a' + lla5-6 = 0, form 
the equation whose roots are 

1 1 1 

6« + c"* if + a" a*+h'' 

12. If a, 6, e denote the roots of aj" - 2aj* + 2 = 0, form the 
equation whose roots are 

h' + <^ c^ + a^ a" + 6" 



a» ' V ' 



13. Prove that the third term of the equation 

9? +pa? + jaj + r = 0, 
cannot be removed if jp' be less than 3^. 
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14. Shew that the second and fouiih terms of the equation 

can be removed by the same transformation if 8p3=p,(4p,— p^*). 

15. Solve the following equations : 

(1) aj* + 4aj' + 7«*+6aj-10 = 0. (2) x* + iaf+3af -2x^6 = 0. 

16. Shew that the equation 0^ + 405*+ 6a; + 3 = does not 
admit of the second and third terms being removed by the same 
transformation, but that it does if multiplied by x. 

17. Shew that it is possible to remove the second and third 
terms of an equation of the n^ degree if 

n X (sum of squares of roots) = square of sum of roots. 

V. 

1. Shew that the equation a:* — 4a;' + 3 = has at least two 
miaginary roots. . 

2. Shew that the equation x^ - 2x^ + a^ - 1 = has at least 
four imaginary roots. 

3. What may be inferred respecting the roots of the follow- 
ing equations ? 

(1) a;*'-5aj'+««-aj- 1 = 0. (2) «""-a^+a-+aj+l = 0. 

VL 

1. Solve the following equations, each of which has equal 
roots. 

(1) aJ»-7«'+16aj-12 = 0. (2) aj» - 3rB« - 9aj + 27 = 0. 

(3) aj'-aj*-8aj + 12 = 0. (4) aJ» - 5a:* - 8a: + 48 = 0. 

('> ^-^-373=^- (^) ^-^^373 = ^- 

(7) a:^ + 8a:» + 20a: + 16 = 0. (8) a;*-laj + ^=0. 
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(9) «*-lla'+18aj-8 = a 

(10) «*-2aj'-««-4a:+12 = 0. 

(11) a^-7aj' + 13iB«+3«-18 = 0. 

(12) a^-4aj'-6«'+36aj-27 = 0. 

(13) aj*+13a' + 33a:*+31aj + 10 = 0. 

(14) 2a;*-12aj'+19a«-6aj + 9 = 0. 

(15) «* + 16«'+79rB« + 126aj + 98 = 0. 

(16) 8aj* + 4aJ»-18a«+ll«-2 = 0. 

(17) a*-«*-.2a:P+2a:" + a:-l = 0. 

(18) a»-2aj*-.6«' + 4aj»+13«+6 = 0. 

(19) a»-13ajV67aJ»-171«* + 216a;-108 = 0. 

(20) a*-3iB» + 6«'-3«»-3aj + 2 = 0. 

2. Find the condition that af^—paf -hr^O may Lave equal 
rootB. 

3. If x^+pof-hqaf + rx + 8=^0 has three equal roots, shew 
thatg^-3pr+12« = 0. 

4. If af-hp^af''^+,..-hp^ = have two roots equal Jbo a, 
shew that p^ptf^'^ + 2p^af^''' + ... + np^ = has a root equal to a. 

5. If af-^-qaf-hra^ + t^O has two equal roots, prove that 
one of them will be a root of the quadfatic 

2^ 5t 4q 

^-":5i^'^'-3^-"r5=^- 

VIL 

1. Find limits to the positive and negative roots of 

a^-5a» + «*+ 12a?'- 12a:»+ 1 =0. 

2. Write a;^- 8a^+ 120:"+ 16a;-39 = so as to shew that 6 is 
a superior limit of the positive root& 

3. Shew that the real roots of the following equations lie 
between the limits roqpectively assigned. 
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(1) «*-fli' + 4a«-3«+l=0; jandl. 

(2) ai*+«»-10«"-aj + 15 = 0; -.4aDd3. 

(3) a^ + 5aj* + «»-16aj»-20»-16 = 0; -.dand4. 

(4) (a:^-26)(a« + 6aj + l) + 60«=0; -dandS. 

(5) (a«-4«-2)«-43 = 0; -.2and6. 

(6) ^• + aS* + aj'-25a;-36 = 0; -5 and 5. 

4. find bj Newton's method limits to the roots of the 
following equations. 

(1) x^-af'-Saf+Sx-d^O. (2) aj*-drB« + 6«-l=0. 

(3) aj*-aJ» + 4aj" + aj-4 = 0. (4) aj*-daj'+ll«'--20 = 0. 

(5) aj*-2a:"-3rB«-li5«-3 = 0. 

5. Prove that aj* + 5aj*-20a:'-19aj-2 = has one root be- 
tween 2 and 3, but none greater than 3, and one root between — 5 
and — 4^ but none less than — 5. 

6. Apply the method of Art 102 to find the number and 
situation of the real roots of the following equations. 

(1) af-12aj+17 = 0. (2) a?* - 32aj + 20 = 0. 

(3) af-3iB + 3 = 0. (4) 4aj" + 9a:'- 12« + 2 = 0. 

(6) aj^-aV + c^=0. (6) «*• -;?a:" + r = 0. 

7. Shew that the equation 3aj*+ 8a:"-6a:*-24aj+r = will 
have four real roots if r is less than — 8 and greater than — 13, 
and two real roots if r is greater than — 8 and less than 19, and 
no teal root if r is greater than 19. 

VIII. 

1. Obtain the commensurable roots of the following ^na- 
tions. 
(1) aj"-106aj- 420 = 0. (2) a^ - 9«' + 22aj - 24 = 0. 

(3) ai"-2ic*-25aj + 50 = 0. (4) 2a*-3aj'+2aj-.3 = 0. 
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(5) 3aj»-2rB«-6aj+4 = 0. (6) 3a:^-26aj" + 34aj-i2 = 0. 

(7) aj*-2aj» + 8«-16 = 0. (8) aj*-aj'-13«'+ 16a; -48 = 0. 

(9) «*-aj»-a:"+19aj-42 = 0. (10) »*+ 8*^- 7*^- 49a; + 56 = 0. 

(11) a^-3a;*-9aj' + 21a:«-10a; + 24 = 0. 

(12) .»•- 7aj* + 11a;* -7aj' + 14a:'- 28a; +40 = 0. 

2. The coefficients of the equation y (a;) s are all integers ; 
shew that if/(0) and /(I) are both odd numbers the equation 
can have no integral roots. 

IX. 

1. Solve the following equations each of which has two roots 
of the form a, — a. 

(1) a;*-.2aj»-2a;*+8a;-8 = 0. (2) a* + 3a;" -.7a;* -27a; -18 = 0. 
1(3) a;*+3a;» + 2a;* + 9a;-3 = 0. (4) a;* + a;*- lla;» + 9a; + 18 = 

2. Solve the following equations in each of which the rootB 
are in Arithmetical Progression. 

(1) a^- 63;*+ 11a;- 6 = 0. (2) a;" - 9a;* + 23a;- 15=0. 

(3) a;*-8a;'+14a;* + 8a;-15 = 0. (4) a;*+ 4a;»-4a;*- 16a; = 0. 

3. Solve the following equations in which certain conditions 
relative to the roots are given. 

(1) 3a;* - 2a;* - 27a; + 1 8 = ; product of two roots is 2. 

(2) a;* — 3a;* — 6a; — 2 = ; product of two roots is — 1. 

(3) a;*-4a;* + 6a;*- 16a;+ 4 = 0; product of two roots is 1. 

(4) 2a;*-5a;* + lla;*-lla;+6 = j product of two roots is 1. 

(5) a5* — 46a;* — 40a; + 84 = ; difference of two roots is 3. 

(6) a;* - 7a;* + 15a;* - 15a;* + 14a; -8 = 0; one root double another. 

4. Solve the following equations in which the roots are of the 
forms respectively assigned. 

(1) a;'- 10a;* + 27a;- 18 = 0; a, 3a, 6a. 

(2) a;*-10a;»+35a;*-50a; + 24 = 0; a + 1, a-1, 6 + 1, 6- L 
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(3) 6a;*-.43a:^+107««-108aj+36 = 0: a, J, r, -. 

(4) a*+8aj* + 5aJ*-50«"'-36aj + 72 = 0; a, 2a, b, 2hy n ^ b. 

(6) ai"-4«"+10aj*-16rB«+44rB«-16aj + 56 = 0; a^J2^Jb,^Je. 
(6) aj'-12a;*-2rB« + 37«'+10aj-10=0; 1*V«> 5*n/2, *n/c- 

5. Solve the following equations, each pair having a root in 
common. 

(1) a:P-3aj"-16a;-12 = 0; a:^-.7ar* + 5aj+13 = 0. 

(2) aj'-3aj' + lla;-9 = 0; aJ»-5««+llaj-.7 = 0. 

.6. Solve aJ*-7«'+36 = 0, ^nd aj"-3aj*- 10a; + 24 = 0, the 
former of which has a root equal to three times one of the roots 
of the latter. 

7. Solve the following equations which have two roots in 
common. 

x^-2a?^ 7a:" + 26aj- 20 = ; a?* + 4a;' - 2rB* - 12a; + 8 = 0.. 

8. Find in terms of m and a the roots of the equation 

a;*+paa^ + (m" + m) a V + ga'a; + a* = 0, 

which are in geometrical progression ; and determine p and q in 
terms of m and a. 



1. Solve the following reciprocal equations. 

(1) «*-2a;' + 3a;"-2a;+l = 0. (2) a?* + 4a;' - 5a;" + 4aj + 1 = 0. 
(3) 2a;*-5a;»+6a;"-5a; + 2 = 0. (4) a;* + 4a;»-10a;" + 4a;+ 1 = 0. 
(5) a;»-2a;*-19a;'-19a!^-2a;+l=0. (6) a;''-4aj*+a;"+a;*-4a;+l=0. 

(7) 6a;»-lla;*-33a;"+33a;"+lla;-6 = 0. 

(8) 2a;'-5a;'+4a;*-4a;"+5a;-2 = 0. 

(9) 8a;'-16aJ*-25a;'-16a;"+8 = 0. (10). 1 + a;* = a (1 + a;)*. 



268 EXAMPLES. 

2. Obtain roots of the following equations, and depress the 
equations. 

(1) a?'-2aj' + aj* + aJ*-2aj»+l = 0. 

(2) iB^ + 2ai"- 8aj*- Ta?*- 7ic" - 8ic» + 2aj + 1 = 0. 

(3) a^+2a' + 3aj'+2a;»-2aj'-.3a:"-.2aj-l = 0. (4) aj**^-l=0. 

3. Exhibit the roots of x^-hpsc^-h 1 = in the form 

4. If o^ (, c, ... denote the roots of the recurring equation 

c' a cr a ^ ' 

5. In the recurring equation of^ — ^a?**"* + ... = 0, if the tenns 
are alternately positive and negative and p not greater than 2n» 
the roots cannot be' all real 

XL 

1. Solve the following eqaations. 

(1) aj'-lrrO. (2)ic»-l = 0. (3)aj»+.l = 0. 

2. Shew that the fectors of o" + 6" + c" - 3a5c are of the form 
a + 6* + ci", where **— 1 = 0. 

3. Shew that the factors of 

a"(a"- 46(?- c^-6«(6"- 4ao - cP) +c"(c»- 46d - a")-(?(e?- 4ac - &•), 
are of the form a + 6A; + cAj*+ cH;', where ^*— 1 = 0. 

XIL 

1. Solve the following equations. 
(1) af-3a;-2 = 0, (2) ic" - 9aj - 28 = 0. 

(3) af-aj + 6 = 0. (4) af+3aj = |. 

(5) 3aJ»-6aj«-2 = 0. (6) ai'-15««- 33a; +847 = 0. 

(7) ai'+6a»* = 36a". (8) sb»-3(a' + 6*)«=2a(a*-36"). 
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2. Detennine the relation between q and r neoeflsaiy in order 
that the equation a^ + jw+ r = may be put into the form 

and henoe Bolre the equation 80^ — 36a? + 27 «: 0. 

3. If the roots of the equation af+paf-^qx-^r^O are in 
Geometrical Progression, ^ = ^' Hence solye the equation 

fli*-a"+2aj-8 = 0, 

4. If the roots of the equation of-hqx + rrsO are diminished 
by hf shew that the transformed equation will have its roots in 
€(eometrical Progression if A be such that 27rh^ - 9^h' - ^ = 0. 

5. If the roots of the equation a^ + dpa:* + 3ga? + r = are in 
Harmonical Progression, 2^ = r (3pq — r), 

6. If the roots of the equation of + dpsxf + 3qx-hr = are in 
Harmonical Progression, the equation nc* + 2g^x +qr = contains 
the greatest and least of theih. 

7. The impossible roots of af + qx+r = being put under the 
form a^pj" I, shew that /3* = 3a* + g. 

8. If r, a + JP, a-JPf are the three roots of the equation 
af'hp^a^+pjiB+p^=^Oy of whichr is real, and if a:'+m,as' + 97»^=0 
is the equation resulting from the diminution of all the roots by r, 

191 1 

shew that a = - -^ + r and )8 = - 7 (w», + 3p, "Pi')- 

9. Beduce the equation a?+paf + qx + r=0 to the form 
y'-.3y + f7( = 0, by assuming x=ai/ + b; and solye this equation 

by assuming ^ = js + - . Hence shew that if the original equation 

has equal roots, 

4 (p' - 3g)' = (2^' -9pq + 27r)*. 

10. If the roots of the equation af-¥paf-^qx-^r=0 are in 
harmonical progression, so also are the roots of the equation 

(pS'- r)/- (p"- 2^2' + 3r)y" + (p2'- Zr)y-^r = 0. . 
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XIII. * ^ 

1. Solve the following equations. 

(1) a;* + 4iB« + 3a'.-^44«-84 = 0. (2) aj*-.6a:"-8aj-3 = 0. 

(3) aj*-12aj»+ 49a" -78a; + 40 = 0. 

(4) a;*-2aiB» + (a"-26»)a:* + 2a6>-aW = 0, (Art 192.) 

2. K r'-p*« = the equation x^+paf-^qaf + rx+p^O may 
be solved as a quadratic. 

3. If 8 and p are positive and 27p* less than 256a the roots 
o^ the equation x^ + px^ + a = are all imaginary. 

4. Assuming that the equation a5* + gaj* + ra; + a=0 has roots 
of the form a ± /? v — 1, shew that the values of a and ^ may be 
found by the equations, 

64a« + 32^a^+(4(^-16a)a'-r"=0, ^==a* + | + -j?l. 

XIY. 

1. Apply Sturm's Theorem to determine the situation of the 
real roots of the following equations in which the values of some 
of Sturm's functions are assigned. 

(1) aj*-4a;»-3a; + 23 = 0; /3(aj)=-491aj + 1371, /,(x) = -. 

(2) «*-4aJ» + aj' + 6aj + 2 = 0j/,(iB) = 5iB'-.10a;-7,/3(a;) = a;-l, 

(3) a* + a;' + a;-l = 0;/,(aj) = 3ar*-12ic + 17, Art. 199. 

(4) a*-2aj* + as*-8ic+6 = 0;/,(aj) = 16a;«-23aj + 9. 

(5) »» + 6a;*-20ic'-19a;-2 = 0;/,(aj)=20a;'+60aj«+36aj-.9, 

/^(x) = 96a;" + 187a; + 67, /,{x) = 43651a; + 54671, /^(x) = + . 

2. Apply Sturm's Theorem to shew that each of the follow- 
ing equations has only one real root j and determine its situation. 

(1) V + 6a;" + 10a;-l=0. (2j ai* - 6»* + 8a; + 40 = 0. 
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3. Determine tbe situation of the positive roots of the 
equation «• — 2a^ + 3a;* — 5aj - 1 = 0, having given 

fjix) = 6a;(a;- IJ + 19aj+ 6. 

4. Apply Storm's Theorem to the following equations. 
(1) aj» + a:"-2aj- 1 = 0. (2) aj" - 4rB« - 4a; + 20 = 0. 
(3) «*+2ai'-4a; + 10 = 0. (4) ar-a;+l=0. 

XV. 

1. Shew that the equation 

aj» - 3ai* - 24aj' + 95a;" - 46a; - 101 = 0, 

has all its real roots between — 10 and 10^ that it has one real root 
between — 10 and — 1, one between — 1 and 0, no root between 
and 1^ and one at least betwedi 1 and 10. 

2. Apply Fourier's Theorem to the equation 

a;* + 3a;' + 7a;" + 10a; + 1 = 0. 

XVL 

1. Approximate by Lagrange's method to the positive root of 
the equation 3a;" — 4a; — 1'= 0. 

2. Approximate by Lagrange's method to the root of thd 
equation x^-¥a? — 2x* — 3aj — 3 = 0, which lies between 1 and 2. 

XVIL 

1. Apply Newton's method to calculate the root which is 
situated between the assigned limits in the following equations. 

(1) a;'-4a;-12 = 0; root between 2 and 3. 

(2) a;"-4a;"-7a; + 24=0; root between 2 and 3. 

(3) a;" - 24a; + 44 = ; root between 32 and 33. 

(4) a^— 15a5 — 6 = 0; root between 4 and 4*1. 

(6) a;*-8a;"+12a;" + 8a;-4-0; W)ot between and 1. 
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2. Apply Newton!s method to calculate a root of the follow- 
ing equations. 

(1) af + Sx-S^O. ^ (2) a"-3a*-3aj+20 = a 

xvin. 

1. Apply Komer^s method to calculate the root which is 
situated between the assigned limits in the following equations. 

(1) aj'+10iB"+6aj- 120 = 0; root between 2 and 3. 

(2) aj*-2iB' + 21a;- 23 = 0; root between 1 and 2. 

(3) aj* - 5aj" + 30:* + 35iB-. 70 = 0; root between 2 and 3. 

2. Solve the equation aj" — 17 = by Homer's method. 

3. Calculate the real roots of the following equations by 
Homer^s method. 

(1) aj" + aj-3 = 0. . (2) aJ» + 2aj - 20 = 0. 

(3) 3aj'+ 5a; -40 = 0. (4) a^+10a;' + 8a;- 120 = 0. 

XIX. 

1. Find the value of the following symmetrical functions of 
the roots o^ 5, c of the equation af+paf + ja? + r = 0. 

(1) (a + 6 + a6)(6 + c + bc){c -^a + ca). 

(2) (a + 6 - 2c)(6 + c - 2a)(a + c - 26). 

(3) S(a+^)> + c). (4) S(a + 6-2c)(6 + c-2a). 

w ^^- ■ w ^k('4)'('*s)' 

(7) {h-c)\c^ay{a-h)\ 

2. If a^hy c^ d are the roots of the equation 

x^-\-px^ + 2'a;' + ra; + » = 0, 
find the value of 2(a + h){c + d). 
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3. In the equation fl^+|»jfl^"* + .^- + p,^ »+!>, = 0, suppos- 
ing the roots to be a^ i, c,,.,l find 

(1) Sa"6. (2) S(a + 6)(a + c)...(a + Q. 

(3) S^'. (4) Sf 

4. Form the equation the roots of which are the squares of 
the sums of every three roots of the equation x* +paf + ra; + « = 0. 
Also form the equation the roots of which are the sums of the 
squares of every three roots of the same equation. 

5. If 'S'p Sgf S^f" sure the sums of the first, second, third^... 

powers of the roots of the equation /(x) = 0, of the n^ d^ree, 

shew that 

xf(x) S, S, S, 



/(Oj) X Vf 9? 

6. If the equation a^+j9ja^"*+j9ga^""+P3a^"*+ ... +|?, = is 
transformed into another of which the roots are the sum of every 
pair of roots of the original equation, find the first three coefficients 
of the transformed equation. 

XX 

1. Transform the following equations into others whose roots 
are the squares of the difierences of their roots. 

(1) aJ»-4a? + 2 = 0. (2) a:* + 4aj + 3 = 0. (3) ajVl=0. 

2. Eliminate x from the equations 

oaf + 6aj + c = 0, aV + 6'aj + </ = 0. 

XXI. 

1. Find the sum of the assigned powers of the roots of the 
following equations : 

(1) aj*-aj"-19rB' + 49aj-30 = 0; the cubes. 

(2) a:" — Ssc" - 505 + 1 = ; the fourth powers. 

(3) «» - 2flB* - 22aj" - 28a:» + 72aj + U4 = j the cubes. 
T, E. 18 
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(4) fl^+2x + l = 0; the inyerae sqtiarea. 

(5) 0^—07—1 = 0; the sixth powers. 

2. lickj hf e,.., are the roots of af—l = Oy find ^oTl/. 

3. If the snm of the r^ powers of the roots of the equation 
aj" + aj + l = Obe expressed by S^, and the snm of the r^ powers of 
their reciprocals by 2,, prove that 

^....^l^l, and S..,-S. = n-2(-l)-. 

4. In the equation af - »•+ 1 = 0, find Sa*"*, 2a""*, and So"; 
supposing 9» greater than 3. 

5. Find the sums of the r^ and (27*)* powers of the roots of 
the equation af^ — j)af + q=0, supposing n greater than r . 

1. Solve the equations 

(y-l)a;" + ya; + y"-2y = 0| 
(y-l)aj+y = )' 

2. Solve the equations 

(y-l)a;» + y(y + l)a«+(3V + y-2)aj + 2y = 0| 
(y-l)aj* + y(y+l)a; + 3y--l = j' 

3. Shew that the following equations have no solution : 

a:'-y" + 3 = /• 

XXIII. 

1. Find the first term of each value of y when expanded in 
descending powers of x from, the equation 

y*« - 2/^af + ^yof-'ifx + 4y - 2a; = 0. 

2. Find the first term of each value of y when expanded in 
ascending powers of x from the equation 



5r or 
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MISCELLANEOUS EXAMPLES. 

1. If there be n quantities a, b, c..., and if n functions of 
tbem be taken of the form 

(a?-5)(a;~c)... 
(a — 6) (a — c)... ' 
shew that the sum of these functions is unity. 

2. Bemove the term which involves the cube of the unknown 
quantity from the equation 

iB"+ 5aj* + 200a;'- lla;+ 6 = 0. 

3. Shew how to transform an equation which has both 
changes and continuations of signs (1) into one which has only 
continuations of sign, (2) into one which has only changes of sign. 

4. Up and q are positive, the equation nc^ —pa^-^ g = has 
four different real roots or none according as (— ] is greatei 

less than ( — —) ; and it has two pairs of equal roots if 
/T^Y^ / rq \— 

5. K — 2?,_,a^~S "Pn-r^'y "Vn^S^*^ ••• *^® *^® negative 
terms of an equation of the vl^ degree, then the greatest root 

of the equation will be less than the sum of the two greatest of 

III 
the quantities (p._,)«, (p,.,)% (;?..j^, ... 

6. K A; be the last term of an equation of the n^ degree 

whose roots are in geometrical progression^ shew that ^ is a root, 
if 9% be odd. Shew that, in a similar manner, one root of an 
equation of an odd degree whose roots are either in arithmetical 
or harmonical progression may be found. 

7. Find the greatest common measure of 

a?* - 6aj* + 7iB' + 7«'- 6a;- 3 = 0, 
and a;* — a:* — 3a; — 1 = 0. Solve the equation 

7f^ 6a;* + 7a" + 7»'- 6a;- 3 = 0. 
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8. Diminish hj k the roots of the eapakanL 

give such a value to h that the roots of the tranaformed eqvatioiL 

may be of the form a> — > ^ -r > and ^6W how this equation may 

be solved. Ex. aj*-2«' + 16aj + I = 0. 

d^ Shew by the process for extracting the square root of an 
algebraical expression that the equation x^+jMS^-^^-f r»-h«»0' 
can be immediately reduced to quadratics if p^s — 4^8 + f^ = 0, 
or if 2>'-^^?+ 8r = 0, 

3 

10. Prove that the equation x* + ^ qpf + nc + 9 = cannot have 

all its roots real if (j^ + r^ is positiva 

1 L K /(a?) be a rational integral function of o^ either f^^ = 
or /'(a?) = has certainly a real root. 

12. Shew how to find the value of the semi-ayiBiEketrioal 
fimction afh + Vc + i?a of the roots of a cubic equation. 

13. Let €byhyCy,..k denote the roots of the equati(»i ^ (x) =3 0^ 
which is- of the n*^ d^ree and in its simplest fbrm^ and suppose 
these roots aU unequal Shew that the expression 

a' V d le 



is equal to unity if r = w — 1, and is zero if r is zero or any positive 
int^er less than n — 1. 



i«-i 



(-1V 
Shew also, that if r^-I the expression =s ^ ^ ■ , 



14r If ^(a^^o^-l, and a^ 5, c^... azcithe roots oi ^{^^% 
shew that 

wa^"* 11.1 

c 



— _ — --=g ■ ' -f -y+— --f"*.. 

05—1 aj — a a? — 6 a; — 



15. Shew that the int^ral part of -^5 {J% ■¥ JSf^^ is din* 
sible by 2". 



(27T) 



ANSWERS. 

L 1, ««• + llai^ + iTa? + 205aj+ 830 ; remamder 8306. 



^-mi-H'^f'^ -7^ 



+ 



n/2 V2 • 

ni 7. -1; -44; 121. a. a = 5; i8 = 2. 

}. -p^ + 3pjp, - 3^3. 1(X »* - 2aj' - 2» + 1 = ; then see Art 48. 

11. {p*- 2p,)^!-^suZL^s£t=? -.71. 13. In the identity of Art 45 

nibstitate succeBBively hf^ and — v — 1 for ax 

. 2 

IV. 5. The roots^ are 6, 6*7^/-l. 7. y*-2y' + j = 0. 

\, See Arts. 22 and 50. 15. Apply example 14. 

VL 1. (15) - r M a root (16) i is a root. (17) The 

•cot 1 occurs three times. (18) The root — 1 occurs three times. 
IS^ 2 and 3 are roots. (20) The roota 1 and - 1 are repeated. 

3. Suppose the root which is repeated to be denoted by a, and 
•he other by 6; then the left-hand member of the proposed equa- 
ion must be identical with (or— a)' (»—(); then we may equate 
loefficients. 

VIL 7. The roots of /'(«) =:-0are-2, -1, Ijuse Art. 102. 
Vin. 1. (4) |. (6) |. 

IX. 2. (3) -1, 1, 3, 5. (4) -4,-2, 0, 2. 

3. (1)3, 1 . (2)1*^2- (8)2*^3. (4) j(3*n/=T). 
5) -2,1. (6) 1,2. 
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4. (1) a=l. (2)^ = 3,6 = 2* (S)a=2, 6 = 3. 
(4) a = l, J = -3. (5) a = l, 6 = -3, c = -2. 
(6) a=3, J = -l, c = 5. 

5. (1) - 1. (2) 1. 6. The roots are 6 and 2. 

7. The common roots are given by a" + 2a; — 4 = 0. 

8. Denote the roots by -=3, -^j afi, a/P; equate their product 

to a*, and the sum of the products of every pair to {m* + m)a\ 
It may be shewn that p must be equal to q. 

XIL 1. (1)2. (2)4. (3)2. (4)2i-.2-i 

(5) l(2* + 2 + 2*y (6) The root 11 occurs twice. 

Xm. 1. (1) 3, - 2. (2) The root - 1 is repeated. 

(3) Diminish the roots by 3, and then the biquadratic can be 
solved. 

XrV. 1. (1) A root between 2 and 3, another between 
3 and 4, and two impossible roots. (2) Two roots between 
and — 1, and 2 between 2 and 3. 

XIX. 1. (1) (r - y)» +2? (r - y) + r. (2) 2p» - 9jjg + 27n 

(3) - V +i>y - 3r. (4) 9g - Sp\ (5) ^±g . 

(6)^.(?Z^ + 3. (7) |(3g-i>')(3pr-^-l(p^-9r)'. 

2. 2g. 3. (1) Sp^-p^p^ (2) If we denote the equation by 
/(x) = 0, the proposed expression following the symbol 2 becomes 

x\ — J^ . Hence the required sum is 
2a(-l) 
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(3) €jP=rj+„._2n. (4)-n- <P''"^^>-' . 

Pn Pn 

6. Let the transformed equation be 

aT + s^jOT"* + qj/T'* + g'.aT"* + ... = ; 

then m = ^ — - . We can find the sums of the powers of the 

roots of the transformed equation^ and then the coefficients by 
Art. 244. We shall obtain 

XXTI, 1, The solutions are given by 

y« — 2y = 0and (y-l)a; + y = 0. 

2. The solutions are given by 

y*-l = and (y-l)aj + 2y = 0. 

/— 2 

XXIII. 1. y = aj+...jy=«fcv3x+...; y=2-8+ ... 

2. Six values of the form y^a?{u-\- U), where t^ is to be 
determined firom 1 — w* — w* + 1^" = ; three values of the form 
y = x'^iu + U), where i^ is to be determined by 1 — 3u^= ; and four 

IS 

values of the form y = a? ^{u+ U), where i^ is to be determined 
by 3-t^' = 0. 



MISCELLANEOUS EXAMPLES. 

1. Call the sum ^ (a;); then shew that ^(o;) — 1 is identically 
zero by Art. 39. 

2. y*-12y*+6%*-840y» + 2037y- 1428 = 0. 

15. Form a quadratic with roots ^3 + ^5 and ^3 — ^/5 ; then 
use Art. 261 ; see also Algebra^ Art. 527. 
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Eighth Edition. 696 pp. (1861). Crown Svo. strongly hound 

in clofh. lOB. 6d, 

The first edition of this work was published in 1854. It was primarily 
intended for the use of students in the Uniyendties, and for Schools 
wMoh prepare for the UniversitieB. It has howerer been found to 
meet the requirements of a muoh larger olass, and is now in use in 
a large number of Sekooh and CoUisgea both at home and in the 
Colonies, It has been found of great servioe for students preparing 
for Middlb-Class and Civil aicd Miutabt Sbbyicb Examinations, 
from the care that has been taken to elucidate ^eprmeipiea of all the 
Rules. Testimony of its exoellenoe has been boxne by some of the 
highest practical and theoretical authorities ; of which the following 
from the late Dean Peacock may be taken as a specimen : 

** Mr. Smith's Work is a most useful publication. The Rules are 
stated with great clearness. The Examples are wdl selected and worked 
out with just sufficient detail without Doing encumbered by too minute 
explanations ; and there preyails throughout it that just proportion of 
theory and practice, which is the orownmg excellence of an elementary 
woric" 
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ABITHMETIO. 

FOE THE USE OF SCHOOLS. 

By BARNARD SMITH, M,A. 

New Edition (i86i\ 348 pp. Crown 8yo. strongly bound in 
cloth. 4«. 6d, Answers to aU the Questions. 

ElEY' to the above, containing Solutions to all the 
Questions. Crown 8yo. 392 pp. (i860). 8«. 6d, 

EXEBOISES IN ABITHMETIC. 104 pp. Crown 8vo. 
(i860) 2«. Chr with Answers, 2«. %d. Also sold separately 
in 2 Farts price 1«. each. AirswEss, %d. 

To meet a widely expressed wish, the AEITHMETIG was puUiahed 
separately from the Uurger work in 1854, with so muoh alteratioiL as was 
necessary to make it quite independent of the ALGEBBA. It haa now a 
large and inoreasinff sale in all dasses of Schools at home andin the Colonies. 
A very copious collection of Examples, under each role, has been embodied 
in the won in a srstcnnatic order, and a Collection of Miscellaneous Papers 
in all branches of Arithmetic have been appended to the book. 

The EXEBCISES hare been publiahed in order to give the pnpil 
examples of erery rule in Arithmetic, and they have been carefully com- 
piled from the latest Uniyersity and School Examination Papers. 



ALGEBBA. 

FOR THE USE OF COLLEGES AND SCHOOLS. 
By L TODEUNTER, M.A. 

Fellow and Head Lecturer of St. John's College, Cambridge. 

Second Edition. 516 pp. (i860), strongly bound in cloth. 

7«. 6d. 

This woirk contains all the propositions which are usnal^ included 
in elementary treatises on Algebra, and a large number 01 JExamplet 
for Exereiae, The author has sought to render the work easily intelfigible 
to students without impairing the accuracy of the demonstrations, or 
contracting the limits of the subject. The examples haye been selected 
with a yiew to illustrate eyery part of the subject, and as the number 
of them is about sixteen hundred andjiftyy it is hoped they will supply 
ample exercise for the student. Each set of examples has beeoi carefully 
arranged, commencing with yery simple exercises, and proceeding 
gradually to those which are less obyious. 



ABITHMETIO IN THEOBT AND 

FBACTICE. 

FOR ADVANCED PUPILS. 

By J. BROOK 8MITR, M.A. 
St. John's College, Cambridge. 

Fabt I. Grown 8vo. dotli. $8, 6d, 

This work forms the first part of a Treatise on Arithmetic, in which 
the Author has endeavoured, &om yery simple principles, to explain in 
a full and satis&ctory manner all the important processes in that subject. 

The proofs haye in all cases been giyen in aform entirely arithmetical : 
for the author does not think that recourse ought to be had to Algebra 
imtU the arithmetical proof has beccmie hopelessly long and perplexing. 

At the end of eveiT chapter several examplflu have been vrorkedL out at 
lengtii, in which the best practioal methods of oipenXiQa have been care- 
fauLj pointed out. 



A SHOUT MANUAL OF ABITHMETIC. 

By C. W. UNDERWOODy M.A. 

Vice-Principal of the Collegiate Institution, Liverpool. 
Fcp. 8yo. 96 pp. (i860), limp dotk 2«. 6d. 

The object aimed at by the Compiler of this Manual is to brin^ before 
junior stuaents so much of the Theory of Arithmetic as may be fairly ex- 

Sected of them, and to present it in such a form that the study of the 
cience may become to some extent a mental training. It is rather a 
Cframmar of Arithmetic than a treatise <m that subject, and should for 
the most part be committed to memory. ' It will be found well adcmted 
for vivd voce examination, and enable candidates to prepare tbemsdves 
for the Local University Examination. The Definitions are briefly and 
carefcdlv worded. Eaish rule is stated so as to indude the proof of it 
where this was possible. 



PLANE TBIGONOMETBT. 

FOB SCHOOLS AND COLLEGES. 

By I. TODBUNTJER, M.A. 

Secokd Editiok. C^wn Byo. 279 pp. (i860), strongly bound 

in doth. 5«. 

The dengn of this woric has been to render the subject intelli- 
gible to b^inners, and at the same time to afford the student the 
opportimi^ of obtaming all the information which he will require qhl 
this branch of Mathematics. Each chapter is followed by a set of 
examples; those which are entitled MtsceHaneotu JSxampha^ togetiier 
with a few in some of the other sets, may be adyantageonaly resexred 
by the student for exercise after he has made some progress in the 
subject. As the Text and Examples of the present work hare been tested 
by considerable experience in teaching, the hope is entertained tiiat they 
will be suitable for imparting a sound and comprehensive knowledge of 
Plane Trigonometry, together with readiness in the application of this 
knowledge to the solution of problems. In the Second Edition tiie hmts 
for the solution of the Examples hare been considerably increased. 



SFHEBICAL TBIGONOMETItT 

FOB THE USE OF COLLEGES AND SCHOOLS. 

By I. TOBEUNTER, M.A. 

1 12 pp. Crown 8yo. (1859), strongly bonnd in cloth. 49. 6d, 

This woik is constructed on the same plan as the Tr0aU9e on IUhh 
jyigonometiy, to which it is intended as a sequel. Considerable labour 
has been expended on the text in order to render it comprehensiYe and 
accurate, and the Examples, which have been chiefly selected from 
XTniyersity and College Papers, have all been carefully yerified. 



PLANE TBIGONOMBTBT. 
An Elementary Treatise. 

WITH A NUMEAOUS COLLECTION OF EXAMPLES. 
By R B. BJSA8LHY, M.A. 

Head Master of Grantham School. 

1 06 pp. (1858), strongly bound in cloth. 3«. 6d. 

This Treatise is specially intended for use in Schools. The choice of 
matter has been chiefly g^ded by the requirements of the three days' 
Examination at Cambridge, with the exception of proportional parts in 
logarithms, which hare been omitted. Aoout four hundred examples 
have been added, mainly collected from the Examination Papers of the 
last ten years, and great pains haye been talcen to exclude fr(m the body 
of the work any wmch might dishearten a beginner by their difllculty. 



PLANE AND 



TBIGONOMETItT. 

WITH THE CONSTEUCTION AND USE OP TABLES OF 

LOGARITHMS. 

By J. 0. SNOWBALL, M.A. 

Late Fellow of St John's College, Cambridge. 
Ninth Edition. 240 pp. (1857). Crown 8vo. 7«. 6d. 

In preparing a new edition, the prooft of some of the more im- 
portant propositions haye been rendered more strict and general ; and 
a considerable addition^ of more than two hundred exwmplea^ taken 
mrincipally from the questions in the Examinations of Colleges and the 
Uniyersity, has been made to the collection of Examples and Problems 
for practice. 



EliEMENTABT TREATISE ON 

MEOHANIOS. 

WITH A COLLECTION OP EXAMPLES. 

By 8. PARKINSONy B.D. 

Fellow and Praelector of St. John's College, Cambridge. 

Second Edition. 345 pp. (1861). Crown. 8 vo. cloth. gs.Sd. 

The Author has endeavoured to render the present yolume suitable as 
a Manual for the junior classes in Uniyersities and the higher classes in 
Schools. With this object there have been included in it those portions of 
theoretical Mechanics which can be conyeniently inyestigated without 
the Differential Calculus, and with one or two short exceptions the 
student is not presumed to irequire a knowledge of any branches of 
Mathematics beyond the elements of Algebra, Greometry and Trigo- 
nometry. A collection of Problems and Ezaonples has been added, 
chiefly taken from the Senate-House and College Examination Papers — 
which will, it is trusted, be found useful as an exercise for the student. 
In the Second Edition several additional propositions have been incorpo- 
rated in the work for the purpose of rendering it more complete, and the 
Collection of Examples and Problems has been largely increased. 



ELEMENTAB7 HTDBOSTATIOS. 

WITH NUMEEOUS EXAMPLES AND SOLUTIONS. 

Bif J, B. FREAE, M.A. 

Fellow and late Mathematical Lecturer of Clare College. 

Second Edition. 156 pp. (1857). Crown 8vo. cloth. 5«. 6i. 

*<An excellent Introductory Book. The definitions are very clear; 
the descriptions and explanations are sufficientiy ftill and intelligible ; the 
investigations are simple and scientific. The examples greatiy enhance 
its vdue." — ^English Jottbnal of Education. 

This Edition contains 147 Examples, and solutions to all these ex- 
amples are given at the end of the book. 



ANALYTICAL STATICS. 

WITH NUMEEOUS EXAMPLES. 
By I. TODEVNTER, M.A. 

Second Edition. 330 pp. (1858). Crown 8yo. cloth, los. 6d, 

In this work will be found all the propositionB which UBuaUy appear 
in treatises on Theoretical Statics. To the different chapters Euunples 
are appended, which have been principally selected &om the Uniyersity 
and College Examination Papers ; these will famish ample exercise in 
the application of the principles of the subject 



DYNAMICS. A Treatise. 

By W. P. WILSON, M.A. 
Professor of Mathematics in the Uniyersity of Melbourne. 

176 pp. (1850). 8vo. 9«. 6d, 

This Treatise contains the fundamental principles of the science, with 
their application to the motion of particles and to the simpler cases of the 
motion of bodies of finite magnitude. 



DYNAMICS OF A FABTICLE. 

WITH NUMEEOUS EXAMPLES. 

By P. O. TAIT, M.A., and W. J. STEELE, B.A. 

Late Fellows of St Peter's College, Cambridge. 

304 pp. (1856). Crown 8vo. cloth. io«. 6d. 

In this Treatise will be found all the ordinary propositions connected 
with the Dynamics of Particles which can be conveniently deduced 
without the use of D'Alemberf s Principles. Throughout the book will 
be found a number of illustratiy e Examples introduced in the text, and 
for the most part completely worked out ; others, with occasional solutions 
or bints to assist the student, are appended to each Chapter. 
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A TBEATISE OH ATTRACTIONS, 

liA PliACE'S FUNCTIOHS AND 

THE FIGXTBE OF THE EABTH. 

By J. JSr. PRATT, M.A. 

Archdeaccm of Calcutta, late Fellow of Gon?iIle and Caioa College^ 

Cambridge. 

Second Edition. Crown 8yo. 126 pp. (1861). doth. Ss, 6i. 

In fbe present Treatifle the author lias ende a fo ur ed to Bopply the want 
of awoik on a subject of great importance and hig^ interest— oa Place's 
Coefficients and Functions and the calculation of the Figure of the Earth 
by means of his remarkable analysic. Ko student of the higgler brandies 
of Physical Astronomy should be ignofrant of Laplace's analysis and its 
result — ** a calculus," says Airy, ''the most singular in its nature and the 
most powerful in its application that has ever appeared.' 
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DYNAMIOS OF A SYSTEM OF BIGID 

BODIES. 

WITH NUMEBOUS EXAMPLES. 

By EDWARD JOHN ROUTH, M.A, 

Fellow and Assistant Tutor of St Peter^s College, Cambridge. 

336 pp. (i860). Crown 8yo. cloth, los, 6d. 

The numerous Examples which will be found at the end of each 
chapter haye been chiefly selected from the Examination Papers set in 
the TJniyersity and Colleges of Cambridge during the last few years. 
Contents : dhap. I. Of Moments of Liertia. — II. lyAlembert^s Prin- 
ciple.— III. Motion about a Fixed Axis.— IV. Motion in Two Dimen- 
sions. — ^V. Motion of a Eigid Body in Three Dimensions. — YI. Motion 
of a Flexible String.— YII. Motion of a System of Bigid Bodie8.~YIII. 
Of Impulsiye Forces. — IX. Miscellaneous Examples. 
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A TBEATI8B ON 0PTI08. 

By 8. PARKINSON, B.D. 
FeUow and Auistaiit Tutor of St John's College, Oamlnidge. 

304 pp. (1859). Crown 8yo. loi, 6d. 

The preient work may be regarded aa a xiew edition of tiie TWo/tM ott 
Optict, by the Rev. W, N. Grmn, whioh being some time ago out of 
mint, was very kindly and liberally placed at my diBposal by the author. 
The author has freely used the Uberty accorded to him, and has rearranged 
the matter with considerable alterations and additions — especially in those 
parts which required more copious explanation and illustration to render 
the work suitable for the present course of reading in the XTniyersity. 
A collection of Examples and Problems has been appended, which are 
sufficientiy numerous and yaried in character to affoid an useAil exercise 
for the student : for the greater part of them recourse has been had to 
the Examination Papers set in the XTniyersity and the seyeral Colleges 
during the last twenty years. 

Subjoined to the copious Table of Contents the author has yentured to 
indicate an elementary course of reading not unsuitable for the require- 
ments of the First Three Days in the Cambridge Senate House Ex- 
aminations. 



GEOMETBICAL TREATISE ON OONIO 

SECTIONS. 

WITH A COPIOUS COLLECTION OP EXAMPLES. 

Sy W. R, BREW, M.A. 
Second Master of Blackheath School. 

121 pp. (1857). Crown 8yo. cloth. 44. 6d. 

In this work the subject of Conic Sections has been placed before 
the student in such a form that, it is hoped, after mastering the ele- 
ments of Euclid, he may find it an easy and interesting continuation of 
his geometrical studies. With a yiew also of rendering the work a com- 
plete Manual of what is required at the Uniyersities, there haye been 
either embodied into the text, or inserted among the examples, eyery 
book-work question, problem, and rider, which has been proposed in the 
Cambridge examinations up to the present time. 
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A TEEATI8E ON 
PLANE OO-OBDnrATE GEOMETBT 

AS APPLIED TO THE STEAIGHT LINE AND THE 

CONIC SECTIONS; 

By I. TODHUNTERy M.A. 
Second Edition. 316 pp. (i8j8). Crown 8yo. cloth. io#. 6d. 

This Treatise exhibits the subject in a simple manner for the benefit of 
beginners, and at the same time includes in one volume all that 
students usually require. In addition, therefore, to the propoBitioiis 
which have always appeared in such treatises, the methods of abridged 
notation, which are of more recent origin, have been introduced; tl^se 
methods, which are of a less elementfur character than the rest of the 
work, areplaced in separate chapters, and may be omitted by the student 
at first. The Examples at the end of each chapter will, it is hoped, furnish 
sufficient exercise, as they hare been carefully selected with the view of 
illustrating the most important points, and have been tested by repeated 
experience with pupils. 



EXAMPLES OF ANALYTICAL 
QEOMETBT OF THBEE DIMENSIONS. 

Collected hy L TOLEUNTER, M.A. 
76 pp. (1858). Crown 8vo. cloth. 4*. 

A collection of examples in illustration of Analytical Geometry of 
Three Dimensions has long been required both by students and teachers, 
and the present work is piu>lished with the Tiew of supplying the want. 
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CONIC SECTIONS AND ALGEBBAIO 

QEOMETBT. 

WITH NUMEROUS EASY EXAMPLES PEOGRESSIVELY 

ARRANGED. 



By O. H. PUCKLU, M.A. 

Principal of Windennere College. 
Second Edition. 264 pp. (1856). C^wn Syo. 'j$,6d. 

This book has been written with n>ecial reference to those difficulties 
and misapprehensions which commonly beset the student when he com- 
mences. With this object in yiew, the earlier part of the subject has been 
dwelt on at length, and geometrical and numerical illustrations of the 
analysis hare been introduced. The Examples appended to each section 
are mostly of a very elementary description. The work will, it is hoped, 
be foimd to contain all that is required by the upper classes of schools 
and by the generality of students at the Universities, and will also serve 
as a preparation for such as may wish to study more extensive modem 
treatiises. 



THE DIFFEBENTIAL CALCULUS. 

By L TODEUNTER, M.A. 
Third Edition, 398 pp. (i860) Crown 8to. cloth, los, 6d. 

This work is intended to exhibit a comprehensive view of the Differ- 
ential Calculus on the method of liimits. In the more elementary 
portions, explanations have been given in considerable detail, with the hope 
that a reader who is without the assistance of a tutor may be enabled to 
acquire a competent acquaintance with the subject. More than one in- 
vestigation of a theorem has been frequently given, because it is believed 
that the student derives advantage from viewing the sam^ proposition 
under different aspects, and that in order to succeed in the examinations 
which he may have to undergo, he should be prepared for a considerable 
variety in the order of arranging the several branches of the subject, and 
for a corresponding variety in ^e mode of demonstration. 
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THE nrTEGBAIi CALCUIjTJS AND ITS 

AFFUOATIONS. 

mi^ Igxmntm Csmnpks. 

-By I. TODEUNTER, M,A. 

268 pp. (1857). Crown 8vo. cloth. io«. 6d. 

In writing the present Treaiiie on the Iniepral CaieUhUj the object has 
been to produce a work at once elementary and complete— -adapted for th« 
use of beginners, and sufficient for the wants of advanced students. In 
the selection of the propositions^ and in the mode of establiahin^ them, 
the author has endeayoured to ezlubit fully and clearly the princ^les of 
the subject, and to illustrate all their most important results. In order 
that tbie student may find in the volume all that he requires, a large 
collection of Examples for exercise has been appended to the different 
chiq[iten. 

DIFFEItENTIAL EQUATIONS. 

By OEORQU BOOLE, D.C.L. 

Profsssor of Mathematics in ihid Queen's University, Ireland. 
468 pp. (1859). Crown 8yo. cloth, i/^. 

The Author has endeavoured in this treatise to convey as complete an 
account of the present state of knowledge on the subject of the Dif^rential 
Equations as was consistent with the idea of a work intended, primarily, 
for elementary instruction. The object has been first of all to meet l£e 
wants of those who had no previous acquaintance with the subject, and 
also not quite to disappoint others who might seek for more advanced 
information. The earner sections of each chapter contain that kind of 
matter which has usually been thought suitable for the beginner, while 
the latter ones are devoted either to an account of recent discovery, or to 
the discussion of such deeper questions of principle as are likely to 
present themselves to the reflective student in connection with ^tiid meUiods 
and processes of his previous course. 

The CALCT7LUS of FINITE DIFFEBENOES 

By QEORQE BOOLE, D.C.L. 

248 pp. (i860). Crown 8vo. cloth. io«. 6d. 

In this work particular attention has been paid to the connexion of the 
methods with those of the Differential Calculus — a connexion which in 
some instances involves far more than a merely formal analogy. The 
work is in some measure designed as a sequel to the Author's Treatise on 
Differential £quationt, and it has been composed on the same plan. 
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SENATE-HOUSE MATHEMATICAL 

PROBLEMS. 

WITH SOLUTIONS. 

1848-51. By FEBBERS and JACKSON. 8yo. I6s. ed, 
1848-51. (BiDBBs). By JAMESON. 8to. 7«. M. 
1854. By WALTON and MACKENZIE. 8yo. 10«. M. 
1857. By CAMPION and WALTON. 8to. Sa, ed. 
1860. By BOUTH and WATSON. Crown 8to. 7*. W. 

The above books contain Problems and Examples which hare been set 
in the Cambridge Senate-house Examinations at various periods 
during the last twelye years, together with Solutions of the same, 
and will afford Teachers and Students who are liyixLr at a distance 
from the Uniyersity a better idea of the nature of the Studies and the 
best methods of pursuing them than anything else would. The 
Solutions are in all cases giyen either by the Exuniners themselyes or 
under their sanction. 



A COLLECTION OF MATHEMATICAL 
PROBLEMS AND EXAMPLES. 

WITH ANSWEBS. 

j5y m A. MORGAN, M.A. 

Fellow of Jesus College, Cambridge. 

190 pp. (1858). Crown 8vo. 6s. 6d. 

This book contains a number of problems, chiefly elementary, in the 
Mathematical subjects usually read at Cambridge. They haye been 
selected from the papers set during late years at Jesus Colleffe. Very 
few of them are to be met with in other collections, and by far the 
larger number are due to some of the most distinguished Mathematicians 
in uie Uniyersity. 

MATHEMATICAL TBACTS 

ON THE LUNAB AND PLANETABY THEOBIES, FIGUBE 
OF THE EABTH, THE UNDULATOBY THEOBY OF 
OPTICS, &c. 

j5y the ASTRONOMER ROYAL, G. B. Aiet, M.A. 

Eourtli Edition. 400 pp. (1858). 8yo. i^b. 
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THEO&Y of ERRORS of OBSERVA- 
TIONS AND THE COMBINATION 
of OBSERVATIONS. 

By the ASTRONOMER ROYAL, G. B. Aikt, M.A. 
103 pp. (1861). Crown. 8vo. 6». 6d, 

In order to spare astronoiners and observers in natural philosophy 
the confusion and loss of time which are produced by referring to the 
ordinary treatises embracing both branches of Probabilities, the author 
has thou^t it desirable to draw up this work, relating only to Errors of 
Observation, and to the rules derivable from the consideration of tiiese 
Errors, for the Combination of the Results of Observations. The Author 
has thus also the advantage of entering somewhat more frilly into several 
points of interest to the observer, than can possibly be done in a Greneral 
Theory of Probabilities. 

THE CONSTRUCTION OP 
WROUQHT-IRON BRIDGES. 

EMBRACING THE PRACTICAL APPLICATION OF THE 
PRINCIPLES OF MECHANICS TO WROUGHT-IRON 

GIRDER-WORK. 

By J. HERBERT LATHAM, M.A., Cirnl Engineer, 

« The great merit of this book is that it deals with practice more than 
theory. All the calculations in the book connected with the strength of 
girders are based upon their actual application which aboimds in practical 
investigations into girder* work in all its bearings, and will be welcomed as 
one of the tnost valuable eontributiona yet made to this important branch of 
engineering" — ^AxHENiSUM. 

HISTORY OP THE PROGRESS OP 
THE CALCULUS OF VASLA.TI0NS 

DUEING THE NINETEENTH CENTURY. 
By I. TODEUNTER, M.A, 

Fellow and Principal Mathematical Lecturer of St. John's Coll. Camb. 

It is of importance that those who wish to cultivate any subject may 
be able to ascertain what results have already been obtained, and thus 
reserve their strength for difficulties which have not yet been conquered. 
And those who merely desire to ascertain the present state of a subject 
without any purpose of original investigation will often find that Ihe 
study of the past history of that subject assists them materially in ob- 
taining a soimd and extensive knowledge of the condition whicn it has 
attained. The Author has endeavoured in this work to ascertain distini^tly 
what has been effected in the Progress of the Calculus, and to form some 
estimate of the manner in which it has been effscted : accordingly, unless 
the contrary is distinctly stated, it may be assumed that any treatise or 
memoir relating to the Calculus of Yanations which is described in this 
work has undergone thorough examination and study. 
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HELP TO LATIN GRAMMAR. 

WITH EAST EXERCISES, BOTH ENGLISH AND LATIN, 

QUESTIONS AND VOCABULAKY. 

By J. WRIGHT, M.A. 
Head Master of Sutton Coldfield School. 

175 pp. (1855). Crown 8vo. cloth. 4^. 6d, 

''This book aims at helping the learner to orerstep the threshold 
difficulties of the Latin Grammar; and nerer was thne a better aid 
offered alike to teacher and scholar in that arduous pass. The style is at 
once familiar and strikingly simple and lucid ; and the explanations pre- 
cisely hit the difficulties, and thoroughly explain them. It will also 
much facilitate the acquirement of EngUsh Granunar." — ^English Joubmal 

OF EOUOATION. 



THE SEVEN KDrOS OF ROME. 

A FIRST LATIN BEADING BOOK, ABRIDGED FROM LIVY, 
BY THE OMISSION OP DIFFICULT PASSAGES, WITH 
NOTES AND INDEX. 

By J. WRIGHT, M.A. 

Second Edition. 138 pp. (1857). Fcap. 8yo. cloth. 39. 

This work is intended to supply the pupil with an easy Constroing-hook, 
which may. at the same time, be made me yehide for instructing him in 
the rules of nrammar and principles of composition. These bnmdies of 
the study of Latin seem to the author to have hitherto been kept too much 
apart. Boys have construed their Delectus, or Eutropins, orlNepos, and 
naye gone elsewhere for their grammatical exercises, lior can this be 
wondered at. An educated man must feel positiyely ashamed of taking 
his pupils away from our good EngHsh authors, and setting before him 
instead a Delectus or Eutropius. He therefore skims over them as 
lightly, and escapes from them as quickly as possible, and has recourse 
for his composition lesson to one of thie many exercise-boo k jirhich 
swarm from our educational press. To remedy these eyils this book 
has been published. &ere Liyy tells his own pleasant stories in his own 
pleasant words. What is omitted, is that which no one can wish 
a beginner to learn, and which may be better learnt elsewhere. Let 
Liyy be the master to teach a boy Latin, not some English collector of 
sentences, and he will not be found a dull one. 
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VOOABULABT AND EXERCISES 
ON ''THE SEVEN KINGS OF ROME." 

94 pp. (1857). Crown 8vo. cloth. 28, 6d, 

The Yocabulary is published apart from the Text in order to suit the 
views of those who prefer their pupils to consult a general dictionar7. 
As the aim of the Text is to teach the dements of grammar, so the 
Exercises are intended to test the pupil's kjiowledge of grammar. Indeed 
l^ere is hardly an ordinary Latin construction which is not illustrated in 
the text, explained in the notes, and proyed in the exercises. 



HELLENIOA. 
A First Greek Beading Book. 

FROM DIODORUS AND THUCYDIDES. WITH VOCABULARY. 

By J. WRIGHT, M.A. 

Author of " A Latin Grammar." 

Second Edition. 150 pp. (185 1). Fcap. 8vo.r cloth. 3*. 6e?. 

In the last twenty chapters of this Yolume, Thucydides sketchefs the 
rise and progress of me Athenian Empire in so clear a style and in such 
simple language, that the author doubts whether any easier or more 
instructiye passages can be selected for the use of tne pupil who is 
commencing Grreek. 



A FIBST LATIN OONSTBUINa BOOK. 

By EDWARD TRRINOy M.A. 
Head Master of Uppingham School. 

■^ 104 pp. (1855). Ecap. 8yo. 2s.6d. 

This Construing Book is drawn up on the same sort of graduated scale 
as the Author's English Orammar, Passages out of the best Latin Poets- 
are gradually built up into their perfect shape. The few words altered, or 
inserted as the passages go on, are printed in Italics. It is hoped by 
this plan that the learner, whilst acquirmg the rudiments of language, 
may store his mind with good poetry and a good yocabulary. 
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JTHTENALe 

WITH ENGLISH NOTES. 

By JOHN E. B. MAYOR, M.A. 

Fellow and Claasical Lecturer of St John's College, Cambridge. 

464 pp. (1854). Crown 8yo. cloth. io». 6d. 

'*A School edition of Juyenal, which, for really ripe scholarBhip, 
eztensiye acquaintance with Latin literature, and familiar knowledge wiu 
Continental criticism, ancient and modem, is unsurpassed, we do not say 
among English School-books, but among English editions generally." — 
EDmBUBOH Esyisw. 

CIOEBO'S SECOND PHIIilPPIC. 

WITH ENGLISH NOTES. 

By JOHN K B. MAYOR, MA. 

168 pp. 1 861). Ecp. 8yo. cloth. 59. 

The Text is that of Halm's, 2nd edition (Leipsig, Weidmann, 1858J, 
with some corrections from Madyig's 4th Edition (Copenhagen, 1868). 
Halm's Introduction has been closely translated, with some admtions. His 
notes haye been curtailed, omitted, or eidarged, at discretion ; passages 
to which he g^yes a bare reference, are for the most part printed at 
length ; for the Greek extracts an English yersion has been substituted. 
A large body of notes, chiefly grammatical and historical, has been added 
from various sources. A list of books useful to the student of Cicero, 
a copious Argument, and an Index to the introduction and notes, complete 
the book. 

SALLUST. 

WITH ENGLISH NOTES. 
By a MERIVALE, B.D. 

Author of *<A History of Bome," &c. 

Second Edition. 172 pp. (1858). Ecap. 8yo. 4«. 6d, 

" This School edition of Sallust is precisely what the School edition of . 
a Latin author ought to be. No useless words are spent in it, and no 
words that could be of use are spared. The text has been carefully 
collated with the best editions. It is printed in a large bold type, whicn 
manifests a just regard for the young eyes that are to work upon it : 
under the text there flows through eyery page a full cuirent of ex- 
tremely weU-selected annotations." — Thb Examtneu. 

The ** Cateuna" and " Jtjgtjetha" may he had separately, pnee 

2s. 6d. each, houifnd in cloth. 
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DEMOSTHENES ON THE OBOWN. 

WITH ENGLISH NOTES. 
By B. BRAKEy M.A. 

Late Fellow of King's College, Cambridge. 

Second Edition. To which is prefixed ^schdtes against 
Ctestphon. With English Notes. 

287 pp. (i860). Ecap. 8vo. doth. 5*. 

The first edition of the late Mr. Drake's edition of Demosthenes de 
Corona haying met with considerable acceptance in various Schools, and 
a new edition being called for, in accordance with the wishes of many 
teachers has been appended the Oration of ^schines against Ctesiphon, 
with useful notes by a competent scholar. 

DEMOSTHENES ON THE CROWN. 

TRANSLATED INTO ENGLISH. 

By J. P. N0RRI8, MA, 

H.M. Inspector of Schools. 

(1850). Crown 8vo. 3*. 

** Admirably representing both the sense and style of the original." 
— Athenauh. 

THUCYDIDES. Book VI. 

WITH ENGLISH NOTES, MAP AND INDEX. 
By P. FROST, Jun., M.A, 

Late Fellow of St. John's College, Cambridge. 

8vo. cloth. 7». 6<?. 

It has been attempted in this work to facilitate the attainment of 
accuracy in translation. With this end in view the Text has been treated 
grammatically. 

iESCHTLI ETJMENIDES. 

WITH ENGLISH VERSE TRANSLATION, COPIOUS 
INTRODUCTION, AND NOTES. 

By B. BRAKE, M.A. 

Editor of " Demosthenes de Corona.l2 

" Mr. Drake's ability as a critical Scholar is known and admitted. In 
the edition of the Eiimenides before us we meet with him iJso in the 
capacity of a Poet and Historical Essayist. The translation is flowing 
and melodious, elegant and scholarlike. The Greek Text is well printed : 
the notes are dear and useful." — Guardian. 
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ELEMENTS OF 
QBAMMAB TAUQHT IN ENGLISH. 

WITH QUESTIONS. 

By EBWARB THRINQ, M.A. 

Head Master of Uppingham Ghrammar School. 

Third Edition. 136 pp. (i860.) Demy i8mo. 2«. 



THE CHILD'S ENGLISH GRAMMAR. 

£j/ the same Author. 
New Edition. 86 pp. (1859). Demy i8mo. is. 

The Author's effort in these two hooks has heen to point out the hroad, 
beaten, erery-day path, carefallyayoiding digressions into the hyeways 
and eccentricities of language. This Work took its rise from question- 
ings «in National Schools, and the whole of the first pert is merely 
the writing out in order the answers to questions which haye heen 
used already with success. The study of Grammar in English has 
been much neglected, nay by some put on one side as an impossibility. 
There was perhaps much ground for this opinion, in the medley of arm- 
trary rules thrown before the student, which applied indeed to a certain 
number of instances, but would not work at all in many others, as must 
always be the case when principles are not put forward m a language full 
of ambiguities. The present work does not, therefore, pretend to be 
a compendium of idioms, or a philological treatise, but a Granunar. Or 
in other words, its intention is to teach the learner how to speak and 
write correctly, and to understand and enlain the speech and writings of 
others. Its success, not only in National Schools, irom practical work in 
which it took its rise, but also in classical schools, is full of encourage- 
ment. 

SCHOOL SONGS. 

A COLLECTION OP SONGS FOE SCHOOLS. 

SSit^ t^e Pttsic %txmffti for jfotrr $'oice0. 
Mited ly the Rev. B. THRJNG, and H. RICCIU8. 

Ifusic Size. 7«. 6d. 
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ST. PAUL'S EPISTLE TO THE BOMANS. 

THE GREEK TEXT WITH ENGLISH NOTES. 

By C. J. VAUGHAN, JD.B. 

Head Master of Harrow School. 

Second Edition. Grown 8vo. doth (1861). 5«. 



By dedicating this work to his elder Pupils at Harrow, the Author 
hopes that he simciently indicates what is and what is not to he looked 
for in it. He desires to record his impression, deriyed from the experience 
of many years, that the Epistles of the New Testament, no less than the 
Gk)spels, are capahle of furnishing useful and solid instruction to the 
highest classes of our Puhlic Schools. If they are taught accurately, not 
controversially; positively, not negatively; authoritatively, yet not 
dogmatically ; taught with dose and constant reference to ueir literal 
meaning, to the connexion of their parts, to the sequence of their aigu- 
ment, as well as to their moral and spiritual instruction; the}^ will 
interest, they will inform, they will elevate ; they will inspire a rever- 
ence for Scripture never to he discarded, they will awaken a desire to 
drink more deeply of the Word of Gk)d, certain hereafter to be gratified 
and fulfilled. 



RELIGIOUS CLASS BOOKS. 

THE CHURCH CATECHISM ILLUSTRATED AND Ex- 
plained. By ABTHUR RAMSAY, M.A. 204 pp. (1854). iSino. elotb. 

NOTES FOR LECTURES ON CONFIRMATION: With 

Suitable Prayers. By C. J. YAXJGHAN D.D. Third Editioii. 70 pp. (1859}. 
Fcp. Syo. IB. 6d. 

HAND-BOOK TO BUTLER'S ANALOGY. By C. A. 

SWAINSON, M.A. 55 pp. (1856). Crown 8yo. u. 6d. 

HISTORY OF THE CHRISTIAN CHURCH DURING 

THE FI&ST THREE CENTURIES, AND THE REFORMATION IN ENG- 
LAND. By WILLIAM SIMPSON, M.A. 307 pp. (1857). Fcp. 8yo. doth. 5«. 

ANALYSIS OF PALETS EVIDENCES OF CHRISTI- 

ANITT. By CHARLES H. CROSSE, M.A. 115 pp. (1855). i8mo. 3«. 6d, 
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MANUALS FOR THEOLOGICAL 

STUDENTS. 

UNIFORMLY PKINTBD AND BOUND. 



This Series of Theologpical Ifanuals has heen puhlished with 
the aim of supplying Books concise, comprehensiYe, and 
accurate, conyenient for the Student and yet interesting 
to the general reader. 

HISTOEY OF THE CHEISTIAN CHIIKCH 

DURING THE MIDDLE AGES. By ARCHDEACON HARD- 
WICK. 482 pp. [1853]. With Maps. Grown 8to. oloth. 10«. ed. 

This Yolume olaims to be regarded as an integral and independent 
treatise on the Mediseyal Churdi. The History commences with the 
time of Gregory the Great, because it is admitted on all hands tiiat his 
pontificate became a turzung-point, not only in the fortunes of the 
Western tribes and nations, out of Christendom at large. A kindred 
reason has suggested the propriety of pausing at the year 1 520, — ^the year 
when Luther, haying been extruaed nom those Chiurohes that adhered to 
the Communion of the Pope, established a proyisional form of goyemment 
and opened a fresh era in the history of Europe. 



HISTOEY OF THE CHEISTIAN CHUECH 

DURING THE REFORMATION. By AaoHDW. HARDWICK. 
459 pp. [1856]. Crown 8yo. doth. 10«. 6d, 



This Work forms a Sequel to the Author's Book on The Middle Ages. 
The Author's wish has bran to giye the reader a trustworthy yenrion of 
those stirring incidents which mark the Reformation period. 
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KANTTAI^S FOB THEOLOGIOAIi ST U DENTS-Oontiimed. 

HISTORY OF THE BOOK OF COMMON 

PSAYEB. With a Eationale of its Offices. By FRANCIS 
PROCTER, M.A. Fourth Edition. 464 pp. [I860]. Crown 8vo. 
cloth. 10«. 6d, 

The Subject of this Book has been already treated by nmnerons 
writers of distinction. When the present series of Manuals was projected^ 
it did not appear that any one of the existing yolumes taken singly was 
avaiLable for the desired object. In the course of the last twenty years 
the whole question of liturgical knowledge has been reopened with great 
learning and accurate research, and it is mainly with the yiew of epito- 
mizing their extensiye publications, and correcting by their help llie 
errors and nusconceptions which had obtained currency, that the present 
volume has been put together. 



HISTORY OF THE CANON OF THE NEW 

TESTAMENT DURING THE FIRST FOUR CENTURIES. 
By BROOKE FOSS WESTCOTT, M.A. 694 pp. [1866]. 
Crown 8yo. doth. 12«. &d. 

The Author has endeayoured to connect the histoiy of the New Testa- 
ment Canon with the growth and consolidation of the Catholic Church, 
and to point out the relation existing between the amount of eyidence 
for the authenticity of its component parts and the whole mass of Christian 
literature. Such a method of inquiry will oonyey both tiie truest notion 
of tiie connexion of the written Word with the liying Body of Christ, and 
the surest conyiction of its diyine authority. 



INTEODUCTION TO THE STUDY OF THE 

GOSPELS. By BROOKE FOSS WESTCOTT, M.A. 468 pp. 
[I860]. Crown 8yo. doth. 10». ed. 

The title of this book will explain the chief aim which the Author 
' had in yiew. It is intended to be an Introduction to the Stutfy of the 
Gospels. The Author has therefore confined himself in many cases to 
the mere indication of lines of thought and inquiry from the conyiction 
that truth is felt to be more precious in proportion as it is opened to us 
by our own work. In a subject which inyolyes so yast a literature much 
must haye been oyerlooked ; but the Author has made it a point at least 
to study the researches of the great writers, and conscioudy to ne^eot 
none. 



^ §00b sttitable for Cflllejje anh Sf&ool |prij«8. jfojioeco 



68* 



KEPT IN VARIOUS BINDINaS BY THE PUBLISHERS. 



^ TOM BROWN'S SCHOOL DAYS. By An Old Boy. Seventh 

Edition. Toap. 8to. eloth. ^a, ' ''• 

g^ THE HEROES; or GREEK FAIRY TALES. By Chakles ,j, 

K1KO8LKT, Bector of Eyersley. Second Edition, with Eight iLLVSTHATiojrB. 
Imperial i6mo. cloth, gilt leaves. 5«. 

sa DAVID, KING OF ISRAEL; Readings for the Yonng. ,j. 

With Six Illvbthatioks. By J. Wuoht, M.A. Imp. i6mo. cloth. 

Sd. LITTLE ESTELLA AJH) OTHER FAIRY TALES. Imp. ,2,. 

i6mo. cloth. 5«. 

DAYS OF OLD: STORIES FROM OLD ENGLISH 

6d. HISTOBY of the Druids, Anglo-Saxons, and the Cnuaders. By the Author lis, 

of BuTH AMD He& FaixMDfl. Imperial i6mo. cloth. 5«. 

6d. RUTH AND HER FRIENDS. A Story for Girls. Third ,„. 

Edition. With a Frontispiece. Imp. i6mo. doth. $». 

5^ OUR YEAR: A Child's Book in Prose and Verse. By the „, 

Author of "John Halifax." Numerous niustrations. Boyal i6mo. doth, gilt 
leaves. 6$, 

, WESTWARD HO ! THE ADVENTURES OF SIR AMYAS ,^ 

LEIGH in the Beign of Elizaheth. Third Edition. By CHAaucs Kutoslxt. ^* 
Crown 8vo. cloth. 68, 

TWO YEARS AGO. By Chables Kingsley. Third Edition. 

*• Crown 8yo. cloth. 6«. '4*' 

, THE RECOLLECTIONS OF GEOFFRY HAMLYN. By ,^ 

HENBY KINGSLEY. Second Edition. Crown 8vo. doth. 6$, ^' 

GLAUCUS; or, WONDERS OF THE SHORE. By Chables ^ 

KiNosLSY. Illitst&atsd Edition, oontainiiig Coloured mustrations of ^' * 
the objects mentioned in the Work. Imp. i6mo. doth, gilt leaves. 

ESSAYS, CHIEFLY ON ENGLISH POETS. By Datid 

Ma880n,M.A. 8vo. doth. 12», 6d. *". 6d, 

, THE REPUBLIC OF PLATO. Translated into English hy ^^' 5^ 

J. LuswELLTN Davtxs, M.A., and D. J.Yaijohan, M.A. Second Edition. 8vo. 
doth. io«. 6d. 

9. ARCHER BUTLER'S HISTORY OF ANCIENT PHI- 45,. 

LOSOPHY. a vols. 8vo. cloth, il. $», 

6d. HISTORY AND RATIONALE OF THE BOOK OF COM- ,8,. sd 

MONPBAYEB. By F. PaocTsa, M.A. 4th Edition. Crown 8vo. doth, loa, 6d, 

Sd. HISTORY OF THE CHRISTIAN CHURCH DURING i8*. 6d. 

h. THE MIDDLE AGES AND THE BEFOBMATION. By Abchdxacon each. 

Habdwick. 2 vols. Crown 8vo. doth. los. ,6(2. each volume. 

.^ HISTORY OF THE CANON OF TEE NEW TESTAMENT. 

on. By B. F. Wbstcott, M.A. Third Edition. Crown 8vo. doth. ia«. 6d, 20«, 6d, 

INTRODUCTION TO THE STUDY OF THE GOSPELS. 

g^ By B. F. WESTCOTT, M.A. Crown 8vo. doth. ios,6d, i^g 6d 

' GEORGE BRIMLETS ESSAYS. Second Edition. Fcp. 

8vo. doth. 5«. 1 18, 



s. 



THE PLATONIC DI4LOGUES FOR ENGLISH READERS. ,», 

By W. WHEWELL, D.D. a Vols. Fcp. 8vo. doth. 14*. *'*• 
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FORTHCOMING BOOKS. 

First Book of Algebra. For Schools. By 

J. G. W. ELLIS, M.A., and P. M. CLAEK, M.A., Sidney Sussex 
College, Cambridge. {AepariHf. 

An Elementary Treatise on Quaternions. 

With numerous Examples. By P. G. TAIT, M.A., Professor of 
Natural Philosophy in the Uniyersity of Edinburgh. [Freparing. 

A Treatise on Geometry of Three Dimen- 
sions. 

By PERCIVAL FROST, M.A., St. John's College, and JOSEPH 
wOLSTENHOXiME, M.A., Christ's College, Cambridge. 

[In the Fre»8. 

*«* The FirMt Portion hOi been iseued for the convenience of Cambridge Stndente. 

A Treatise on Trilinear Coordinates. 

By N. M. FERRERS, M.A., Fellow and Mathematical Lecturer of 
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